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O speculatore delle cose, non ti laudare di conoscere
le cose, che ordinariamente, per sé medesima la natura
conduce; ma rallegrati di conoscere il fine di quelle cose,
che son disegniate dalla mente tua.

Leonardo da Vinci (1452-1519)

Homo sum, humani nil a me alienum puto.

Menandros (341-293 BC)
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CHAPTER 0. PREFACE

Foreword

The omnipresence of conflict in human history and on various social levels renders its
analysis economically significant, not only due to its direct impact on the interactions
and decisions of economic agents, but also by shaping the underlying social and eco-
nomic environment and institutions. Social conflict constitutes thus the primary link
between the five articles presented in this theses. This work is separated into three
main parts, each analysing a different aspect of social conflict.

The first chapter lays the foundation for the following chapters, by developing a
general analytical model of conflict between two player populations. The model in-
corporates an arithmetic presentation of the aggression resulting from violations of
social norms and conventions. This weakens the free-rider problem, which would
obstruct the occurrence of a conflict. Since an evolutionary approach is especially apt
in this context, the model relies heavily on the mathematical tools provided by evolu-
tionary game theory. Yet in this model, social norms and conventions are exogenous
and universally defined.

The second part concentrates on the dynamics underlying social norms and conven-
tions, and provides indications, which norms or conventions are most likely obser-
vableE| Social norms and conventions do not only serve as a coordination mecha-
nism, but also provide the setting for social and economic interactions. This part is
hence not only important with regard to the informative value of the model presen-
ted in chapter 1, but has also direct economic significance. Chapter 2 concentrates on
the work of Peyton Young (1993, 1997) and the stochastic stability approach by exa-
mining the issue of state independence of error and sample size. Social norms and
conventions are characterised by an environment that works towards a particular be-
haviour. Hence, approval and disapproval are vital for the dynamics defining social
conventions and norms. The disapproval of a certain strategy or action is captured by
the pay-off loss resulting from the lack of coordination in a 2 X 2 coordination game,
i.e. if one player does not adhere to the conventional strategy. Consequently, chapter

1'T do not not differentiate between norms and conventions. Max Weber distinguishes between
convention, defining a mechanism that urges individuals to exhibit a certain behaviour by ap-
proval and disapproval, and custom, characterising consuetude and regular behaviour, defined by
inconsiderate imitation. A norm is based on custom and convention, whereupon the conventions
turn customary behaviour into norms, thus creating traditional behaviour. The transition between
these concepts - norm and convention - are hence completely smooth and seamless (in fact Weber
speaks of conventional norm), and a differentiation is non-essential (see Weber, 1922, Ch. VL) In
fact, in the context described here, the concept is equal to what Richard Nelson and Bhaven Sampat
called social technology (Nelson, 2008).
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2 expands Peyton Young’s original stochastic stability approach in this respect. To
account for the effect of approval and disapproval in the decision making process,
a direct dependency between error and sample rate, on the one hand, and potential
loss, on the other hand, is assumed. The results obtained from the original and modi-
tied approach overlap under certain conditions, though not necessarily for all games.
Moreover, in this context, evolutionary drift plays a crucial role, requiring a state to
tulfil an additional condition for being a stochastically stable state: the one-third rule.

Yet, it is not sufficient for the definition of a norm or convention that behaviour
is approved and disapproved of. Pressure to abide to a norm or convention is exer-
cised by a specific group that can be of professional, kinsmanlike, neighbourly, class-
oriented, ethnic, religious, or political nature (see Weber, 1922, p. 616). Chapter 3
therefore outlines a social setting for the evolution of norms and convention that is
different from Young’s approach. Players interact with a reference group. In addition,
adaptive play is substituted by a simplified imitation heuristic (imitate the best action),
as norms and conventions are generally considered to be subject to emulation and re-
production. The predictions of the model differ essentially from those obtained from
the former model. The comparison of chapter 2 and 3 thus shows how the prevailing
norm or convention depends on the selection process.

This circumstance illustrates a fundamental issue: Is social evolution equivalent to
biological evolution, such that individual decision-making behaviour is subject to a
selection process that generates behaviour satisfying the axioms of expected utility
theory and best-response play? If memes (Dawkins, 1976) and genes are equivalent
definitions; only differentiated by the current context, i.e. biological or social, the ans-
wer might be affirmative. Yet, to say that a meme that generates maximum pay-off
proliferates, provides only little information, since the logic incorporates two weak-
nesses: The dynamics, underlying the selection and evolution of institutions, depend
on the selection mechanism and on the unit of selection.

A meme itself defines the context of interaction and forms the basis for the pay-
off of memesE| This cast doubt on the assumption that non-best response behaviour,
existent in the short-run, will be selected against in the long-term, as this short-term
behaviour alters the conditions of social selection. The required stability of the under-
lying institutions and thus the character of selection is not mandatoryﬂ Additionally

2Gee a number of studies on the time variance of institutions (Milgram, 1970; Zimbardo, 1970; Levine
et al.,, 1994, 1999 & 2001 ), as well as on the context specificity of behaviour (Milgram & Shotland,
1973; Phillips, 1974; Areni & Kim, 1993; Bargh et al.; 1996)

3“[ A] selection process requires some degree of stability in the institutions themselves and in the na-
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in the social context, a quantifiable measure, such as fitness in the biological context,
is absent. A distinct unit of selection, as well as its correlation with individual beha-
viour is thus indeterminate (Sugden, 2001)E|

The third part, starting in chapter 4, illustrates and critically discusses an alterna-
tive perspective to standard game theoretic modelling. It is intended as a basis for
future scientific discussion and a means to explain the occurrence of stable states that
are not Nash equilibria. The persistent choice of strictly dominated strategies can be
explained by modifying the assumption of rationality, of self-interest or about the so-
cial context. Modifications to the last two alter the game structure, as these points
are captured by the pay-off matrix. Only changes in the first point leave the game
structure intact. Under the condition that the game has relevance, i.e. is not misspe-
cified, only changes to the rationality assumption are therefore viable. In face of this
and the previous paragraph, the Conflict Analysis approach changes some of the basic
assumption of rational choice. Individuals will be assumed to believe in a capacity to
empathically anticipate other individuals’ response to their strategy choice without
the requirement to truly observe their action. Based thereon, the sequential reasoning
renders strategies stable through the empathic correlation between the actions cho-
sen by different players. Furthermore, the approach has a decisive advantage: The
non-requirement of utility functions, along with the allowance for intransitive prefe-
rences, circumvents the problems resulting from the reduction of multi-dimensional
preferences to a mono-dimensional utility measure by arbitrary quantification.

The last chapter demonstrates how the Conflict Analysis approach can be adapted
to analytically represent dynamic interactions with endogenous preferences via time-
inhomogeneous Markov chains. The approach is thereby turned into a flexible tool

to approximate the setting of real-world interactions.

ture of the selection process. Also the latter must operate over a sufficient period of time. Otherwise
selection cannot establish a consistent result.” (Hodgson, 1996, p.49)

4Sugden (2001) points out the following problem: If utility of an action is a representation of the
frequency by which this action is replicated amongst the group members, a Pareto utility impro-
vement is no guarantee for the prosperity of this group. “For example, consider the behaviour
patterns associated with the consumption of pleasure giving but harmful addictive substances,
such as nicotine. Because of the nature of addiction, such behaviour patterns have a strong ten-
dency to replicate themselves [...], then those behaviours score highly on the scale of utility. But
we are not entitled to infer that the consumption of addictive drugs within a social group gives that
group a competitive advantage in some process of group selection.”

Nelson (2008) indirectly indicates the inaccuracy of the unit of selection: “Selection forces, in-
cluding the ability of the human agents involved to learn from experience [...], usually are signifi-
cantly weaker for institutions and social technologies than for physical technologies.” Yet, the latter
has fundamental impact on the former; think about the effect of recent developments in cloning,
stem cell research and nanotechnology not only on law and economics, but also on social life.

CoONFLICT THEORY - A GAME THEORETIC ANALYSIS
OF SOCIAL CONFLICT, NORMS AND CONVENTIONS



References

10.

11.

Areni, Charles S.; Kim, David (1993): “ The influence of background music
on shopping behaviour: Classical versus top-forty music in a wine store”, Ad-
vances in Consumer Research, Vol. 20, pp. 336-340

http:/ /www.acrwebsite.org/volumes/display.asp?id=7467

. Bargh, John A.; Chen, Mark; Burrows, Lara (1996): “Automaticity of Social Be-

havior: Direct Effects of Trait Construct and Stereotype Activation on Action”,
Journal of Personality and Social Psychology, Vol. 71, No. 2, pp. 230-244

. Dawkins, Richard (1976): “The Selfish Gene”, Oxford University Press

Hodgson, Geoffrey M. (1996):“Economics and Evolution - Bringing Life back
into Economics”, Ann Arbor, The University of Michigan Press

. Levine, Robert V., Martinez, Tood S., Brase, Gary; Sorenson, Kerry (1994): “Hel-

ping in 36 U.S. Cities”, Journal of Personality and Social Psychology, Vol. 67,
pp. 69-82.

Levine, Robert V.; Norenzayan, Ara; Philbrick, Karen (2001): “Cultural diffe-
rences in the helping of strangers”, Journal of Cross Cultural Psychology, Vol.
32, pp. 543-560.

Levine, Robert V.; Norenzayan, Ara (1999): “The Pace of life in 31 countries”,
Journal of Cross Cultural Psychology, Vol. 30, pp. 178-205.

. Milgram, Stanley: “The experience of living in cities”, Science, Vol. 167, pp.1461-

1468

. Milgram, Stanley; Shotland, R.Lance (1973): “Television and antisocial beha-

viour: Field experiments”, Academic Press, New York

Nelson, Richard R. (2008):“What enables rapid economic progress: What are the
needed institutions?”, Research Policy, Vol. 37, pp. 111

Phillips, David P (1974): “The influence of suggestion on suicide: Substantive
and theoretical implications of the Werther effect”, American Sociological Re-
view, Vol. 39 (Jun.), pp. 340-354

SEBASTIAN ILLE



CHAPTER 0. PREFACE

12. Sugden, Robert (2001): “Ken Binmore’s Evolutionary Social Theory”, The Eco-
nomic Journal, Vol. 111 (Feb.), pp. 213-243

13. Young, H. Peyton (1993): “The Evolution of Conventions”, Econometrica, Vol.
61, No. 1 (Jan.), pp. 57-84

14. Young, H. Peyton (1998): “Individual Strategy and Social Structure”, Princeton

University Press
15. Weber, Max (1922): Wirtschaft und Gesellschaft, area Verlag (2007)

16. Zimbardo, Philip G. (1970): “The human choice: Individuation, reason, and
order versus deindividuation, impulse, and chaos, in W.]. Arnold and D. Levine
(eds.), 1969, Nebraska Symposium on Motivation (pp. 237-307), Lincoln, NE:

University of Nebraska Press

CoONFLICT THEORY - A GAME THEORETIC ANALYSIS
OF SOCIAL CONFLICT, NORMS AND CONVENTIONS



All men can see the tactics whereby | conquer,
but what none can see is the strategy out of

which victory is evolved.

Sun Tzu (476-221 BCQ)

A Simple Model of Conflicts

This chapter bridges behavioural and classical economic literature by
developing a simple analytical model that can be generalised to a large
variety of conflicts. The model describes the clash between two sub-
populations, one attempting to re-write the current (social) contract in
its favour, the other to maintain the status quo. The free-rider problem
obstructs the occurrence of a conflict, leading to a low probability of
successful turn-over. Players belonging to the group, which is favou-
rable to the conflict, will not join the revolutionaries, though doing so
would be beneficial for the majority of players. Introducing an emo-
tional component counter-acts the free-rider effect and enables the mo-
del to predict the existence of two stable equilibria; one with high and
another with no conflict potential. In addition, adapting a threshold
approach by Granovetter, the likelihood of transition from no to high
conflict equilibrium will vary positively with group size.




CHAPTER 1. A SIMPLE MODEL OF CONFLICTS

Introduction

On May 23rd, a group of protestant noblemen enters the Bohemian chancellery by
force and defenestrates three protestant senior officials. Yet, all three miraculously
survive the seventeen meter fall. Although the three imperial representatives of Bo-
hemia are fortunate, “the Defenestration of Prague” in 1618 marks a fatal day in the
European history. This incident triggers a war between Catholics and Protestants
that will last for 30 years. It will have severe economic repercussions by drawing
six countries into war; bearing the cost of four million lives and depopulating entire
areas in the Holy Roman Empire. Some regions will require more than a century to
recover economically. The thirty years war is only one of many historical examples
that illustrate the impact of conflicts both on the stability of institutions and economic
development, and stresses the importance to understand the evolution of conflicts for

the economic theory.

Game theory has already been used to explain social phenomena since the middle
of the 1950s (for a historical account refer to Swedberg, 2001). At the beginning of the
1980’s some of the most prominent members of analytical Marxism discussed the use
of Game Theory as the sufficient mathematical means for a micro-founded explana-
tion of social problems, structure and change, especially with respect to conflict and
cooperation (Elster, 1982, Cohen 1982, Roemer 1982a). Commencing at this period
analytical models on social problems started to draw from an increasingly sophis-
ticated mathematical background, switching from “low-tech” to “high-tech” Game
Theory (Swedberg, 2001).

The issue of social conflict has been especially prominent in the economic literature
on class struggle. Przeworski and Wallerstein (1982) analysed under which circum-
stances and economic conditions class struggle should result in a compromise and
when not. Eswaran and Kotwal (1985) developed a model on agricultural production
that explained the existence of specific types of contractual arrangements. Mehrling
(1986), on the other hand, showed how the class struggle should lead to different ma-
croeconomic performance, defined by the degree of organization of different classes,
via a model based on the work of Lancaster and Goodwin. Another issue considered
in economic literature has explored the question of how revolutionary actions and
institutional change may occur. Roemer (1985) provided axiomatic proofs of the ele-
ments necessary to maintain the current social system or to trigger a revolutionary

change for a two person game, in which its players competed for coalitional support.
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Other research has focused on the question of economic efficiency of certain social
phenomena that provided potential reasons for conflicts. Roemer (1982b) investiga-
ted the issue exploitation itself and why it could be socially necessary and detached
from the form of social system. He provided a more general theory of exploitation,
which incorporated both the Marxian and the neoclassical concept. Cole et al. (1998)
described how socially inefficient competition could be reduced by the existence of a
class society. Holander (1982) developed axiomatic proof of the Marxian exploitation
concept based on a model economy

Another important strand of literature on social conflict has been the application of
bargaining models to trade union behaviour and strikes. An interesting overview of
strategic bargaining models and their comparison to empirical data was provided by
Kennan & Wilson (1989). Examples of this literature were Clark (1996) and Kiander
(1991). The former modelled the impact of future pay-offs, calculated via the firm’s
market share, on the general strike frequency and the conditional probability of future
strikes. The later focused on the effect of stocks on bargaining outcomes and the cre-
dibility of strike threats. Another classic example was Ashenfelter & Johnson (1969),
who developed a bargaining model, which involved three parties in labour negotia-
tions (the management, the union leadership, and the union rank and file) illustrating
the trade-offs between unemployment, wage changes, and industrial strike activity
in conflict situations.

Yet, this “classical” literature has neglected the role of social conventions, norms
and punishmentﬂ Of special interest in this respect has been the literature on the
evolution of conventions following the idea of stochastically stable equilibria and
conventional change by Young (Foster & Young, 1990; Young, 1993, 1998 & 2005;
Kandori, Mailath & Rob, 1993; Durlauf & Young, 2001; Stephen, 2000; Ellison, 1993
& 2000; Bergin & Lipman, 1996). A stream of recent literature has been concentrating
on strong reciprocity and altruist punishment (Gintis et al., 2005; Brandt et al., 2006;
Bowles & Choi, 2003; Bowles et al., 2003; Boyd et al., 2003), both providing theoretical
evidence for the evolution of such traits and the stability of strong reciprocal strate-
gies in the different versions of public good games. The latter literature, however, has

n this context, the literature on the evolution of social classes (Bowles, 2006; Axtell et al., 2000;
Eswaran & Kotwal, 1989; Roemer, 1982c; Starrett, 1976) provided insight into the conditions that
maintain such a class society.

2This has not been the case for the extensive literature on much more general but simpler conflict
games including variants of Prisoner’s Dilemma, Battle of Sexes and Chicken Game (for an over-
view see Binmore, 1994; Gintis,2000, 2009). Variants of the latter were used by Brams to model the
effects of potential threats on cooperation (Brams & Kilgour, 1987a,b, 1988; Brams & Togman, 1998.
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mostly concentrated on the explanation of mutual cooperation. A very interesting
and comprehensive approach, going beyond reciprocal altruism, was Binmore, 1998.
Furthermore, threshold models (Granovetter, 1978; Granovetter & Soong, 1988; Ba-
nerjee, 1992; Orléan 1998, 2001 & 2002) offered an explanation of herding behaviour
as an alternative approach to models based on individual rational choice.

This chapter bridges the “classical” and “behavioural” literature by illustrating the
interdependency between the strategic choice of players during conflicts and the per-
ceived violations of social norms and conventions. This simplified model of social
conflict thus obtained is able to provide analytical proof of some of the intuitions that
are observable in real-world conflicts. It also draws from literature stated above, espe-
cially from the work of Granovetter. The first section starts with a game between two
player sub-populations, in which a conflict does not occur because of the free-rider
effect, though a social conflict and the subsequent change is mutually beneficial for
one player sub-population and collective action should result in such a change. The
second section develops an analytical representation of the dynamics of emotional
violence during a conflict situation that arises from norm violations. The third sec-
tion then incorporates the “emotional component” into the original model, making
social conflict possible under certain conditions. The fourth section adds a threshold
approach to the model derived in the earlier section to illustrate how shifts between

stable equilibria might occur. The sixth section constitutes the conclusion.

1.1 The Basic Model

Let there be a game I' = (51, Sy, .., Sptn; 701, 702, -, TTntm) played in a finite but large
population N with playersi = 1,2,..,n + m. Game I is thus defined by a set S; of
pure strategies for each player i. Given player i’s strategy s; and for each pure strategy
profile s = (s1,52, ..., Sn+m ), in the set of pure strategy profiles S = X;5;, the associated
individual pay-off to player i’s strategy choice is defined by 7;(s) € R, implying that
mt; © S — R for each player i. Further assume that two distinct sub-populations C4
and Cp, with C4 N Cp = @, C4 UCp = N, participate in I'. In addition, suppose that
there are n players in C4 and m players in Cp and n >> m >> OE|

3The last assumption is not strictly necessary, but deleting this assumption would complicate the mo-
del without giving additional insights. If this were not supposed, the winning probability should
be influenced by the relative sub-population size. The expected relative pay-off is only affected
with respect to supporters in each sub-population. Redefining the parameter values, by integra-
ting the winning probability, should have a similar effect.
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1.1. THE BASIC MODEL

For simplicity denote each individual player in C4 as A and in Cp as B H Thus, as-
sume that all players in the same sub-population have an identical pure strategy set
and pay-off function for each strategy. For an A € C, assume that S, = {R,C, S},
i.e. each player A has the choice between (R)evolting, (C)onforming to the current
system, or (S)upporting it. Revolting implies an active action to change the current
(social) contract written between C4 and Cg. Conforming denotes a strategy of “inac-
tion”; a player waits for the other players to act. Supporting is diametric to revolting;
a player approves of and actively supports the current social contractﬁ For B € Cp
assume that Sp = {P,—P}, i.e. he can choose whether or not he provides a bonus
payment to the supporters in C AH

Suppose that in the current state and with respect to the currently prevalent social
contract, there exists an alternative allocation that constitutes a redistribution detri-
mental for Cp, yet favourable for As playing strategy R or C. This does not necessarily
hold for As playing S, especially if they are paid by the Bs. Consequently, all players
in Cp have an interest in maintaining the current (social) contract and in preventing
the implementation of the alternative allocation. Strategy R and C players in C4, on
the contrary, benefit from a successful revolt that leads to the realisation of the alter-
native allocation.

As a first step, we derive the individual pay-off function 7;(s) for each strategy
and player type. First concentrate on the As: Label the frequency of revolutionaries
in Cy4 as x, the frequency of supporters as y, and the frequency of conformists as z, for
which it must hold 1 = x + y + z (with each frequency lying within the unit interval).
Define the additional pay-off derived from the alternative allocation after a successful
turn-over as a positive constant §". Further assume that if the attempt of revolution
failed, revolutionaries face a negative pay-off defined by a function decreasing in the
share of supporters, as those will impose the punishment. For simplicity assume that

this is the linear function 6"y, with 6” being a negative constant. This negative pay-off

“The conventional notation assigns lower-case letters to individuals. In later chapters, conflicts will
be modelled both on a group and individual level. Hence, for reasons of consistency I will break
with conventional notation and generally use upper-case letters (generally A and B) to indicate the
conflicting players.

5In order to give a concrete meaning to the rather abstract definition of these three strategies take
again the example of the Thirty Years’ War. In the events following the “the Defenestration of
Prague” R-players are comparable to the Hussites of Bohemia, S-players are mercenary soldiers
supporting Ferdinand of Habsburg, and C-players are mostly peasants.

®This payment is considered as being general. It is not necessarily a direct monetary benefit, but can
also be considered as workplace or social amenities, an easier career in a firm controlled by a B, a
better reputation or higher social status among the Bs.
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can be through death, punishment, imprisonment, social shunning, discrimination,
or mobbing etc. This cost is absent if the player has chosen strategy C E| Hence, the

expected pay-offs of revolutionaries and conformists are equal to

7ti(si, s_ilsi = R) = P(win|s; = R)¢" + (1 — P(win|s; = R))dé"y
P(winl|s; = C)d"

1.1.1

ﬂi(Si,S_i‘Si = C)

where P(win|s;) defines the probability of realising the alternative allocation, if player
i chooses s;, given the strategies s_; of all players other than iﬁ

It remains to derive the functional form of probability P. As a first assumption sup-
pose that in order to engage in a conflict, groups are formed at random from players
in C4, but that conformists never actively join a group. This reflects the general si-
tuation prior to a conflict. People congregate to discuss new labour contracts, to meet
at a summit, to protest on the streets, to rally forces for battle or covert assaults etc.,
without exact prior knowledge of who will participate. Supporters, on the contrary,
join the group to “sabotage a revolutionary attempt”, e.g. in the form of police forces,
the opposing battalion, the members supporting the counter-faction in the summit.

Since groups are formed at random, a player cannot tell the exact group’s compo-
sition prior to his choice to participate. He does not know how many players actively
engage in the conflict and how many of these will choose strategy R or S. His expec-
ted pay-off, however, depends on the frequency, with which each strategy is played in
sub-population C4, since groups are assumed to be defined by an unbiased sampleﬂ
Consequently, expected group size is determined by the expected number of indi-
viduals that join, i.e. that are not conformists. In this case, the probability of being
in a group of size s < n is simply the probability of finding s — 1 other individuals
playing a strategy different from conforming. We obtain that the probability of being

in a group of size s is:

"The model abstracts from collateral damage or second-order punishment, since this is not a general
characteristic of conflicts, though it can be observed frequently in various conflicts (especially in
the Thirty Years” War). This circumstance can be easily implemented into the model by adding an
additional cost to the conformist strategy. As long as it is smaller than §”y the general dynamics of
the original formulation should persist.

8Notice that s_; can define a mixed strategy profile, though each component denotes a pure strategy.

9Notice that the replicator dynamic does not require a player to know or form expectations about
the frequencies, with which each strategy is played, since strategy choice is defined by imitation.
Further, the assumption of an unbiased sample excludes that a player’s strategy choice directly
affects the likelihood to meet another player choosing the same strategy, e.g. revolutionaries are
not more likely than supporters or conformists to find other revolutionaries.
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(12)) ==t

for both strategies S and R. Group size is thus defined by the frequency of confor-
mists, whereas the composition of a group of size s is only defined by the frequencies
of revolutionaries and supporters. Suppose that each revolutionary adds a marginal
unit to the probability that the group revolts successfully, but that this marginal ad-
ditional unit of probability diminishes in the number of supporters. Assume that this
marginal unit is simply 1 minus a constant weighted by the share of supporters.

If a player chooses strategy R, a group of size s can include 1 (only himself) to s (all)
revolutionaries. Let T be the number of revolutionaries in a group. The probability

71
of drawing T — 1 other revolutionaries is <ﬁ> and the probability to draw the

S—T
remaining s — T supporters is (%) . Furthermore, the share of supporters in a
group of size s with T revolutionaries is equal to *<*. If we assume that the marginal

negative effect of a supporter in such a group is 4, we obtain

w025 () () () (e (59) o

The first part defines the expected composition of a group of size s, the second the

marginal effect of the revolutionaries minus the marginal effect of supporters on the
winning probability of a group of size s. Thus, Gr(s) denotes the probability, with
which a group of size s can impose the alternative allocation. It must hold a € (0,1)
for the probability to be restricted to the unit interval. If 2 = 0 supporters have no
additional negative effect on the winning probability, except for their inaction (i.e.
they do not contribute to the revolutionary attempt). Given a = 1, we observe that
the marginal effect of a revolutionary is negligible, if the group is composed by a high
number of supporters. From derives that

_ay(=x+y) +s*x(x +y —ay) +sy(x +2ax +y — ay)
Gr(s) = ns(x + )2

The probability of a successful revolt of a group of size s, defined by equation[I.1.4}
can then be placed into the equation for the expected group size in order to
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determine the probability of imposing the alternative allocation:

Plwinls =R) = X2 (17 1) (1-2) 12" (Ga(s)

s=1

from which we obtain a rather complex solutionm We consider, however, social
conflicts that concern a large population size. The previous equation can thus be

approximated by
lim P(win|s; = R) = oy 1.1.6
n—-+00 x —+ y
Consequently, for a = 0 the probability is simply P = x. If 2 = 1 then P = ; +y im-

plying increasing returns to scale, i.e. the winning probability increases quadratically
in the share of revolutionaries for a given share of conformists.

The probability for a conformist can be derived in the same way by adapting the
possible compositions and group sizes to his strategic choice. Since a conformist does
not join a group, a group of size s can be composed of 0 to s revolutionaries. For
T revolutionaries in a group of size s, we need to draw T times a revolutionary, each

with probability (x%y) and s — T supporters, each with probability ( ) This gives

w25 () () o

and we obtain

xlay +s(x+vy—a
Ge(s) = (yn&ﬂ/)yz y) 1.1.8

This result is again placed into equation though the equation requires to be
adapted, as conformists affect group size s. It can only range from 0 to n — 1. Further-
more, a conformist needs to draw s revolutionaries or supporters, which occurs with
probability (1 — z)*. Taking this into account, the probability to impose the alternative
allocation if being a conformist is defined by

n—1

P(win|s; = C) =} <n ; 1) (1—2)%(2)""175 (Ge(s)) 1.1.9

s=0

a(x—y)y(z"—=1)+n(1-z) (y(x+2ax+y—ay)+nx(x+y—ay)(1—z)+x(x+y—ay)z)
n2(x+y)2(1-z)

10j e.
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x(ay+(n—1) (x+y) (x+y—ay))
n(x+y)2

giving P(win|s; = C) = and hence for large n

lim P(win|s; =C) = x il

— 1.1.10
n—+o00 xX+y

Comparing equation(l.1.6/and [1.1.10;shows that for large populations individual stra-

tegy choice is irrelevant.

Further let 7;(s;,s_j|s; = R) = mg and 7;(s;,s_;|s; = C) = m¢ for notational
simplicity. Putting in the previous results into equation on page (12 yields the
expected pay-off function for both strategiesﬂ

N (=)

xX+y xX+y
and 1.1.11
o Xty —ay)
xX+y

Hence, strategy C weakly dominates strategy R for sufficiently large player popula-

tions (n >> 0) and strictly dominates in the presence of at least one supporter (see

simulation figure AL)).

Figure 1.1.A: Simulation of expected pay-offs for each strategy: A.) tr-Blue, mc-Red;
B.) tg-Green, Parameters: a = 1,6 =5, = —-3,d=3,c =4, w =1

A) B)

If an A chooses to support the current allocation, he is subsidised by sub-population
Cpg, i.e. he is paid d by the share w in Cp, which plays strategy pay. This payment

IRemember that 67 is a negative constant
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increases in the number of revolutionaries in his group. The increase in revolutio-
naries can be either considered as an individual danger bonus or it simply means
that the fixed bonus has to be shared by the supporters of the group (since obviously
1 — 5% = I). Strategy S also incurs a cost that increases in the number of revolutio-
naries, but also with the total number of supporters in C4. The idea is that the cost of
sabotage and to punish is higher the more revolutionaries are in a group. In addition,
the more supporters exist, the less likely the individual player will be honoured for
supporting the system

The share of revolutionaries for a group of size s is given by . The share of sup-

. . . . e—T . .
porters in the entire sub-population C4 is = *. Putting all together gives

=L () () () (- (55)

from which is derived that

_ds—Dwx  c(s—Dx(x+(s—1y)

Gs(s) = Sty ICESmE 1.1.13

Note that Gg(s) is in that case only indirectly related to the expected probability of
a successful revolt, but defines the expected pay-off of an S-player in a group of size
s. The result of equation[I.1.13]is again placed into the equation for the expected
group size. Defining again 77;(s;,s_;|s; = S) = s gives

m= 1 (10)) -2 @ (Gelo)

s=1

which again yields an unwieldy solution Yet, for n — oo the expected pay-off of an
individual choosing strategy S is

e = Xdw—cy)

xX+y

Provided there exists at least one supporter, it must hold that x = 0, since strategy
C strictly dominates R. In this case 1c = s = 0 (see simulation of 775 for w = 1 in

121f one thinks of the bonus payment as moving up the hierarchy in a company or receiving social
honours or just a monetary payment, an increase in the number of supporters will have a negative

external effect on the individual playing this strategy.
_ dwx(z"4n(1-2z)-1)  cx(y+ny(n(x+y)+z-2)(1—z)—yz"+x((1-n)z—1+z"))
o n(x+y)? n2(x+y)3

13

ie.
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figure B.) ). Hence, all points in y + z = 1 are Lyapunov stable equilibria that
cannot be invaded by revolutionaries, but perturbations, i.e. random drift, along the
axis, where x = 0, are not self-correcting. Any pointat y = 0 (no supporters) provides
equal pay-off to revolutionaries and conformists, yet in the presence of at least one
supporter the pay-off of the former is strictly smaller than the one of the latter.

To define under which conditions a B will decide to provide the bonus payment to
the supporting As, let again w be the share of players in Cp choosing strategy p and,
hence 1 — w be the share of those not paying supporters. Assume that paying sup-
porters provides an increasing benefit with the share of revolutionaries. We might
consider for example a small number of security men that protect a factory owner
against his revolting labourers protesting for higher loans. Yet, the higher the num-
bers of protesters the higher the need for protection. Further, if too many As join
the revolutionaries, paying supporters might backfire. The conflict situation between
revolutionaries and supporters creates collateral damage to the detriment of the Bs,
meaning that if revolutionaries are present in great numbers, it is best to be amongst
those that less strongly resisted the attempt. Assume that the benefits increase li-
nearly in x, but fall quadratic in x. Hence, let benefits be described by bx — bx?, with
b > 0. Let there also be a spillover effect on those not paying the supporters that
increases linearly in the share of payers w. Protests are not localised and a probability
of spreading violence to other groups exists. Hence, paying Bs have also an incentive

to “suppress” revolutionaries, when they are only indirectly concerned.

Furthermore, let there be a cost k that also increases with the share of non-payers in
a group, since some economies to scale arise, e.g. two factory owners share security
personnel, they also share costs. Assume also that costs increase in the number of
payers. The underlying idea is that as the number of payers increases, the complexity
to set up a security system that satisty all payers at the same time becomes more
complex and thus costly. If a larger number of factory owners invests in security per-
sonnel, some amateur security men, who are only recruited in the case of incidents,
are substituted by well-trained professional security personnel. It is necessary to set
up an infrastructure sufficient to guarantee quick information exchange and access
to the various factory sites. Non-payers do not bear these costs, but suffer cost e by
those who chose to pay. e signifies the negative effect of social shunning that increases
in the number of payers. The more player choose to pay, the more social pressure is
exercised on non-payers. For a player population of size m and p being the number

of payers, the expected pay-off functions for each strategy can be defined as:
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=3 (")t (0w (22

p=1 \FP
_ ) 1.1.16
- " P(1—w)m 10 (1= x)xb 2 — o2
TT-p p;)( 0 )(w) (1—w) ((1 x)xbm em>

where the first part of both equations defines the expected composition, and the se-
cond part (in brackets) the net pay-off of each strategy. Again for m >> 0, approxi-
mating by m — oo, gives

tp = bx(1—x) — k(1 —w)w

m-p = w(bx(1—x)—e)

Solving shows that the set of equilibria consists of four components; two
interior and two pure equilibria. The interior equilibria are defined by the two roots,

at which both strategies have equal pay-off, namely

w*l = Zl—k(k—{— bx — e — bx* — \/(e —k—b(1—x)x)? —4bk(1 — x)x) 1.1.18

and

w*? = 21—k(k—{— bx —e — bx* + \/(e —k—b(1—x)x)? —4bk(1 — x)x) 1.1.19

under the constraint that w*!, w*? € (0,1). The former defines the stable interior equi-
librium (henceforth called the low w-equilibrium), the latter the unstable equilibrium
and frontier between the basin of attraction of the stable pure equilibrium defined
by w*® = 1, for x € (0,1) (henceforth called the high w-equilibrium), and the low
w-equilibrium. Figure shows an example of the pay-off functions and the set of

equilibria.

The lower set of equilibria illustrates that below a certain threshold of w, in the
absence of any revolutionaries, no B has an incentive to pay, since the only motivation
is provided by the social shunning of payers. Similarly if all As choose to revolt,
a single B faces a situation, in which he only pays his marginal costs without any
benefit, but can evade the costs from social shunning if he did not pay. Hence, no

incentive to pay arises. For an intermediate share of revolutionaries an incentive to
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Figure 1.1.B: Pay-off Structure Bs: Strategy 7tp- blue, 71-p- red, Parameters: b = 2,
k =10, e = 4, low w-equilibrium: blue, high w-equilibrium: yellow

B.)

protect his property exists. If a sufficient number, however, pays supporters the spill
over is adequate, i.e. it compensates for the lack of a direct net benefit from paying
and the cost of social shunning, and he will have no motivation to play strategy P.
On the contrary, in the high w-equilibrium at which all Bs play P, it is also always
best response given any x to pay because of cost e.

If the conflict described by the current model is not considered to be defined by a
single event but a sequence of repeated events, individuals are able to dynamically
re-evaluate their strategy choice between events@ Since players meet at random in
a group, they might feel unsatisfied with their current strategy and re-assess. In this
case a player compares his strategy choice to a random “model” player. The player
adopts the strategy of his “model” with a probability proportional to the positive
difference between their model’s and their own pay-off, which has been generated
in the course of this event (if the difference is negative, i.e. if a player has chosen a
better strategy than his model, the player will not switch). Hence, if a player observes
another player faring much better with another strategy, he will very likely change
strategies. If the model player only received a marginally higher pay-off, the player
will less likely to switch. Notice, that if an S-player observes an R-player, who obtains
higher pay-off, he will adopt this strategy with a positive probability, though strategy
R is strictly dominated by C. Nevertheless, more S-players will switch to strategy C
than to strategy R, since the pay-off difference between players choosing C and S is
greater than between those choosing R and S.

The dynamics based on this type of assumption are best described by the replicator

14Think, for example, of the Monday demonstrations in the GDR in 1989 or the skirmishes during the
Thirty Years” War.
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dynamics (see also Bowles, 2006). The replicator dynamics are generally defined by
0; = Yjoi05(7; — 7j), where o; denotes the frequency of strategy/trait i (i.e. in this
case x, y or z) in the populationﬁ Hence, 0;0; defines the probability, with which a
player of trait o; (i.e. a player choosing the strategy associated to ¢;) meets another
player of trait 0;. The switching probability is a multiple of the pay-off difference

7t; — 7tj . For the limited strategy set, the replicator dynamics can be simplified to

X = x(7r — ¢)
¥y =y(mc —¢) and 1.1.20

w = ZU(l — HJ)(TL'p — 7TNp)

where ¢ denotes the average pay-off of the players in C,, defined by
¢ = x g +y 7c + z 7s. The pay-offs are determined by equations and
The dynamics with respect to any distribution of the players in C4 are illus-
trated in figure where Ac; = m1; — ¢. Consequently, 0; is stationary at Ac; = OE
The vectors thus indicate the direction of movement relative to these loci.

The figure at the left illustrates the case, when Cg is in the low w-equilibrium re-
gion, the figure at the right shows the case, in which all B choose to pay, i.e. the high
w-equilibrium. Any population in region II will converge to the x-axis and any po-
pulation in regions I, III, IV and V converges to the y—axis Regions IV and V are
absent in the low w-equilibrium as their size becomes vanishingly small for popula-

tions close to the y-axis, asw — 0 and x — 0.

In case A.) an equilibrium on the x-axis with y = 0 cannot be invaded by suppor-
ters. Notice that C weakly dominates R. If non-best responses occur infrequently,
evolutionary drift will push any population towards the left along the simplex axis.
The number of revolutionaries will converge to zero and the population moves along
the y-axis as small perturbations along this axis (i.e. for perturbations with x = 0) are
not self-correcting. Invasion by revolutionaries is impossible at any point on y. Small

perturbations of non-best response play will push a population back to the equili-

5For literature on the replicator dynamics, refer to Taylor & Jonker (1978), Taylor (1979), Schuster &
Sigmund (1983), and especially Hofbauer & Sigmund (1988), Weibull (1997) and Nowak (2006).

16Solving gives 2 roots for every variable x, y and z. The frontiers in the figure only show those within
the unit interval, i.e. x + y € (0,1).

7Notice, however that this is not generally the case for region I in the low w-equilibrium. For different
parameter configurations the population can converge to the x-axis, both remaining in region I or
switching to region I, if the initial allocation is sufficiently close either to the x-axis or region II.
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Figure 1.1.C: Projection of the unit simplex and the dynamics for fixed w: A.) w =
w*l,B) w = 1, Parameters: a = 1,6" = 4,07 = —3,d =5,c =25,b = 2,
k=5e=05

I: Ax<0,Ay<0,Az>0
1I1: Ax>0,Ay<0,Az>0
I11: Ax<0,Ay>0,Az>0

IV: Ax<0,Ay>0,Az>0
< AX<0,Ay>0,Az<0

g X e £

a >3 iF
all Conformists all Revolutionaries

a2 a7 g4 K 45 A
all Conformists all Revolutionaries

brium z = 1@ The unstable equilibrium for z = 0 is defined by point (0.12,0.88); the
former value denotes the share of revolutionaries, the latter the share of supporters.

Notice that evolutionary drift, through small perturbations of non-best response play, pushes the
equilibrium to the extremes on the y-axis, namely y = 1 or z = 1 (not in this simulation) for the
low w-equilibrium, and to an interior equilibrium or y = 1, for the high level equilibrium, in which

w = 1. The dynamics of the low w-equilibrium are determined by aa% lx=0 = ﬁ (—=d(|le—k]|+e—

B)(1—y) +2ky((a — 15" (1 —y)y — 6% — (1 ~y)c)) and ¢ |;_g = At C (o)

where the latter is strictly greater than the former for small y, but the inverse may occur for large

7

y, depending on the relative size of ¢, a and ¢". For w = 1 the dynamics are defined by aa% lx=0 =
dﬁdyfy(cwp7nyf(afl)§y(17y)y) and %h:o = —d — 6P +y(c — (a — 1)d"y), with mixed equilibrium

y:C_— V;za_ﬂ{;;,l)d(srandz:l—y.
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In case B.) the situation is somewhat different. Any perturbation of y of an allo-
cation on the x-axis will push the population out of region V into IV, in which the
population converges to the y-axis but remains in this region. In addition to the hi-
gher mixed equilibrium at (0.12,0.88) a second mixed equilibrium exists at z = 0 and
point (0.95,0.05), which is also unstable as z-perturbations will again push it into re-
gion I V@ In the case of infrequent non-best response play the long term equilibria
will be defined by the line segment of region IV. The model is therefore insufficient
to effectively model conflicts. Conflicts would occur with quasi null probability, even
if their is little incentive to support the current (social) contract and a favourable al-
ternative allocation exists. A conflict would require a large number of non-best res-
ponses that pushes the population from the y-axis into region I and sufficiently close
to the x-axis or II. Further, we observe that all equilibria are only defined by two
strategies. A population in a completely mixed equilibrium is unobservable, as the
model neglects specific characteristics innate to conflicts. One important aspect is the
emotional reaction to the violation of social norms. The next section will provide an

initial attempt to analytically represent this issue.

1.2 The Effect of Social Norms

The literature on behavioural and neuro-economics (see for example Rabin, 1993,
1998, 2002; Smith, 1994; Camerer et al., 1995 & 2002; Fehr & Géachter, 2000; Frohlich et
al., 1987a, 1987b; Cooper et al., 1992) has shown that fairness is a complex concept. In
general a fair share is determined by a reference point. An individual’s evaluation of
whether an interaction is fair or not is determined by past-interactions, status, expec-
tations etc.. These elements define a reference framework that can be collapsed into a
set of social norms and conventions, which govern everyday interactions. Whenever
a social norm is violated, individuals feel unjustly treated. Hence, a simple indivi-
dual pay-off comparison as in Fehr and Schmidt (1999) is only part of the story. Fair
does not necessarily mean equal. As Binmore writes: “A person’s social standing, as
measured by the role assigned to him in the social contract currently serving a so-
ciety’s status quo, is therefore highly relevant to how his worthiness is assessed by
those around him”. (Binmore, 1998, p. 459; see also variants of the Ultimatum Game,
in which contest winners successfully offer lower shares than in traditional version of
the game, such as Frey & Bohnet, 1995; Hoffman & Spitzer, 1985.)

9This implies that the equilibrium can be destabilised by random mutation, but not by imitation.
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The way in which social norms, and culture in general, are determined is as vague
as the concept of fairness. Many attempts have been made in the past to model
the evolution of social and cultural norms (refer to chapter 2), yet, not only each so-
cial/human science has its own definitions of culture, but these definitions are de-
pendent on the current Zeitgeist (Geertz, 1987). Therefore no unique normative basis
exists. This renders a precise description of a social norm on an analytical basis very
difﬁcult@ It is even unclear whether our actions are determined by global norms or
rather by highly local norms (Patterson, 2004).

To circumvent this issue, it is sufficient to notice that indeed it is not strictly neces-
sary to explicitly model social norms, since revolutionary behaviour is defined by an
aggressive reaction to the violation of social norms. Hence, assume that a certain set
of social norms, not closer specified, exists and that whenever a norm is violated, it
gives rise to an aggressive feeling. This assumption keeps the model general enough,
so that it is applicable to a large variety of conflicts, and norms and conventions.
There are two aspects that the model should take into account:

Lorenz (1974)@ has illustrated that, though aggression is immanent to every spe-
cies and to most interactions, it is nevertheless defined by a high level of ritualisa-
tion that minimises the frequency of direct hostile conflicts, and the potential cost
they would incur. Furthermore, in contrast to the prevalent conviction, mankind is
amongst the least aggressive species. We have a general tendency to avoid hosti-
lity even in extreme situations@ Consequently, something what might be termed
a “non-aggression norm” should have developed. To include this into the model,
assume that a general norm exists that dampens violent responses for all kinds of ari-
sing conflicts. On the one hand, the stronger the norm, the less likely an individual
will choose a violent response. On the other hand, the more violence an individual
observes, the more likely he will also respond aggressively, and the lower the dam-
pening effect of the non-aggression norm.

The example, given earlier, of the Defenestration of Prague illustrates the second im-

portant aspect of conflicts. A single event suddenly triggers a conflict, though the

205ome examples that incorporate norms into mathematical models are Bernheim, 1994; Lindbeck,
1999, 2002; Huck, 2001, 2003.

2lKonrad Lorenz, Nobel laureate in 1973, was one of the first to analyse aggressive behaviour in dif-
ferent species.

22The space in which we normally do not tolerate others is about 1 to 2m, much smaller than for
most animals. We therefore dislike a seat close to another person. Yet, during rush hour conflict
situations are rarely observed. For a very recent example of the behaviour of other species (the
territorial behaviour of Chimpanzees), refer to Mitani et. all (2010)
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actual reasons are much more complex and long-range. The Peace of Ausgburg in
1555 warranted the peaceful coexistence of both confessions. The existential fear ge-
nerated by the small ice age and catholic aggressiveness led to a seething conflict for
more than 60 years, that intensified from 1600 and suddenly erupted in 1618. Such
trigger events can be frequently observed in history: the closure of Louth Abbey, the
storming of the Bastille, the Assassination of Archduke Franz Ferdinand of Austria,
the Montgomery Bus Boycott. All these events triggered conflicts that had a wide
range of economical, political and social reasons. The underlying conflict smoulde-
red for several years, but an open clash was triggered by a single event that taken
on its own, was insigniﬁcant@ To understand the dynamics of (social) conflicts it is
necessary to incorporate these two specific features into the model.

Let there be I different existing social norms and define the violence level, which
arises from a violation of norm j, as vj, with j = 1,...,I. Define the total violence
level summed over all violations as v = }_;v;. Suppose further that for every such
norm violation a specific measure is taken that decreases Violence Examples of such
measures are wage increases, a favourable change in the social security system, work
amenities, a greater right of co-determination, but it can also include propaganda
that is used to misinform and to shroud the norm violation. Call this measure «;.
In addition, the non-aggression norm, defined by B reduces the violent reactions to
all violations. Assume that its effect is identical for all v;, thus § does not require an

index. Consider the following system of differential equationﬁ
vj =; (r(1 —y(1—y)) —sa; — qB — ve)
02]' = hZJ] — MDC]'(l +0) 1.2.1
B=(1-x)x—up

where all the variable not previously defined are assumed to be constant. The first

equation defines the dynamics of the violence levels. Violence exponentially increases

2 Another example, which shows how context specific these trigger events are, is the schism that
was initiated by Luther’s theses, though similarly revolutionary approaches of Hans B6hm or the
Dominican Girolamo Savonarola and even of Luther’s contemporaries Bodenstein and Miintzer
possessed much less explosive power.

24The model simply assumes that those measures appear exogenously and are not subject to strategic
choice. An additional strategy for players in Cg could be included in the model. Yet, I do not believe
that this increases the clarity of the model, since the underlying argument should be similar to the
decision of whether or not to pay supporters. It might be still interesting for future research to
create a trade-off between paying supporters and paying for anti-aggression measures.

25This model has been inspired by Nowak & May, 2000.
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inr(1—y(1—y)), where the net growth rate is equal to r in the absence of any suppor-
ters. The idea behind the non-monotonic growth of violence in the share of suppor-
ters is that low levels of supporters will suppress violent behaviour. Beyond a certain
threshold, however, the increasing number of supporters does not scare off revolu-
tionaries, but has the opposite effect, as it ignites Violenceﬁ Violence also decreases
exponentially in sa;v; and qfv;. Since more violent reactions have the tendency to
wear off more quickly, when dampened, the effect of a; and f increases in v;. This
form of representation models a sudden spiked upsurge of violence after a norm vio-
lation that dampens in the following periods. Furthermore, assume that violence
naturally “cools down” at the rate ve, with € relatively small. The violence level thus
has a saturation point in the absence of a non-aggression norm and further counter-

measures, due to its decrease in v, VE. The last term in U bounds the total value to
_ r(1=y(1-y))

v €

, since violence levels cannot be infinite.

Assume that a higher level of violence requires a stronger counter-measure, i.e. &;
is increasing in v;. A high a; is, however, costly and difficult to maintain and the
positive effect of a larger measure wears off more quickly. Furthermore, it is expected
that counter-measures absorb resources, and also that their efficiency depends on the
acceptance by the individuals concerned. The total violent response v thus decreases
a;. The counter-measure therefore wears off more quickly if it is more efficient and if
the total violence level is high@

Finally, the social norm of non-aggression is only an indirect function of the to-
tal violence v, since its size is affected by the share of revolutionaries. As discussed
above; if a player more frequently meets a revolutionary, who shows a high level
of aggression, the player becomes accustomed to this and also shows a higher pro-
pensity for violence. If the population consist mostly of revolutionaries, the non-
aggression norm can be expected to be much lower than in a population with only

few revolutionaries.

First consider the equilibrium values, determined by setting the last two equations in

26This can be often observed on TV during strikes or demonstrations. Too much police force may lead
to escalation. A recent example are the protests in Stuttgart (Germany) against the construction of
a new central station.

27Tt might be more intuitive to write d4; = hv; — uaj(1+v + Yja). Notice, however, that « is approxi-
mately proportional to v, thus the addition of another variable is not required.
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to zero. These equilibrium values are given by

hTJ]'
T utou 122
* __ K(l—.’Xf)
b=

Putting in equations into the first equation of defines the equilibrium dy-
namics of an individual violence level

ho; x(1—x)

(1+v)—q ” — €v) 1.2.3

0j = v;(r(1+x) — s
We are, however, interested in the aggregate value v. Hence, this can be expressed as

Y

o= (YL~ ((r1-y(1-y)) —ev)u(l+0) —q(1 — x)x(1+0)) | -
p u(1+0o)
oy
wi+o)” ;H

Define D = Y (v;/ v)?, with D € (1;1). If only one violation of a social norm cur-
rently occurs, D = 1, whereas in the case of n different violations and for identical
levels of violent reactions, D = % Substituting and rearranging equation gives

0= gy (MO =y = y) —ve) —q(1 = x)x

+ou(r(1—y(1 —y)) —ve) —q(1 — x)x — shD])

Remember that € is generally expected to be very small and that ve is of the same
order as the other variables. It must hold by definition that (1 — y(1 —y)) > ev,
where equality only holds at the maximum level of v. Consequently, as total violence
increases, the dynamics of the system are determined by the second term in equation
1.2.5, which is multiplied by v. Notice that 7 = r(1 — y(1 — y)) — €v equals the net
growth rate of violence. Three cases may occur:
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1.2. THE EFFECT OF SOCIAL NORMS

1. Immediate high level of violence: 7u > q(1 — x)x 4 shD.

In this case, the combined effect of the non-aggression norm and the counter-
measures, (1 — x)x + shD is too weak to counter-act the net growth of vio-
lence, augmented by the adverse effect of violence on the counter-measures.
One might think of a society with a general tendency towards violence, little
capacity to counter-act violence or with limited resources for programmes that

increase social equity.

2. No violence: fu < g(1 — x)x.

In this case, the non-aggression norm alone is strong enough to stabilise the po-
pulation. Violence levels exhibit non-positive growth. This relation describes a
society that has a high degree of democracy and a sense for non-violent conflict
solutions (high non-aggression norm) or a pacifist mentality (low net growth
rate of violence). If the share of revolutionaries is very close to zero and e is
very small, the inequality can be approximated by r(1 — y(1 — y)) < I°. Hence,
a pacifist society will never experience a high level of violence, if the growth of
the violent response is smaller than the direct effect of the non-aggression norm,
particularly for intermediate levels of supporters.

3. Low levels of violence, followed by a sudden upsurge:
q(1 —x)x < fu < q(1 — x)x + shD.

This is the most interesting case. If the violence can be counter-balanced only
by the joint effect of counter-measures and the non-aggression norm, but not
by the norm alone, the stability depends on the frequency of norm violations.
An increase in the number of simultaneous or contemporary violations of so-
cial norms decreases D. This can be interpreted, for example, as a society that
suffered a large number of strikes of workers as a response to a deterioration
of working conditions in several sectors or a series of public spending cuts that
are mostly at the expense of one social group or class. Furthermore, since the
share of revolutionaries x decreases the right-hand side of the inequality (and
indirectly also increases the central part of the inequality), the right part of the
condition becomes less likely to be fulfilled, leading to a situation described in
point 1. This implies that populations, which are already in a state of conflict,
will observe new conflicts with increasing probability.

A threshold can therefore be derived that defines the minimum share of revolutiona-
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ries necessary for violence levels to increase, given by@

= xq + Dhs — u?
= o

If it is assumed that v = [v; the dynamics are defined by

ho;

g~ )

1+lZ)j

0j = 0 (r(l —y(1—y)) _Su(

Solving for 9; = 0 defines the aggregate equilibrium value for the deterministic ap-
proximation

5 —hs —elu — «*1 + (Ir*u) + /—4elu(x* — r*u) + (—hs — x* + lu(—e +1*))?2 128

2€lu
with r* = 7 +ev = r(1 —y(1 —y)) and «* = xq(1 — x). For very small ¢, the
total violence level is approximated by 7 = l%. The violence level is thus
expected to explode, when approximately
po_hs 1.2.9
r*u — K*

violations occur. Figure shows a simulation, where v = [v; holds@ We ob-
serve that at the 9" violation, violence levels explode (according to equation m
the maximum number of violations is [* = 8.52273). After each new violation the
individual violence levels jump to their new equilibrium values, approximated by
(r*u — x*)/(hs — 1(r*u — x*)). Notice that the total violence level is bounded by
v = r*/e. Tt attains its highest level for x = 1 and v = lv;. Simplifying equation

gives

ru—eu—xq(l—x) ++/(u(e +r) —xq(1—x))*

"M =1lim 6 =
l—00 2€eu 1.2.10
_ru—xq(l—x) < r
€u e

ZThis implies again that x lies in the interior of the unit interval if the net growth rate of violence is
greater than the relative suppressing effect of the counter-measures weighted by the adverse effect
of violence on the latter (7 > Dl—?s).

P The figure shows a discrete approximation of the system of ordinary differential equations. Thus
slight overshooting occurs.
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1.3. THE EMOTIONAL CONFLICT MODEL

Figure 1.2.D: Simulation of 9 for 2000 periods: Probability of a new violation P=0.01,
Parameters: r =2,5s=3,=1,h=05u=x=x=y=02,e =0

1.3 The Emotional Conflict Model

Obviously, emotions are difficult to quantify. Well-defined and established approaches
of how emotions analytically affect best-response play are thus lacking@ If an emo-
tional reaction is considered to “blur” the salience of certain pay-off values (or more
general utility values), emotions can be directly incorporated into the pay-off func-
tions. This might take the form of a threshold value, imposed by an emotion, below
which an individual is no longer concerned with the potential loss he faces, when
playing this strategy. Hence, only if the pay-off difference between best and non-best
response is higher than this threshold value, will a player choose his rational best
response. Alternatively, giving in to an emotion might directly provide an additional
utility, thus influencing the pay-off associated to a certain strategy that channels this
emotion.

Assume that in this context the violence level dampens the salience of the potential
punishment that a revolutionary faces in the case, where the conflict does not end in

his favour. In general this would change the pay-off of strategy R given by equation

[L111tcP]

_x(xty—ay) Cx(xt+y—ay)\ o
ﬁR_—x—l—y o+ (1 ~ty (6Py +v(v)) 1.3.1

where v(v) transforms the value of the aggregate violence level into a pay-off or uti-
lity measure. In this configuration, the aggregate violence level directly affects the
absolute value of the punishment 67 and is unaffected by the loss probability. In the

30For a general discussion of the relationship between emotions and rationality, see Kirman et al.
(2010).
31Remember that 67 is a negative constant.
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given context assume that a player under-evaluates the negative effect, if he observes
uncontested revolutionaries, who do not inter-act with supporters, more frequently.
If he perceives, however, too many uncontested rioting revolutionaries on the street,
his affinity to them decreases or as Granovetter explained: “Individuals who would
not speak out until some minimum proportion of those expressing opinions were in
their camp might no longer feel the need to speak once a more substantial proportion
agreed with them and the situation seemed more securely in hand. This seems even
more likely when the action in question is more costly than just expressing an opi-
nion.”(Granovetter & Soong, 1988). To take account of this group effect with decision
reversals assume that the transformation function v(.) has the form v(v) = o v (xz)?,
where ¢ is a constant that scales the violence level appropriately into a utility mea-
sure. Thus, the compensating effect of v increases in the absence of supporters and

has its highest level at the intermediate level of x.

Remember that the system of equations governing the violence levels is stochas-

tic. Yet, equations|1.2.8 and [1.2.10| provide approximate values for v if the individual

v;’s have similar scales. The system’s dynamics can thus be adequately modelled,
if v is substituted by 9 or v"**. Since the former generates values similar to the lat-
ter already for relatively few violations, and situations with a high conflict potential
—case 1. and especially case 3. — are of greater interest, the analysis can be reduced to

the latter value without much loss of generality. Define the probability of winning as

P = x(xty—ay)

oy the dynamics are thus sufficiently determined by

X =x (P(S’ +(1-P) <5Py 4ot k(1 =) (x2)2> - <P)

€U

. fdw'x —cxy 1.3.2
)

t=(1-x—y) (P —¢)

and ¢ is defined as the average pay-off as before and w*> = 1 or

w* = L (k4 bx—e—bx*— /(e —k — b(1 — x)x)2 — 4bk(1 — x)x), depending on the
equilibrium, to which sub-population Cp is associated. The equilibria are defined at
those points, in which the equations in are equal to zero. This obviously holds,
if the same strategy is played by all As. In contrast to the approach that neglects the

emotional component of conflicts, interior equilibria can evolve. These are unlikely
to be observed in the low w-equilibrium, since as x approaches 1 and thus w tends to
zero, high values of d, and low values of c were necessary. In the high w-equilibrium,
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the solution to Ac; = 71; — ¢ = 0 gives 5 roots, each for Ax, Ay and Az. Some of the
roots have values outside the unit interval of x +y € (0,1) [

Figure 1.3.E: Projection of the unit simplex and dynamics for w = 1 and v = 0™

Parameters: a =1,0" =4, = -3,d=5,c=25,r=2,u=2,xk=0.2,
g=1,€=0.050=5

all Supporters I AX<0,A¥y<0,Az>0
s II: Ax>0,Ay<0,Az>0

III: Ax<0,Avy>0,Az>0

Iv: Ax <0,Ay>0,Az>0

V: AxX<0,Av>0,Az <0

VI: Ax=>0,Av>0,Az <0

VIIL: Ax=0,Avy<0,Az<0

VIIL: Ax=0,Ay>0,Az<0

IX: Ax<0,Avy=0,Az>=0
[ Ax<0,Av=0,Az<0

—_ _— VIII$.A%0

Fof < FAE 7 fF L

all Conformists all Revolutionaries

Figure shows a simulation, which uses identical parameter values as in fi-
gure on page 21| for the high w-equilibrium case. Equilibria on the y-axis are
Lyapunov stable equilibria that cannot be invaded by revolutionaries. Since small
perturbations through non-best response play are not self-correcting, evolutionary
drift will push the population into region IV, representing roughly 20% supporters
and 80% conformists (note that in region III: ts < 71¢). The x-axis, on the contrary,
does not define any weak equilibrium points, since regions I and II do not touch the
x-axis, at which Ay = 0. As in the simulation shown in figure two unstable
equilibria exist, at which conformists are entirely absent, defined by (0.15,0.85) and
(0.95,0.05).

In contrast to the previous simulation, two additional completely mixed (interior)
equilibria occur, denoted by 1 and 2. The former (situated at (0.08,0.19)) is unstable
as pay-off of revolutionaries is increasing in their share. Thus, to the right of the

32Excluding these, we are left with two roots each for Ax and Ay and one root for Az.
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equilibrium point a revolutionary benefits from more players choosing strategy R
and the equilibrium is not self-correcting for small perturbations to the right or left.
The second completely mixed equilibrium (situated at (0.91,0.05)) is stable, since at
this point the pay-off is decreasing in x. A player’s choice of strategy R is therefore
detrimental to the pay-off of other revolutionaries at this point and the equilibrium
is self-correcting. For the given case, a population converges either to the y-axis in
region IV or to equilibrium 2 in the case, where at least a critical mass of revolutio-
naries (defined by the blue line, at which Ax = 0) exists. Intuitively the critical mass

increases in the number of supporters.

Figure 1.3.F: Dynamics for w = 1 and v = v"**: Parameters: a = 1, 6" = 3, 0 = -3,
d=9,c=20,r=2,u=2,xk=02,u=1,¢ =0.050=5
all Supporters I: Ax<0,Ay <0,Az>0
II: Ax>0,Avy<0,Az>0
I: Ax <0,Ay>0,Az> 0
IV: Ax<0,Ay>0,Az>0
V: Ax<0,Ay>0,Az <0
VI: Ax>0,Ay>0,Az <0

VII: Ax>0,Ay<0,Az<0

H Ax<0,Ay=0,Az=0
Ax<0,Av=0,Az<0
Ax=0,Av<0,Az>0

Faf o i Fas Ff. F:f s L

all Conformists all Revolutionaries

The chosen parameters define the stable equilibrium with roughly 91% revolutio-
naries. Changing the parameters in favour of the supporters, i.e. by decreasing the
potential gain from revolution 4" by one unit, and setting the bonus payment d to 9
and costs to 20, gives dynamics as shown in figure[1.3.F Region IV, defining the set of
long-term equilibria in the absence of sufficient revolutionaries, moves up along the
y-axis by 0.25 points. Ax = 0 and Ay = 0 intersect at the right edge at (0.33,0.67) and
(0.54,0.46), and define again the two unstable equilibria, in which conformists are en-
tirely absent. The completely mixed stable equilibrium moves towards the triangle’s
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centre to approximately (0.50,0.37), as the unstable mixed equilibrium, which mo-
ved up the y-axis in relative position with region IV to point (0.16,0.43). The general
results, however, remain. We observe the existence of a stable interior equilibrium,
as well as an interval, in which the equilibrium level with x = 0 is defined by the
dynamics of region IV, leading to a stable point on the left edge in this regionﬁ Ad-
ding the emotional element, though highly simplified and abstract, generates more
intuitive results than the model described in the first section.

The model can show a further characteristic of conflicts: It is often observed that
beneath a threshold people remain bystanders in a conflict situation, although they
feel a desire to revolt, but are afraid of being the only one to participate. Only if a
sufficient number of other individuals, joining the conflict, is perceived, individuals
choose sides and enter the conflict. “The power of the mighty hath no foundation but
in the opinion and belief of the people.” (Hobbes, 1668, Behemoth)

1.4 A Threshold Model

One issue remains to be resolved: The given model generates a set of equilibria de-
tined by region IV, in which revolutionaries are absent, and a second interior stable
equilibrium. Both are separated by the (Ax = 0)-locus that indicates the critical mass
of revolutionaries necessary to induce the population to switch to the completely
mixed equilibrium. How does such a transition, provoked by non-best response play,
occur? Reasoning on the basis of stochastic stability is not justified in this context,
since this would imply that a revolution is only triggered, if a sufficiently large num-
ber of players idiosyncratically chooses a non-best response strategy. Though the si-
mulation in figures[I.3.E|and [1.3.Fshow a relatively low critical mass of 8% and 16%,
respectively, this can still imply a fairly high number of players. For a small group of

50 players the event of passing the critical mass might be observed with fairly high
probability. If the model refers to larger groups, e.g. large firms with a substantial la-
bour force or social turnovers, this event seems less likely. The issue, it seems, results
from the simplifying assumption that players of identical type also have identical
pay-off functions. This section adapts the threshold model approach of Granovet-
ter (1988), which implicitly assumed varying pay-off functions across individuals, to

3In contrast, the system in the low w-equilibrium will generally have no interior equilibrium and, as
one might expect, a lower critical mass necessary to induce players to choose strategy R. Since the
lower Ay = 0-locus is absent, drift will push the population towards the (z = 1)-point, at which
revolutionaries have a low entry barrier.
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provide an explanation on how the transition over the critical mass frontier can occur.

The underlying idea is that each player needs to observe a certain number of other
individuals playing a strategy in order to choose the same strategy. Using Granovet-
ter’s wording, assume that in a group a number of instigators arises, who do not need
any player to start a riot. Upon seeing these instigators causing a disturbance, those
individuals, whose threshold is equal or lower than the number of instigators will
join the rioters. For an individual threshold R; of rioters at time ¢, group size s and
cdf F (%), the system is defined by Ry = sF (%) and the equilibria are determined
by RTT =F (R??) An equilibrium is only directly attainable if the chain is unbroken, i.e.
if it holds that % <F (%), VR: < Rf. If a group has 3 instigators, but other players
require at least 4 rioters, the chain is broken, no further increase in rioters is observed,

and only the 3 instigators will participate in the insurrection.
In the context of the given model assume that

ZUmax(

xz)?

v(v) = oy

where 77 is a random variable. Suppose as before that the number of revolutiona-
ries is given by R; and hence, for a group of size s, it must hold that x; = %
An individual will keep his strategy if it gives him the highest pay-off. The num-
ber of instigators is consequently determined by the number of players for whom

fir > max(rtg, ), given Ry = 1 and the adjusted revolutionary pay-off 7tz that

includes the random variable # and is obtained by putting equation [1.4.1{into [1.3.1}

Instigators need only “themselves” to choose the revolutionary strategy. Their num-
ber is defined by (1 — F(#;)) s (i.e. all those players defined by a 7 > * in the current
period), where 7/ is identified by the solution to 7tz (%}, R¢; s) = max(7ts, 7ic). Define
the positive root of this solution (and for x,z > 0) by the function ®(R;). Since the
increase in x; is no longer exclusively defined by the replicator dynamics, the values
for y; and z; need to be adapted, so that population size remains normalised. Assume
for convenience that both conformist and supporters have an identical disposition to

choose the revolutionary strategy It must then hold, y;1 = y: — yfﬁz, (Xp41 — X¢).

31t is indeed more realistic to assume that the relative size of Ay and Az defines the proportions. This
should not pose a problem as long both values are positive. If both values are of different sign, the
relation is unclear.
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The dynamics are defined by the following system of difference equations

i = O(Ry, yts)
Ripr = (1—F(n;))s

_ yi(s = Rypq)
Yi+1 S—R,
Since x; = %, the equilibria of this system are given by x = g(x), where

g(x) =1—F(n(x,y(x))). Assume that 1 is InN(1,1)). The following figure shows
a simulation and represents the solution to equations using identical parameter
values as in the simulation of figure on page 31| The population starts at the left
edge in region IV (here defined by point y = 0.2, z = 0.8).

Figure 1.4.G: A.) Simulation of equations B.) Continuous Solution: Parameters
as in Figure startingaty = 0.2,z = 0.8
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A.) illustrates the system’s behaviour, which turns out to be cyclic as a result of its
discreteness. Figure B.) shows the reason for this behaviour. g(x) defines the share of
players, with a threshold lower or equal to x. The stable equilibrium is defined at the
point, at which both functions (red and blue) intersect, namely at x* = 0.86@ It is
stable since to the left of x*, g(x) exceeds x, indicating that more players are willing
to choose strategy R than the current number of revolutionaries. Yet, the slope of g(x)
is not strictly positive and not bijective (because of the decision reversals), since r7* is
non-monotonic in R;. The black line shows how the discrete system behaves. Starting

at an initially low level of x (i.e. Ry = 1), the system over-shoots after two periods.

%5 As an alternative, instead of #g(y*,R;) = max(rts, 7ic), the value of #* can be determined by
Ar(1*, Ry) = ¢. If, however, R is not the only strategy with higher than average pay-off, a pro-
portion of the players will shift to the other strategy. Therefore I have chosen the former relation.
The dynamics are similar and for the given parameter values the predicted equilibrium value of x
is identical to the value of the interior stable equilibrium in simulation ie x = 0.86, though
the relative size of y and z is different.
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For low and high levels of x the slope is very steep, amplifying the over-shooting
and creating a cycle with a stable fixed point x*. For the original replicator dynamics,
it was assumed, however, that players update their strategy at random. This should
also hold in the case of the threshold model. Over-shooting will thus be much weaker
than in the discrete case, in which all players update strategies simultaneously. The
system will eventually settle down at the equilibrium point.

What has been explained so far still neglects an important issue. In section
individuals have been assumed to meet at random in groups of random size. The
size does not affect the position of the interior equilibrium of system as x is
independent of s, yet it will change the initial value xyp and the probability that an
unbroken chain, leading to x*,occurs.

Given group size s, assume that the equilibrium value is defined by a minimum
number of R* revolutionaries. The equilibrium number of revolutionaries can occur
in different ways. An obvious way is to simply draw R* times an instigator or to
pick one instigator, a player with threshold 1, another player with threshold 2 etc.
Mixed combinations will also lead to the equilibrium number. If, for example, a group
includes 4 instigators, an unbroken chain does not require another individual with
threshold between 0 and 4. Drawing one of these moves the minimum threshold to
5. Thus the group might contain 4 instigators, two players with threshold 3, but none
with threshold 1,2,4, or 5 and will still be able to attain the equilibrium number R*.

The quantity and complexity of potential threshold combinations renders the cal-
culation of the probability of an unbroken chain very cumbersome. Yet, some gene-
ral results are observable@ When people gather in larger groups, we will observe
that the expected number of players choosing to revolt increases in absolute terms,
but decreases in relative terms. In a large group, it is less likely that the majority
of players chooses this strategy than in a very small group. Some examples make
the intuition clear. Assume that only one instigator is required to reach the equi-
librium threshold, i.e. R* = 1. The probability of this event is simply given by
P(R* = 1) = 1— (1 — pp)*, where ug defines the probability of drawing an insti-
gator. If group size increases, it is more likely that at least one of the group members
is an instigator. Furthermore, the number of combinations, which constitute an un-
broken chain, also enlarges in group size. Assume, for example that R* = 2 and that
the probability to draw an individual of threshold ¢ is discrete uniformly distribu-

361f p¢ defines the probability of drawing a player with threshold lower or equal to ¢, the probability

is roughly approximated by P(R*) = Hgial (gil) (1= (1 — pug)®) for small groups.

CoONFLICT THEORY - A GAME THEORETIC ANALYSIS
OF SOCIAL CONFLICT, NORMS AND CONVENTIONS



1.4. A THRESHOLD MODEL

ted with yz = 1/100. For s = 2 the probability equals 3/100?, and for s = 4 the
probability is approximately 17.68/100%. Yet in the given context, the equilibrium
threshold R* is relative to group size s. It is thus reached with lower probability as s
increases. For R* = [0.5s], the equilibrium threshold occurs with probability 0.0199
for s = 2 and with probability 0.00177 for s = 4. It is even less likely that the entire
group chooses revolt, if s is large. For s = 4 the probability lies at 125/100%, which
is much lower than the probability for s = 2@ A group thus reaches x* only with a
probability determined by the group size and the underlying threshold distribution.
The chain might be broken before, leading to a lower stable share of revolutionaries
within a given group.

The threshold approach can thus generate the following intuitive results. It is more
likely that a small group is incited than a larger. Furthermore, if group size is large,
a certain number of revolutionaries will be observable with high probability. The
transition probabilities in the examples are, however, very small. Yet, a large group
can consist of smaller sub-groups which again are composed of smaller subsections.
This illustrates that the internal structure, and the relations between groups play a
crucial role. If groups are linked in a network, its structure can again give rise to a
correlative effect between groups. A small group can provoke a larger one, which
again stimulates an even larger group and so forth, creating a domino effect not only
amongst players within a single group, but also between groups. Thus, the probabi-
lity of a conflict will depend also on the network structure. This is, however, beyond
the scope of this chapter and will be left to future research.

37We have observed that the transition to the interior equilibrium in region IV requires either 8% or
16% of non-best response play (hence Rf = [0.08s] and R5 = [0.16s5]). Applying the equation
in the previous footnote 36| to the case, in which He = 1/100, shows that, for group size s = 100,
the transition probability has very small values 4.633 * 10~'! and 6.466 * 10~%, respectively. For a
group of size s = 20 both events occur with a probability of 3.026~2 and 1.605 * 10~*. Hence, we
will observe a transition into the basin of attraction to the high conflict equilibrium in 1 out of 33 of
these small groups.

The probabilities are even higher in case the assumption of the main model apply, i.e. if the
parameters are as in the simulation presented in figure and #* is log-normal distributed. A
transition to R} = [0.08s] and R} = [0.16s] occurs with probability 0.5 and 1.042 x 10~2 in the
small group, and with probability 9.079 x 10~ and 1.267 + 10~4¢ in the large group. A transition to
the stable equilibrium at R* = [0.86s] is, however, very unlikely (probabilities are at 8.866 * 10~
and 9.984 * 1071526 for the small and large group - notice, however, the the applied equation signi-
ficantly underestimates the probability for larger R*.). The log-normal distribution of #* augments
the probability of reaching a medium number of revolutionaries, but diminishes the probability of

the occurrence of a very low or high share of revolutionaries, which can be seen directly from the
inverted u-shaped function in figure
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1.5 Conclusion

In this chapter, an intuitive approach has been derived to model the general dyna-
mics of conflicts. Though the assumptions highly abstract from the richness of real
world conflicts, the model re-creates specific properties that are inherent to conflicts.
It can explain why violence will break out more rapidly in some populations than
others and why an open conflict may only be perceived after some triggering event,
although reasons for this conflict are to be found in a longer period pre-dating the
event. It also illustrates why small groups are more prone to start and participate in
conflicts than larger groups.

The model also raises two starting points for future research. Fully integrating the
threshold model into the replicator dynamics might create an interesting alternative
to the stochastic stability approach (which is discussed in the next chapter). Further,
placing the conflict model into a context, in which the links between players and
groups matter, will allow us to analyse the effect of the network structure on the
likelihood of conflict events.
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Il y a I'histoire des opinions, qui n'est guére
que le recueil des erreurs humaines.

Voltaire (1694-1778)

Dynamics of Conventions & Norms
in Integral Space: A Critical View on
Stochastic Stability

This chapter critically analyses the well-known Stochastic Stability ap-
proach developed by Peyton Young. The focus is on 2 x 2 coordination
games. The original approach has been criticized for the assumption
of state independent error and sample rate, and is thus extended to
take this into account. Both, error and sample size are supposed to be
correlated with the loss that occurred, if a player chooses a non-best
response strategy. The original predictions are robust to this change,
if the game’s pay-off matrix exhibits some form of symmetry or if the
correlation between potential loss from idiosyncratic play and the state
dependent variable has a specific functional form. Yet, the state de-
pendent version will not necessarily determine the same Stochastically
Stable State (SSS) as the original approach if neither of these conditions
is met. Further, adopting an approach by Nowak et al. it is illustrated
that, in this context, the minimum stochastic potential is a necessary
but insufficient condition for an SSS. The state dependency of error and
sample size requires that each equilibrium on the path towards an 5SS
is accessible with a number of errors lower than one-third of the sample.




Introduction

In the spirit of Max Weber’s “Wirtschaft und Gesellschaft” (1922), the role of culture,
as an important economic determinant, has experienced a strong revival in the scien-
tific literature since the late 80s (Huntington & Harrison, 2000 & 2004; Welzel & In-
glehart, 1999; Huntington, 1997; Ades & Di Tella, 1996; Bollinger & Hofstede, 1987),
illustrating the fundamental impact of social norms and conventions on economic de-
velopment. Culture does not only determine the institutional framework, but also the
behaviour of economic agents. Consequently, social processes and culture, though of-
ten neglected, are essential variables of economic theory. Daniel Etounga-Manguelle
stated “Culture is the mother, institutions are the children”ﬂ The dynamics determi-
ning social conventions and norms must be therefore of special economic interest.

Along this line, “The Evolution of Convention” by Peyton Young (1993) is a well-
known approach that allows one to discriminate between potential conventions, being
synonymically defined as pure Nash equilibriaﬂ In his approach, Young does not try
to explain the subtle workings of how a transition between conventions occurs, but
why we observe certain conventions to be more stable and to persist longer than
others. This chapter takes Young’s approach as a basis and guideline. Consequently;,
the sociological intricacies of social norms and conventions are not the issue of this
chapter, but conventions in the abstract form of the stochastic stability approach.
Since the assumption of state independent error size has been criticised, the focus will
be on the state dependency both of the sample process and the error probability by
relaxing and altering some of the assumptions of the original approach. I will show
under which conditions the original results are maintained. This approach offers an
advanced equilibrium refinement criterion that provides a reasonable explanation for
the occurrence of certain long-term conventions.

This chapter constitutes the first part of a critical analysis of the stochastic stability
approach by Peyton Young. With the exception of its focus on the issue of state in-
dependence, the method described herein will keep most of the assumptions of the
original approach. Each player samples any previous interaction and can be paired

with any other player in his populatiorﬂ both with positive probability. Players are

!Manguelle in Huntington & Harrison, 2004, page 135

2This results from the underlying concept that best response play leads to adopting conventional
behaviour as long as an individual believes that a sufficiently large number of other individuals
follows the same behaviour, thus forming a pure Nash equilibrium of an n-person game.

3Player pairing is only restricted by their affiliation to types. If types exist, a player can only be paired
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hence completely connected. Following the definition of Jason Potts (2000), this is de-
fined as an interaction in “integral space”, in order to separate the criticism here from
that of chapter 3. The first section will illustrate that reasonable assumptions on the
error size will strengthen the original results for symmetric games, though generally
not for asymmetric games.

The second section points out a further issue in this context. The original frame-
work neglects the effect of random drift that occurs in the presence of a state de-
pendent error size, since error rates are assumed to converge to zeroﬂ If, on the
contrary, error rates are high, the subsequent drift will necessitate a larger basin of
attraction as a counter-force, in order for a state to be a Stochastically Stable State
(5SS). Hence, for interactions with a relatively low potential loss owing to erroneous
play, stochastic stability approach cannot be applied directly and requires a second
condition to be fulfilled: the two third rule.

2.0.1 A short Introduction to Stochastic Stability

In the context of social conventions several questions arise: Which strategies consti-
tute a possible convention? Why do certain conventions persist, whilst others are ra-
ther short-lived? Why does a specific convention emerge and not another, i.e. why do
we see both similaﬂ but also entirely different behavioural patterns in locally separa-
ted parts of the world? Classical game theory provides an answer to the first question.
A convention or norm is described by a stable Nash equilibrium in pure strategies.
The strategy profile defined by the convention consists of the best response strategies
of each player (type), implying that if a sufficient number of individuals follows the
convention, it is pay-off maximising to do the same. The second question, however,
can only be insufficiently answered. Obviously, since the conventional strategy is
best response to the strategies played by all other individuals, it is best not to deviate
from the strategy prescribed by the convention. Yet, when it comes to interactions, in
which more than one Nash equilibrium in pure strategies exist, the determination of
a long-term convention is ambiguous. Why is money accepted in exchange for goods
and services? Why are economic interactions determined by certain informal rules

and not others? Why do people first let others exit the coach and only after that enter

with players of a different type. In “the Battle of Sexes” a man can be paired with any woman in
his population, but not with another man.

4Though, Theorem 4.2. in Young,1998, provides a condition for the case of non-zero error rates, the
results obtained here are different as some of the original assumptions are changed.

530 called evolutionary universals, see Parsons, 1964
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the train? The inverse behaviour could also define a convention. The answer often gi-
ven to the third question is that the choice between conventions follows a non-ergodic
process. This answer leaves to much space to chance events and unknown exogenous
variables to be able to explain the similarity of conventions in separate regions of the
world.

A more adequate explanation to this question is, however, strongly connected to
the second question. The history leading to a new convention is fundamentally sha-
ped by the underlying conventions and norms that currently prevail. Hence, social
conventions and norms at one point in time will define the historical circumstances
that determine future norms or conventionsﬁ The third question thus collapses to
the second. This circumstance requires an approach to discriminate between various
conventions, answering the question of why certain types of conventions prevail over
others. Kandori, Mailath and Rob (1993) and Young (1993) have developed similar
approaches to this question. Since it constitutes the basis for subsequent derivations,
this chapter will focus on Young’s approach on stochastic stability and will elaborate
its basic reasoning in the following. Readers familiar with the concept can skip to the
following section

Assume that for a finite player population, n different sub-populations exist, each
indicating a player type. Strategies and preferences are identical for all individuals
in the same sub-population. The game is defined by I = (X1, X3, ..., Xy; U1, U2, ..., Un),
where X; indicates the strategy set and u; the utility function of individuals of type
i. Hence for simplicity, define each individual in such a sub-population C; as player
i. Assume that one individual from each sub-population C; is drawn at random in
each period to play the game. Each individual draws a sample of size s < 7 from the
pure-strategy profiles of the last m rounds the game has been playedﬂ The idea is that
the player simply asks around what has be played in past periods. Hence, the last m
rounds of play can be considered as the collective memory of the player population.
In addition to Young’s assumptions, I assume explicitly that m and s are largeﬂ

%see Bicchieri (2006) for an overview of the current literature on how existing norms affect players’
choices

7In fact the general condition is s < #, with Lt being the maximum length of all shortest directed
paths in the best reply graph from a strategy-tuple x to a strict Nash equilibrium (see Young, 1993).
Since here I restrict the analysis to 2 x 2 matrix games with two strict Nash equilibria in pure
strategy, the simplified assumption suffices.

8This assumption is made to guarantee that the values, which the basin of attraction can take, are
approximately continuous. The example in appendix on page (63| illustrates an instance, in
which this is not the case. Young generally defines the resistance of a switch from one absorbing
state to another as the least integer greater or equal than the product of the resistance value and the
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Each state is thus defined by a history h = (x!=", x!="*1 &) of the last m plays
and a successor state by i/ = (xf="H xt=mH+2 [yt ¥t for some x ! € X, with
X = JTX;, which adds the current play to the collective memory of fixed size m, de-
leting the oldest. Each individual is unaware of what the other players will choose as
a best response. He thus chooses his best reply strategy with respect to the strategy
frequency distribution in his sample (fictitious play with bounded memory, which
Young called adaptive play). He chooses, nonetheless, any strategy in his strategy pro-
file with a positive probability. Consequently, suppose that there is a small probability
that an agent inadequately maximizes his choice, and commits an error or simply ex-
periments. The probability of this error equals the rate of mutation e > 0, i.e. with
probability ¢ an individual j in C; does not choose his best response x; € X; to his
sample of size s from a past history of interactionsﬂ Instead he chooses a strategy at
random from X;. Since each state is reachable with positive probability from any ini-
tial state if ¢ > 0, the process is described by an irreducible Markov chain on the finite
state space ) C (X1 X X5 X ... X X;;)™. Not all states are, however, equally probable.
In order to shift a population from some stable equilibrium (i.e convention), at which
players only remember to have always played the same strategy, defined by strategy
profile x*' = (xi(t),x5(t),...,x;(t)) and history b = (x*=", x*=m+1 0 x*f) to
some other stable equilibrium defined by x* and b = (x>, x=="+1 ') in time
z, requires that a sufficiently large number of individuals idiosyncratically chooses a
non-best response strategy to move the population out of the basin of attraction of
the equilibrium defined by hy into the basin of attraction of another equilibrium, so

that x; is eventually a best response to any sample drawn from m.

For each pair of recurrent classes E;, E i from the set of recurrent classes Eq, E, . .., Ex
in the non-perturbed Markov process, a directed ij-path is defined by a sequence of
states (hy,hy,...,h;) € Q that goes from E; to E]- Define the resistance r(h, h/) as
the number of mistakes (perturbations) necessary to cause a transition in each period

sample size; an unnecessary requirement if s is considered to be large.

9Strictly speaking the error rate is given by Aje for player j and has full support, i.e. all strategies
in X; are played with positive probability whenever an error occurs or the player experiments.
Note, however, in the standard case the SSS is independent of A; and the probability, with which a
strategy is randomly chosen.

10A recurrent class E; is simply defined by the set of states that cannot access any state outside the
class, but only any other inside. Hence, if a state is absorbing, like the equilibria of the coordination
game in the non-perturbed Markov process, the recurrent class is defined by a single state - the
pure equilibrium. In the perturbed Markov process, a single recurrent class spans the entire state
space, since each state is accessible from any other in a finite number of periods.
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from any current state 1 to a successor state i’ connected by a directed edge@ The re-
sistance of this path is given by the sum of the resistances of its edges,
ro = (r(hi, h2) +r(ho, h3) + ... +r(h;—1,hz)). Let r;; be the least resistance over all
those ij-paths. Hence, there exists a tree rooted at vertex j for each recurrent class E;
that connects to every vertex different from j. Notice that connections can be defined
by a direct or indirect path leading from any other vertex k for E to j for E;, with
k # j, in the perturbed process. A path’s resistance is thus given by the sum of the
least resistances r;; over all the edges in the tree. The stochastic potential for any E;
is defined as the least resistance among all these trees leading to vertex ] The re-
current class with least stochastic potential determines the Stochastically Stable State.
Remember the least resistance path can be direct or indirect, and takes further ac-
count of all strategies in the strategy set. In other words, an SSS is the equilibrium
that is the easiest accessible from all other states combined |

The assumptions of the stochastic stability approach have been discussed in the
literature and the assumption that errors are state and pay-off independent has been
criticized (Bergin and Lipman, 1996). Yet, it does not need major changes in Young’s
approach to take account of this. The following section will thus include pay-off
dependent sample and error size into the calculation of the resistances. The method
is based on an approach of Young (see Theorem 4.1 in ” Individual Strategy and Social
Structure”, 1998) and the work of van Damme and Weibull (1998). This chapter will
show that stochastic stability still holds under the assumption of state dependency
under most conditions. It also illustrates that there is a significant difference between
assuming state dependent sample size and error size, if different player types interact.
Sample size affects the rate at which a player type directly observes mutations and is
dependent on the pay-off the player type has at the current equilibrium state. In
contrast, error size affects the rate at which an error is committed by the other player
types and is therefore dependent on the pay-off of these other player types. Section

'That means that the transition from / to the successor state i in an n-person game is of order

sr(h'h,>(1 - e)”_r(h'h/). If ' is a successor of /i in the non-perturbed process, e.g. they are in the
same basin of attraction, resistance is 0. If J' is not a successor state both in the perturbed and
unperturbed process, the resistance is equal to co.

12Given the general 2 x 2 coordination game and normalising the sample rate to 1, the stochastic
potential of j to i is then given by the minimum sample share along each path necessary for both
player types to choose strategy i as best response.

13Hence, the stochastic potential for an equilibrium in a coordination game with three strategies and
three pure Nash equilibria is the sum of two least resistances. The path is either defined by two
direct edges or one indirect and one direct edge, depending on whether the indirect path involves
a lower resistance than the direct path.
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will show, however, that these assumptions raise a different issue, since the error
rate can be expected to be high in certain states /, causing a potential disruption in

the transition from one convention to another.

2.1 State Dependent Sample and Error Size

This section will follow the approach of Eric van Damme and Jérgen Weibull (1998) to
some extent. It only considers sample and error size as loss-dependent, but generally
assumes type independence (if not mentioned otherwise), i.e. error and sample size
are defined by a function that has only the pay-offs as its arguments and is not type
specific. Findings are rather similar, but will differ in various details. Van Damme
and Weibull assume that an individual can choose his error level, but has to pay a
control cost. The control cost function v(e;(w)) is defined as a function of individual’s
i error size at the current state w. Furthermore, the control cost function is supposed
to be decreasing, strictly convex, and twice differentiable. As in van Damme and
Weibull, this chapter will only consider 2 x 2 coordination games with two strict Nash
equilibria in pure strategies, generally of the form presented in matrix with
a; > c;and d; > bl‘@

Acolumn Bcolumn

Avrow ai,az b1, c2
Brow \ c1,bp  dy,dp

Define g;(w) = max[m;(A,w), m;(B,w)], and w;(w) = min[m;(A, w), 7;(B,w)] and
thus /;(w) = gi(w) — wi(w), given the current conventional state w. The expected
pay-off is then determined by 71; = gi(w) — €j(w)l;(w) — dv(e;(w)), where I defines
the loss in the case, where an error is committed and the non-conventional (non-best

14In the case of more pure Nash equilibria the reduced resistances are given by the the minimum sum
of the resistances of the edges of each directed graph towards an equilibrium in the set of all i-trees.
Yet, as is done in Young’s approach, a mere summation of the least resistances without weighting
them seems problematic. If a society moves along an indirect path, it will spend time in the basin
of attraction of an equilibrium that lies on that path, making it a temporal convention. During this
time, the society will play a strategy profile close to that dictated by the equilibrium. This might
be one that strongly inhibits idiosyncratic play and will be robust against individual errors. The
state dependent error and sample size thus also applies to the resistances along the indirect paths.
Hence, the approach that will be described can be easily applied to games with larger strategy sets
and more equilibria by weighting the individual resistances in each sum accordingly.
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response) strategy is played. In addition to the approach of van Damme and Weibull,
€; is assumed either to be a function of the sample size s;(w), implying that the lar-
ger s;(w) the lower the probability of drawing a skewed sample from the collective
memory m. Alternatively the error probability is assumed to be directly controllable
by each individual and is determined by an exponent 7;(w) and the exogenous “ba-
seline error ¢”, such that €;(w) = £?(“). The idea is that individuals try to “stabilise
their trembling hand” if stakes are high, whereas they are more inclined to explore
alternative strategies if potential loss is small. Further let us assume J equals IE The-

refore expected profit is given by

7 = gi(w) —€i(si(w), ri(w); e)li(w) —v(ei(si(w), vi(w);e)).

Given the previous assumptions, v(€;(s;(w), vi(w);¢€)) is strictly convex and twice
differentiable in €;, and ¢; is strictly decreasing both in s;(w) and 7;(w). Hence the

marginal cost function —v (.) will be decreasing in €; and increasing in s; and ;.

_ 9v[ei(s,e)]
Jde; '

For the general 2 x 2 coordination game assume that w and w’ denote the two pos-

Maximizing the expected pay-off yields | =

sible conventional states of the world. As before €;(w) is the mutation probability
of type i = 1,2 in states w, s;(w) is the corresponding sample size, and 7;(w) is de-
fined as such that €;(w) = £7i(%), Given the definition above [;(w) defines the loss
function of player i in state w as the loss that occurs if player i erroneously plays
his non-best response with respect to state w. Thus the loss function is defined as

I (w) = ml%% — 7% for the row players, and I (w) = 7fHmm — glumn for column
players, if 777°“ and 71%/*"" indicate the corresponding pay-offs in the pay-off ma-

trix for each player type and the first part of the index the state to which the player
chooses the best response strategy and the second part the actual state. Error and

sample rate are state dependent, but type independent; and the expected relation
holds{™

li(w) < (') & €(w) > €j(w) & si(w) <sj(w) & 7i(w) < 7yj(w), 515
fori,j=1,2. —

155 can be dropped, since it is unnecessary as ¢ is exogenous.
16This is a direct consequence of | = —%ZW)] and the previous definition of the function /;(w).
Sample and error size are state dependent, since € varies with the pay-off, which an individual
attributes to the best and non-best response strategy in each equilibrium state. Sample and error
size are type independent, since the cost control function is only a function of the error size and not
of the type. This implies that (s (w) = sy(w) and 71 (w) = 72 (w) iff [ (w) = I (w)), and
s1(w) < sp(w) and 71 (w) < 72(w) iff [ (w) < Ip(w) and the inverse.
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Since only two equilibria in pure strategies exist, both equilibria are connected by
only direct paths. If sample and error size are state and type independent, the “re-
duced resistances” will be equal to the stochastic potential. So it suffices to compare
only the two reduced resistances along the direct paths (one for each player type).
The reduced resistances, in the case of state and type independent error and sample
sizes, are defined by the size of the basin of attraction, as these constitute the mini-
mum share in the sample, necessary to change best response play. Thus, in this case
and for 2 x 2 coordination games, the reduced resistances for the first and second
equilibrium, i.e. the minimum frequency of non-best response players in the standar-
dised sample to induce best response players to choose the same strategy, are defined

as follows:

rAB = min( h-a , i > and
ap—by—c1+dy ary—by —cr+dp

TBA :min< h— by , dy — by >
ap—by—c1+dy ar—by —cr+dp

or more succinctly:

rap=waAPandrgs = (1 —a)A(1—p)

where A and B describe the pure Nash equilibria defined by their corresponding
strategies, and a and B define the minimum population frequencies in the sample,
necessary to induce best-response players to switch to strategy B. Obviously in this
case the SSS is equivalent to the risk dominant Nash equilibrium. (for detailed proofs,
refer to Young; 1993, 1999).

The symmetric case describes a game, in which a player’s position is irrelevant, i.e.
pay-offs are independent of the indices in matrix Given these assumptions the
following two propositions for state dependent sample size can be shown (all proofs
can be found in appendix[2.A):

Proposition 2.1.1. For the symmetric case with state dependent sample size the resistances
are determined by r% ; = as(A) and r , = (1 — a)s(B), where s(w) defines the sample rate
in convention w.

Proposition 2.1.I1. In the case of two different player types i = 1,2 and state dependent
sample size s;j(w), the resistances are defined by 15, = wasi(A) A Bsy(A) and

14 = (1 —a)s1(B) A (1 —PB)sa(B).
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Suppose that in the case of symmetric pay-offs it holds that s(A) # s(B) = 1@
Then the equilibrium sample size s*, at which both equilibria are stochastically stable,
is given by s* = =% For all s(A) > s*, I, is the sole Stochastically Stable State. In
the case of s(A) < s* the SSS is defined by h3p.

For state dependent error size, defined by €7(“) = ¢;(w), and normalised state

independent sample size (s; = 1), the following two propositions hold:

Proposition 2.1.111. In the symmetric case with state dependent error size, resistances are
given by ) p = ay(A) and v}, = (1 — a)y(B).

Hence, a decrease (increase) in error size from &(w) to e(w'), with e(w’) = &(w)°®
and { > 1 ({ < 1), is equivalent to an increase (decrease) in the relative sample size

si(w) by C.

Proposition 2.1.I1V. In the general case with state dependent error size, the resistances are
given by rlp = ay2(A) A By1(A) and v}, = (1 —a)y2(B) A (1 — B)71(B).

In the symmetric case, the “speed”, at which the boundary of the basin of attraction
B, is approached, directly depends on y(A). A y(A) > 1 reduces the error rate and
decreases the "step size” and thus steepens the basin of attraction. The relation bet-
ween sample size and error size in the symmetric case is reasonable. A higher sample
rate should decrease the probability of an error occurring in a symmetric game.

It follows that, for the symmetric case, the unique invariant distribution satisﬁe

/

hy R ka[l+ fa(e)]
hy kp[1+ fa(e)]

where i* indicates the interior mixed equilibrium state at which the error rate changes

from some error rate € to another defined by e For m very large and ¢ — 0 this can
be normalized and rewritten as: % = 81_”‘_7“’;—;‘, for a defined as before. In the case
v > 177"‘ = 7" the exponent is negaBtive and the ratio goes to co. Hence h/A — 1. In the
case of y < ¢ the ratio goes to zero and h/B — 1. For v = o, then % — %.

7This normalisation is applicable to any game with symmetric pay-offs, since the matrix’s pay-offs
can be changed by a positive affine transformation as such that the function of the sample rate
equates to 1, and only the relative values are of interest.

18The invariant (or stationary) distribution of a Markov process is described by i* = h*P, for transition
matrix P and history h*. -For details, see Bergin and Lipman, 1996.

YMore formally: If pij represents the probability of moving from state i to state j in the unperturbed
Markov process, then Ji* such that p;p = 1if i <i*, and p;,, = 1if i > i¥).
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The general pay-off matrix in[2.1.T|can have 4 different pay-off structures. The sym-
metric case is generally defined in the literature as above, i.e. it does not matter whe-
ther an individual is a column or row player. This situation occurs in a population
with only one player type. If two player types exist, their interests can be diametri-
cally opposed, i.e. pay-offs are defined by a matrix, in which 4; = d; and ¢; = b; for
i # j. In such games pay-offs for both players are identical, but mirrored on both
diagonals of the pay-off matrix. Hence, I define such pay-off matrices as “double
mirror-symmetric”. Finally, a third type of pay-off symmetry may occur. If a; = d;,
b; = bj and ¢; = ¢}, pay-offs are only mirrored on the main diagonal. I define such a
pay-off matrix as “mirror-symmetric”. In the case, where the original pay-off matrix
cannot be transformed into one of the previous structures by the same positive affine
transformation of all pay-off values (i.e. one that maintains the relative loss values),

the pay-off matrix is defined as ”asymmetric”@

In the following the main proposition of this section is stated. The proof (as all the
others) are to be found in the appendix. Using the previous definitions of the pay-off

matrices:

Proposition 2.1.V. Given the case, where condition on page 53| holds and resistances
are defined by:

g = as1(A) A Bsa(A) and vy, = (1 —a)s1(B) A (1 — B)s2(B) in the case of state
dependent sample size or

rhg = ay2(A) ABy1(A) and v}, = (1 —a)y2(B) A (1 — B)y1(B) in the case of state
dependent error size.

In the case of state dependent sample size, the original results of stochastic stability are
confirmed if the pay-off structure exhibits some form of symmetry, i.e. if it is either symmetric,
mirror-symmetric or double mirror-symmetric. Results do not necessarily coincide if pay-offs
are asymmetric. Yet, the asymmetric case confirms the results if the sample size is a function
of the relative instead the absolute potential loss, i.e. if it is independent of any positive affine

transformation of the pay-off matrix. This also holds for the state dependent error size.

In the case, where both error and sample size are state dependent, the reduced
resistances for pay-off matrix can be generalised to

20 A similar definitions can be found in Weibull, 1995. For examples of these matrices, see pages @ff.
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2.1. STATE DEPENDENT SAMPLE AND ERROR SIZE

Ty = 51 (A)y2(A) A Bsa(A)m(A) and ry, = (1 )51 (B)12(B) A (1 - B)s2(B) i (B).
Furthermore, note that this approach also yields a positive relation between risk-
aversion and surplus share, if the assumption of type independence of error and
sample size is relaxed:

Proposition 2.1.VI1. In a double mirror-symmetric coordination game with two pure Nash
equilibria, the player type that is less risk-averse can appropriate the greater share of the sur-
plus in the case, where sample size is state dependent. In the case, where error size is state
dependent, this result holds if v;(w) is strictly convex in I;(w). If the function is strictly
concave, the more risk-averse player appropriates the greater surplus share.

Being more open to taking risks can, ceteris paribus, benefit the player type. This
result is coherent with findings in the economic literature (King, 1974, Rosenzweig
& Binswanger, 1993, Binmore, 1998 and for a critical discussion of empirical studies,
see Bellemare & Brown, forthcoming) on the positive correlation between wealth and
risk. If we take risk as a measure of need?!|, the analytical result of this approach
is the obvious relation that the needier one social group is and the less it has to lose
(from punishment, social shunning, non-conformity etc.) the more likely the social
convention will be defined in its favour?

Intuitive assumption about the sample size, thus lead to the confirmation of the ap-
proach of Peyton Young for most interactions. If equation holds, the approach
of Young is unaffected in the case of state dependency for symmetric pay-off confi-
gurations or if loss is regarded in relative and not absolute terms. Yet, the results of
the state dependent approach, only given equation will not coincide with the
standard approach in all pay-off configurationsﬁ The state dependency of the error

21“Recall that need is to be measured in terms of the risks that people are willing to take to satisfy
their lack of something important to them.” See Binmore, 1998, p. 463.
22This also conforms with Theorem 9.1. in Young, 1996, which shows that conventions are close to a
social contract that maximises the relative pay-off of the group with the least relative pay-off.
23 Also note the impact that state dependency has on the time that a player population requires on
average until the equilibrium is upset, i.e. the time a convention endures.
Since the waiting time w is given by ¥~ tp(1 — p)!~! = % it holds:

w = {Zfim] ((I:] )T (1 —g)r (N ’i)ﬂ 1. First order derivatives for s and v of this expression are
positive. As a consequence, transition time will depend both on the frequency of interactions,
and on the loss levels, and hence on absolute pay-off values. Thus, it is even more apparent that
we cannot make absolute qualitative statements about the time a population will stay in a certain
equilibrium. The critique often raised against this framework that transition will take more time
than institutional change might thus miss the point, since all variables that affect transition time
are ordinal and can be subjected to positive affine transformations. Further, the interpretation of
what defines an interaction or interaction period affects the transition time.
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and sample size entails, however, a fundamental issue that will be discussed in the

following section.

2.2 The one-third Rule and State Dependency

In the previous analysis, I have only considered pay-off losses in the case, where a
society is located close to one of the equilibria, i.e. if a distinct convention prevails.
Hence, the loss [;(w) = 7, — ni}, » has been defined as the pay-off difference that
occurs if a player chooses his best strategy with respect to the absorbing state «”,
though the actual current state is defined by the pure Nash equilibrium state w. It has
been thus assumed that a player only considers maximal potential loss and assigns
unit probability to the strategy profile defining the equilibrium. On the one hand, this
is a reasonable assumption if a player considers only pure conventional strategies (or
in the case of very high discount rates). On the other hand, it might be more realistic
to assume that a player evaluates his potential loss according to his sample.

Suppose that a player has to decide whether to experiment or not. Whenever the
player population is in a state of transition and moves against the force of the basin
of attraction of the current convention towards the other equilibrium, the player ob-
serves that other players have been experimenting before. Assume that he observes
previous “experimenters” at a rate of p in his sample. Based on this, he might expect
that in the current play his counterpart will also experiment with probability p. He
thus evaluates his potential loss based on the mixed state, defined by his sample, and
on the expected loss value, by considering the loss function I1 (w”) = 7Twr — Terwr,
given that w? indicates a state in which players experiment at rate p. Hence, for pay-
offs as in matrix[2.1.1|a player i will compare [;(A?) = (1 —p)a; + pb; — (1 — p)c; — pd,
and [;(BP) = pc; + (1 — p)d; — pa; — (1 — p)b;. Note that the previous case is obtai-
ned by setting p = 0, i.e. the player does not expect his counterpart to experiment.
We only apply, however, a linear function to the loss. Not playing the conventio-
nal strategy in h4 will always incur an expected loss greater than playing the non-
conventional strategy in iip aslongasa —c > d — b.

The propositions could be extended from the case of /;(w) to the extended case
l1(w”), and the general results with respect to stochastic stability should persist. This
is not done here, since I believe a more fundamental issue is raised by the transition:
Relaxing Young’s condition of a state independent error, entails that its probability

cannot generally assumed to be small, if we consider /;(w?”), since the absolute size
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of the potential expected loss varies with the strategy distribution in the sample, i.e.
with the number of experimenters. That implies that I;(w?) — 0, as the distribution
approaches the interior equilibrium. As the loss grows smaller, the error size in-
creases. At the interior equilibrium expected pay-off from both strategies is identical
and hence, no loss results from choosing any of the two strategies. As a consequence,
error rates will be high close to the mixed equilibrium distribution;”*| Hence, the zero
limit of the error size is inapplicable. Also in other situations error rate can generally
be expected to be high and expected loss is generally low@ In these cases a stable
convention requires additional properties.

Random drift plays a substantial role in the determination of a convention. Fur-
thermore, it is more realistic to assume that it is not necessarily the last element in
the collective memory, which is forgotten, since this also requires the individual ca-
pability to exactly define the sequence of interactions@ The process by which the
collective memory of size m is updated can then be described by a stochastic death
and birth process - a Moran process (for details, refer to section[2.B|in the appendix).

By adapting the approach of Nowak et al. (2006) it can be shown that relaxing
the assumption of overall small error rates will require that an equilibrium generates
a larger basin of attraction to define the long-term conventional strategy. A predo-
minance of random error creates an additional invasion barrier and further, once
sufficiently mixed, drift will push the society towards a completely mixed strategy
profile. This counter-acts the selection process, which gravitates the society towards

24Notice that equation on page does not necessary imply that y;(w) — 0 and thus €;(w) — 1
if I;(wP) — 0. Yet without any additional assumptions, which limit the error to an upper bound,
we can assume that a player chooses his strategy completely at random whenever he observes a
distribution, in which he is ambiguous about the prevalent convention.

B A high error or mutation rate can be expected if potential loss is generally relatively low in compa-
rison to the pay-offs received in both equilibria. Another examples are cases in which sampling of
information is very costly and individuals are only weakly affected by expected pay-offs.

Consider the example of driving on the left or right. Since most people are right handed, keeping
left was indeed risk dominant. Nowadays, both conventions can be observed and are stable. They
are imposed by law and risks are high to be punished in the case of infraction. For pedestrians this
is not the case. Although to keep on the same side as driving a car is the marginal risk dominant
strategy, the costs of walking on the same side as the vis-a-vis are low and people pass both on
the left and right. Thus, we can observe a mixed equilibrium. Similar reasoning holds for the
convention to stop at a red light.

20In the original approach, it is supposed that an individual can sample at most half of the history of
past interactions, but is still capable to assign a time frame to each interaction. The Moran process,
underlying the approach described herein, assigns equal “death” probability to all elements. It
takes into account the tendency that individuals remember and over-evaluate rare events more
strongly than common events. A rare event is thus less likely to be chosen for death, since it’s rate
of occurrence is lower in .
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the Nash equilibrium inside the basin of attraction. Hence, a certain minimum basin
of attraction is necessary for an equilibrium to exercise sufficient gravitational pull
on a society at the 50 : 50-state to overcome the adverse effect of drift. This implies

that the resistance on the path towards this equilibrium must be sufficiently small. It
holds#]

Proposition 2.2.1. Consider a large population, playing a coordination game with two pure-
strateqy Nash equilibria, a symmetric pay-off matrix and normalised sample rate s;(w) = 1.
The unstable interior equilibrium is given by a frequency of & = == players choosing
strategy B. If error rate is large with respect to selection by adaptive play, the reduced re-
sistance r 5 (or rg4) must be smaller than % for selection to favour the convention hg (or
hp). Ifa € (% ; %), the fixation probability is less than % for both strategies, and random drift
superimposes selection. The fixation probability thereby defines the probability of a mutant
strategy to cause a switch from some convention to that defined by the mutant strategy.

In other words, stochastic stability is a necessary condition for a stable convention,
but will not suffice in the case of a high stochastic error rate. If the basin of attraction
of all equilibria is insufficiently large, i.e. smaller than 2/3 of the distance between
between both equilibria, and hence the transition has a reduced resistance larger than
1/3, the stochastic strategy choice does not favour any strategy. If this stochastic
replacement is strong with respect to the best response play, replacement will super-
impose selection by invasion. The question to be answered is indeed, whether or
not it is a reasonable assumption to expect a low mutation rate, when explaining the
evolution of conventions. The higher the risk and hence the potential loss, the longer
a convention will persist, since its sample size will be proportionally greater and its
error size proportionally smaller. The idea that a society shifts between equilibria,
however, requires a population to move through the interior equilibrium during the
turnover process. Only if selection based on best response play is strong enough, will
the population be able to attain the Stochastically Stable State@ If this is not the case,
a society ends up in a mixed equilibrium. In such a case a society can only escape this

equilibrium by exogenous intervention@

2’The proof, based on Nowak et al., as well as some extensions can be found in the appendix

28Remember that in the underlying approach, transition only occurs spontaneous and involuntarily,
and is not subject to conscious and deliberate (revolutionary) choice; or following Carl Menger, the
institutions in this approach are purely organic.

2Coming back to the example of driving on one side. In the absence of public law both strategies
can be considered as fairly risk equal. That does not necessarily mean that a transition from one
convention to the other can be observed, since potential loss is large, error rate is low and transition
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The one-third rule applies to the extreme case, in which error rate is generally consi-
dered to be large. This will not be the case close to the pure equilibrium states, at
which only very few players experiment, and whenever the potential loss is high. In
these cases, the minimum basin of attraction lies between two thirds and one half.
A solution to this issue is postponed to later research@ Yet, it may be prudent to
constrain consideration to direct or indirect paths with edges of reduced resistances
smaller than one third as valid potential paths towards a convention defining the
stochastic potential.

2.3 Conclusion

Overall, the discussion in this chapter does not fundamentally challenge the stochas-
tic stability approach in general, since it has found identical results under most condi-
tions, yet it questions the general viability of the original results. In the context of state
dependence, findings in this chapter contrast with the original stochastic stability ap-
proach of Peyton Young in two important points: First, we observe that Stochastically
Stable States, defined by the state dependent and independent approach, do not ne-
cessarily coincide. Both approaches predict the same SSS in the case of some symme-
try between player types in the pay-off matrix or if the relation between potential loss
on the one hand and error and sample rate on the other hand has certain functional
form. Yet, in the general case the state dependent SSS might not be the one predicted
by the original approach.

Second, the correlation between error and sample rate, and individual pay-off casts
doubt on whether all possible paths towards an equilibrium can be taken into ac-
count, when calculating the SSS. If a path is defined by two equilibria that generate
approximately the same average pay-offs and thus risk rates, one Nash /conven-
tional strategy cannot successfully invade another. It turns out that in this context,
minimum stochastic potential is a necessary, but not a sufficient condition for an SSS.

There are two possible interpretations of the one-third rule and thus extensions of

time is consequently high (independent of state intervention). The question is, whether a strategy
profile, once completely mixed, would end up in a pure strategy profile, where all individuals drive
on identical sides. Habits of Italian and southern French road users may lead to some doubt.

30 A straight-forward solution is to define the error as a function of the pay-off slope. The higher the
slope, the more likely the error approaches zero in the long run. Pay-offs are, however, not absolute
and games that show the same structure after a positive affine transformation are considered equi-
valent. Yet, this transformation should change the pay-off slope and any arbitrary positive affine
transformation will thus have an impact on the error convergence.
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the stochastic stability criterion that instantly come to mind. Either the rule implies
that a Nash equilibrium with resistance larger than one third cannot be invaded by
another Nash strategy. It follows that any path (i.e edge) with too high resistance is
considered invalid and an i-tree can only be constituted by valid edges. This might
eventually lead to a situation, in which no equilibrium is SSS as no valid i-tree exists.
Alternatively, the rule also entails that if the unstable interior equilibrium is suffi-
ciently close to the centre (i.e. at 1/2; the 50 : 50-state), random replacement super-
imposes selection. The player population will be continuously drawn back to the
interior. Hence, a completely mixed interior equilibrium at 1/2 can be considered as
a potential SSS, if it lies on such an invalid path. In order to calculate the stochastic
potential of the mixed equilibrium define the two equilibria that are on both vertices
of the mixed equilibrium’s edge. Then determine the resistances of the valid paths
from any other equilibrium towards either of these two equilibria. The smallest sum
of these resistances constitutes the stochastic potential of the mixed equilibrium. The
feasibility and plausibility of the results obtained, if one of these extensions is applied,
as well as the search for alternatives leave room for further research.

This chapter further illustrates the difference between sample and error size. In the
case of more than one player type, both variables affect the stochastic potential of an
equilibrium in a different way. This difference is of special interest for the determi-
nation of an SSS for general games without any symmetry in the pay-off matrix. The
sole focus on a state dependent error rate is insufficient in these cases.

Yet, the one-third rule only defines the boundary (limit) condition, in which conven-
tions are completely subject to random drift. Usually, this is the case for a small re-
gion around the interior equilibrium. One half and one third are consequently the
upper and lower bound of the condition that defines the maximum viable reduced
resistance. The actual threshold value should be adapted to the type of game and its
context. It is therefore necessary to expand the rule in a way that defines a contextual
threshold value for the resistances that lies between both values.
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2.A Proofs for Stochastic Stability

Before coming to the proofs an example will help to understand the intuition. In order
to simplify as much as possible, for the length of this example, I will abstract from the
loss - error rate relation on page and from the assumption of a relatively
large sample size as well as the condition that s < %. (The example will also make it

evident why this has been initially assumed.)

Example: Consider two players, who meet each other on a road once a day, and have
to decide whether to cross on the left or right. Hence, they play a 2 x 2 coordination
game. Assume that players have a very short memory and remember only the last 2
moves (1m;; = (x]-,t_l, let)). Memory size is identical to sample size. Each state of the
game can thus be represented by a vector of four components (h; = (m;, m;)). Further
assume that players are symmetric, therefore hy = (m;, m;) = (m;, m;). The 10 pos-
sible states are then defined as (IL11), (IL,Ir), (1L,r1), (IL,rr), (Ir,Ir), (Ir,rD), (Ir,rr), (rLrD), (rLrr),
and (rr,rr). Each player chooses his best response to his memory of the opponent’s last
two actions. Obviously (I1/]) and (rr,rr) are absorbing states, as the best response to rr
is always r and to Il always [. Assume that both equilibria provide the same strictly
positive pay-off, and that mis-coordination gives zero pay-off. In the case a player
has a “mixed memory” of the opponent’s play, i.e. 7l or I, he chooses | or r both with
probability % In the unperturbed Markov process, states (ILI) or (rr,rr) will persist
forever, once they are reached. State (11,Ir) will move to state (I1,7]) or (Ir,rl), each with
probability 3.

Now assume that a player commits an error with a low probability and does not
choose his best response strategy. Let the case, in which he has memory /I and chooses
r, occur with probability A and the second case, in which he has memory rr and
chooses I, occur with probability e. Let the states” position be as in the previous enu-
meration, starting with (I,,l]) and ending with (r7,rr). The transition matrix of the
perturbed Markov process is then defined as:

(=M 201-12 0 oA 0
0 U G

0 0 A2
e(1-2)

=
|
=
~
N

A

®
ow— o © © ©

Pt =

o
o
|
&
=
|
z
=
|
R
=
N owm—o © © ©

N

™
oNRON—R O © © ©

o ow- O
o ow- O

N
o o

2

™
O N O ORFO

€

©c oM~ O © © oNe
=
|
&
<
N
=
|
&
<
N

o ok~ O © © O

0
1
4
0
0
/
0

o ok~ O © O

S
S
I

o
)
=

|

&

=

|
™
©

SEBASTIAN ILLE



CHAPTER 2. DYNAMICS OF CONVENTIONS & NORMS
IN INTEGRAL SPACE: A Critical View on Stochastic Stability

pP7 = lim  P? defines the limit distribution with € and A approaching zero at
n—+00;e,A—0

the same rate. If A = ¢ each row vector of P” has components (0.5 00000 00 0 0.5).
Thus, both equilibrium states occur with equal probability. If A < ¢ state (1L11) is SSS,
if A > ¢ state (rr,rr) is SSSP|

If we assume that equilibrium (1,1) generates a larger pay-off than equilibrium (1,r),
all states, except (rr,rr), will converge to state (1L 11) in the unperturbed Markov pro-

cess. Ceteris paribus, the transition matrix looks as:

(1-2)2 21-A)A 0 0 A2 0 0 0 0 0
0 0 (1-A)2 (1-M)A 0 (1=2A)A A2 0 0 0
(1-2)2 21-A)A 0 0 A2 0 0 0 0 0
0 0 e(1—A) €A 0 (1—-e)(1—A) (1—¢A 0 0 0
0 0 0 0 0 0 0 (1-7)2 2(1 - A)A A2
0 0 1-A)2 (1-M)A 0 (1-A)A A2 0 0 0 2.A2
0 0 0 0 0 0 0 e1—A) (1—g)(1—A)+eA (1—¢A
(1-2)2% 21-A)A 0 0 A2 0 0 0 0 0
0 0 e(1-1) €A 0 (1-g)(1-1) (1-eA 0 0 0
0 0 0 0 0 0 0 &2 2(1—¢)e (1—¢)?

Since state (rr,rr) has no basin of attraction for m = 2, we cannot calculate the
resistances for various pay-offs. Yet, a change in the relative error size can still shift
the SSS. For lim P'®, & = 0.00001 and &5 = A each row vector is defined by

n—+o00

(0.02611 0.0058 0.00586 0.00065 0.00032 0.00144 0.00016 0.00026 0.00022 0.95918).
We observe that though state (I1,/]) is risk dominant, the players will spend approxi-
mately 96% of the time in state ( rr,rr)@

Proof of proposition 2. 1.];. (This proof is with the exception of minor changes identical
to Theorem 4.1 in Young 1998) Let G be a 2 x 2 coordination game with the correspon-
ding conventions (pure Nash equilibria) h4 = (A, A) and hg = (B, B). Let ¥;, with
i = A, B represent the equilibria’s basins of attraction. In addition, let the pay-offs of
the game be symmetric (no sub-population exists, i.e. each player has a positive pro-
bability to interact with any other player in his population). Assume that sample size
is dependent on the pay-offs at the current convention. Hence, as long as the popula-
tion is inside the basin of attraction of convention /14, players sample at a size s(A), in
the case they are in ¥, sample size is s(B). Further, let the memory m be sufficiently
large (s(w) < m/2). Let r 45 denote the reduced resistance for every path on the z-tree
from h 4 to hp as a function of the sample size s(A). Since after entering ¥ the system
converges to hp without further errors, 45 is the same as the reduced resistance for

Sle.g. if ¢ = 0.0001 and A = ¢!, the population remains in state (1L11) almost all time (99%) and
basically never in state (rr,rr) (< 1%).

32Notice that, however, in this example the SSS will ultimately switch to (I,1]) as e — 0, since (rr,rr)
has no basin of attraction. A larger memory of 3 would require a transition matrix of size 36 x 36
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all paths from h 4 to ¥p. Let a be defined as above and suppose that the population
is in h4 for a sufficiently large time, so that all players have chosen strategy A for m
periods in succession. For a player to choose strategy B and for the system to enter
By there must be at least as(A) times strategy B in the player’s sample. This can only
happen with positive probability if as(A) players successively commit the error of
choosing action B. The probability of this to occur is at least £*(4). The same logic
holds for convention &g, only that (1 — a)s(B) players successively have to make the

(1=a)s(B) Tt follows that the resistance

mistake. This event then happens with order ¢
from hy to hp is thus 1, = as(A) and from hp to hy is 15, = (1 —a)s(B). hy is

stochastically stable iff 7, > 7% ,. O

Proof of proposition 2.1.II.. Assume the same conditions as before except that row players
have sample size s1(A) near hy and s1(B) near hp, and the column players have
sample size s(A) and s, (B) respectively and pay-offs are not necessarily symmetric
(i.e interaction pairs are given by one row and one column player). Keep in mind
that « refers to the share of column players and B the share of row players. Hence, a
row player 1 currently playing strategy x; = A will only change strategy if there is a
sufficient number of column players playing x, = B in his sample. For a positive pro-
bability of this to happen there must be at least as;(A) players committing an error

in subsequent periods, occurring with probability e*1(4)

. For a column player 2 with
xp = A to switch there must be a sufficient number of row players playing x; = B in
his sample. Hence, there must be again at least Bsy(A) of these players in m, happe-
ning with probability e#2(4). The same reasoning holds for the transition from kg to

ha. Hence, 1% = as1(A) A Bsa(A) and r , = (1 —a)s1(B) A (1 — B)s2(B). O

Proof of proposition 2. 1.I1T;. Now suppose that the rate of mutation is €(A) = &(4) in
B, and e(B) = €7(B) in B and that pay-offs are symmetric. Assume that sample size
is constant and normalised at s(A),s(B) = 1, thus is state and pay-off independent.
Other conditions are equal to the first proof. Starting in 14 for a system to enter ¥p
with positive probability, again a share of a players successively has to commit the
error of choosing action B. For a player to change strategy from A to B there must
be thus at least as players playing strategy B in m, in order to sample a share of « B
players with positive probability. By the same logic as above this event occurs with

(Aa

probability &7 Congruently, a switch from hp to h4 happens with probability

¢¥(B)1-2) " The resistance from h4 to hp is thus rZB = v(A)a and from hp to hy is
ha =(B)(1 - ). .
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Proof of proposition[2.1.IV}. As in the second proof suppose that pay-offs are not ne-
cessarily symmetric and that there exist two inter-acting types of players with state
dependent error size €;(w). Row players have error size e71(4) = ¢;(A) near hy
and ¢11(B) = ¢ (B) near hy, and column players have error size €72(4) = ¢,(A) and
12(B) = ¢,(B) respectively. For convenience assume that sample rate is normalised to
s(A),s(B) = 1. A row player 1 currently playing strategy A will only change his stra-
tegy if there is a sufficient number of column players playing B, i.e. if he encounters
a proportion of at least  column players choosing strategy B in his sampled set. For
this event to happen with positive probability, there must be s1(A)a of this column
players in m. For a normalised sample size s;» = 1 this happens with a probabi-
lity of e3(A)* = &*12(4). A column player has to meet a portion of 8 row players
erroneously playing strategy B. Hence, there must be at least s, such players in m,

which occurs with probability e;(A)? = ¢f71(4). For hp the argument is analogous.
Thus 1)z = 12(A)a Ay1(A)Band rg, = 72(B)(1 —a) A1(B)(1 - B). O

If we define the state dependent sample size as in the proof of proposition 2.1.111
and error size as in proposition [2.1.1V}, it follows that in the case of both state de-

pendent error and sample size the least resistances are given by
rap = 12(A)s1(A)aA71(A)s2(A)B and gy = 72(B)s1(B)(1—a) A1 (B)s2(B) (1 —B).

The following proof is divided into 4 parts, one for each possible pay-off structure.
Similarly to the previous proof structure, I will illustrate the easiest case at first, so that
the intuitions of the later proofs are more accessible to the reader. The first three show

the cases with some sort of symmetry, whereas the last illustrates the asymmetric case.

Proof of proposition 2.1.V}. Assume condition on page 53| holds, defined as:

l(w) < (W) & ei(w) > g(w') & si(w) <si(0f) & 1i(w) < 7j(w),
fori,j=1,2

2.A.3

Since error and sample size are only assumed pay-off dependent, but type inde-
pendent, it must also hold that s;(w) = sj(w) and 7;(w) = 7j(w) iff [;(w) = lj(w),
and s;(w) < sj(w) and 7;(w) < 7(w) iff [;(w) < Ij(w) for i # j. For the easiest case
with symmetric pay-offs and only a single player type assume the following symme-
tric pay-off structure as given in table2.A.a

In this case equilibrium (A, A) is risk dominant equilibrium iff « > (1 — «), thus
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Table 2.A.a: symmetric pay-off structure

A | B
Alaa|bc
B|lcb|dd

iff a+b > d+c. Assume this to hold. From we obtain [;(A) > [;(B) &
si(A) > si(B)asa—c > d—b. Thus s;(A)a > s;(B)(1 —«). We also obtain that
€i(A) <e€i(B) < 7i(A) > 7i(B) and hence 7;(A)a > 7;(B)(1 — a).

Consider the case of a double-mirror symmetric coordination games in table 2. A b|F%

Table 2.A.b: double mirror-symmetric pay-off structure

A | B
Alad|bb
B|cc|da

For this pay-off structure « = (1 —p) and f = (1 —«). If & < B, then (1 —a) >
(1 — B) and the reduced resistance is r4p = « = rg4 = (1 — B) and both equilibria
are SSS. The same holds for « > B. Furthermore Iy, (A) =a—c,[1(B) =d —b,1,(A) =
d—0b,1(B)=a—c. Ifa < B, thenl(A) =1(B) < 1(B) = h(A) & s51(A) =s2(B) <
s1(B) = s3(A), or the inverse for « > B. For simplicity redefine s1(A) = s3(B) = s
and s1(B) = s3(A) =s. Thenrap =sa As Bandrpgs = s (1 —a) As(1— B). Hence,
no equilibrium stochastically dominates in the case of state dependent sample size,
since 1% ; = sa A s (B) = rBA-

Similarly, for the case of state dependent error size redefine y1(A) = 72(B) = v
and 71(B) = 72(A) = 9/. Then )z = Ya AyBand 1}, = v(1—a) A9/(1— B) and
both resistances are identical.

In the case of 2 x 2 conflict games, with the mirror-symmetric pay-off structure as
in table

3The pay-off structure of this game type is double mirror symmetric, since it can be transformed into

A B
the following game: | A | a,b | 0,0 |a = ay] —ap1 = by — byy and b = apy — a1y = byg — byp.
B|00]|ba
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Table 2.A.c: mirror-symmetric pay-off structure

A | B
Alad]|bc
Blc¢b|da

Assume without loss of generality thata > d > b,c, thenrap = pand rpy = (1 —
). Equilibrium (A,A) will be the SSS, iff d — ¢ > d — b, hence iff ¢ < b. Assume fur-
ther that this is the case, then 1 (A) =a—c¢,I,(A) =d—c¢,11(B) =d—b,[(B) =a—1b
and s1(A) > sp(A) > s1(B) and s1(A) > s,(B), since 2.A.3 holds. Define a positive,
continuous and strictly increasing function y, such that s;(w) = u(l;(w)) and hence
rap = u(d — c)(%) and rgq = u(d — b)(%), where (.) = (a —b—c+d). Since
d—c > d—b, equilibrium (A, A) will be SSS. The same argument holds for ¢ > b, in
which case hp is SSS.

In the case of state dependent error size and for assumption ¢ < b, we obtain
Y1(A) > 72(A) > y1(B) and 71 (A) > 72(B). Again define a strictly increasing, posi-
tive, continuous function 7, with v;(w) = 7(l;(w)), such that )i ; = 1(d — c) (%) A

70— ¢)(4=¢) and r, = n(a — b)(4E) An(d — b)(4L), where y(li(w)) = 7i(w).

Hence, if ¢ < b it must hold that min {17(61 - c)(%);n(a - c)(%)} >

min {17(51 - b)(d(—_)b) An(d— b)(”’(;))} and 4 is the SSS. By the same reasoning, for
¢ > b it holds that rlB < r%A and thus hjp is the SSS.

Assume the general case of 2 x 2 conflict-coordination games, with the asymmetric
pay-off structure of the following table:

Table 2.A.d: asymmetric pay-off structure

A B A | B
A | a1, b | ap, b2 |[= | Alab|0,0
B | a21,b21 | ax, by B |0,0|cd
The first pay-off matrix is equivalent to the second, given a = ay; —ap, b =

b11 — bia, ¢ = axp —ajp and d = byy — by;. The definition in the right matrix will
be used in the following, as the transformation will not affect the loss size and thus
results, but will simplify notation. For this pay-off matrix the frequencies are given
bya =~ ,and p = b%d' Define as before s;(w) = u(lj(w)), and v;(w) = n(l;(w)). If
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for both player types the same equilibrium risk dominates, the solution is trivial. For
a > cand b > d, it always holds that

min {as1(A); Bs2(A)} > min {(1 —a)s1(B); (1 — B)s2(B)} and also

min{ay2(A); By1(A)} > min {(1 —a)vy2(B); (1 — B)y1(B)}. Hence, h 4 is SSS.

Fora > candd > bweobtaina > 1—-aand1—-p > B. Hence, « > B and

1 — B > 1 — a. Consequently, there are two possibilities. Either B > 1 — & (h,4 is SSS)
or B <1—ua(hpisSSS).

State dependent sample rate: Define as before that s;(w) = u(l;(w). Then by as-
sumption p(a)a > wu(c)(1 —a) and p(b)p < u(d)(1 — B). Under these conditions
theoretically four cases can occur:

1. case: If p(a)a < u(b)B, thenc < a < b < dand thus, u(c)(1 —a) < u(d)(1—pB). In
this case h 4 is SSS.
2. case: If p(c)(1 —a) > u(d)(1 — B),thenb < d < ¢ < aand thus, u(a)a > u(b)B. In
this case hp is SSS.

Hence, the results for the state dependent sample size do not necessarily coincide
with the state independent case.

3. case: The indeterminate case occurs, if p(a)a > p(b)p and pu(c)(1 —a) < u(d)(1 —
B). Depending on the relative size of b and ¢ and the order of y(l;(w) the state de-
pendent solution will differ from the original approach.

4. case: A contradiction occurs, if p(a)a < p(b)p and p(c)(1 —a) > u(d)(1 — B). The
case contradicts with the assumption thata > cand d > b.

As a result only for u(a)a < p(b)pB and originally h4 = SSS, and for u(c)(1 —a) >
#(d)(1 — B) and originally hg = SSS, the state independent results are definitely

confirmed.

State dependent error rate: As before define #(l;(w)) = 7i(w). The reduced re-
sistances are then given by ;= 17(b) 7%= A q(a)bJrLd and 1}, = n(d) ;% A ’7(0)17-%1'

Without further assumptions on #(/;(w)) no definite results can be obtained.

Assume that both fi(l;(w)) and 7(I;(w)) are defined as such that they are not sub-
ject to any positive affine transformation, thus s;(A) = fi(a) and 71(A) = 7(a),
and define the remaining sample and error rates equivalently. This implies that a
player only regards his potential loss in relative terms and not in absolute pay-offs.
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For the state dependent sample size the resistances are r5,; = fi(a) a A fi(B) B and
154 =1 —a) (1 —a)Af(l—pB) (1 —pB). For1 —a < B, it follows that 114 is SSS,
and for 1 — a > B, it is obtained that hp is SSS.

For the state dependent error size the resistances are thus 1, = 7(B) a A fj(a) B
and 1y, = 7(1—B) (1—a)Af(l—a) (1—p). Hence, for 1 —a < B and gi-
ven the former assumptions, it must be that « > 1 - > B > 1 —a and thus
min {f(B) w;f(a) B} > min{H(1—pB) (1 —a);7(1 —a) (1 —pB)}. As a consequence,
it follows that /14 is SSS. In the same way, if 1 —a > B it must hold that ), < 7},
and hp is SSS.

Consequently, in the case losses are considered relative and are independent of a
positive pay-off transformation that does not change the game structure, state depen-
dency confirms the results obtain in the standard approach. This is not necessarily
the case for any function of the sample and error size, if pay-offs show no form of

symmetry [

A short example will illustrate these results. Suppose the following pay-off matrix:

A B
Af16,6 0,0
’ ’ 2.A4
B ( 0,0 10,8)
Hence, &« = 1%, (1—wa) = 15—3, B = %, and 1 -8 = ‘—%. As a result it holds, that
ha = SSS. For the general case we obtain 75, ; = 1(6) % and for h4 to be SSS under

the assumption of state dependent sample size it must hold that y(6) % > u(10) %
(and #(10) 3 < u(8)3), which is not the case for all functional forms of y()

A B
34 . . A a,b 0,0 ey .

The pay-off matrix [2.A.d|can be further refined to Bloo ccl The positive affine transforma-
tion will, however, change the relative loss level. Assuming a > ¢ > b, from which we obtain
a=;0>1-B =4 >p =45 >1-a= ;5 Thus, rf, = 7(c);% for sure, which
will always be smaller than ’)/(a)b%c. It is therefore sufficient to proof that y(c) ;= < 7(b) 7=,
if 'y(a)h_bH > v(b);4e- Weobtain1 < § < 7€ < ¢ < # and zEZ;Z < FE. Unfortunately the

7(c)

assumptions are still insufficient to prove that £ > WZ)'

3Notice that b < d < ¢ < a is not a sufficient condition for SSS = hp, see condition 2. above.
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For the state dependent error size it holds r% 4 = 1(8) 15—3 Hence, this must be

strictly smaller than min {#(6) 2 , 1(16) 2}, which again is not fulfilled for all func-

tional forms of 7(.).

If we restrict the form of y(.) and 7(.) to the assumptions above, we obtain:

/ . ~ ~ / . ~ N !/ !/
s = min {a(8) &, 43) 3} and ri, = min {2(5) 5, a(3) 3 }. Thus, 1y > i
A 5 A5 4

7
Further r, = min {4(3) &, #(5) 2} and r}, = min{iy(%) 5 1(5%) 7}. Hence,
)50

: A(3) 8 A(5 8V3 < p(4) 5 i '
either 7(5) 13 > 7(53 3) 3 > 7i(5) 3, resulting in v, > r} ,. Consequently,
in the constrained case, 14 = SSS both for state dependent sample and error size.
Proof of proposition 2.1.VI;. Assume a double-mirror symmetric game with two Nash

equilibria of the form

A B
Al ab
b 00 2.A5
B\00 b,a
In this case the frequencies are as such that «# = 1 - and 1 —a = B. Hence in
raB = pa and each equilibrium is SSS. Assume without loss of generality that player
type 1 (row player) is less risk averse than player type 2 (column player) and that he
has a higher surplus in /1 4 than in /15 and the inverse for type 2,i.e. a > b. Since player

1 is less risk averse, it can either be expected that s1(w) < sy(w'), or 711 (w) < 72(w’),
where w and w’ indicate state hi4 or hp. Further, we know that & > (1 — a).

In the case of state dependent sample size the resistances are rewritten as: 7%, =
wsi(A)A(1—a)sy(A)andry, = (1 —a) s1(B) Aasy(B). It must hold that sq(A) >
$1(B) and s3(B) > sp(A), but also that s1(A) < s2(B) and s1(B) < s2(A). Hence,
154 = (1 —a) s1(B), which is smaller than both values for r% ;. Consequently, 75, ; >
rg4 and hs will be SSS. Hence, the less risk averse player type 1 can gain a higher

surplus.

For the case of state dependent error size, define two positive and strictly increasing
functions u and v as such that u(.) > v(.), u(0),v(0) = 0 (determined by pay-off
function in section and u'(.),7'(.) > 0. Let 71(w) = v(l1(w)) and 72 (w) =
u(Iy()), and hence, 11(A) = v(a), 71 (B) = o(b), and 72(A) = u(b), 72(B) = u(a).
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The resistances are )y, = au(b) A (1 —a)v(a) and r}, = (1 — a)u(a) A av(b).

Four possible outcomes can occur -
1. case: r)y, = au(b) and r}, = av(b). From the minimum conditions of the resis-
tances it must be that § < E ; < ”EZ; It must further hold that u(.) and v(.) are
convex in pay-offs a and b. Asu(.) > v(.),hy = SSS.

2. case: v}y = au(b) and r} , = (1 — a)u(a). In this case it must hold % <5< %.
This contradicts the assumptions that u(.) > v(.).

3. case: t)p = (1 — a)v(a) and r} , = av(b). Thus, % >4 > % % Since u(.) > v(.),
no further restrictions on the functions’ slope can be derlved. For hy = SSS only if
5 < %, which holds in the case v(.) is a strictly convex function. If the function is
strictly concave hp = SSS.

4. case: rZB = (1—a)ov(a) and r}, = (1 — a)u(a). For this inequality to occur, it must
be that § E g > ZE )) It must further hold that u(.) and v(.) are concave in pay-offs
aandb.Asu() v(.), hg = SSS.

Hence, if u(.) and v(.) are strictly convex, then 4 is SSS. If both functions are strictly

concave, then hp is SSS. O

2.B The one-third rule

The following proof is based and adapted from Nowak et al. (2006):
Assume as before a general 2 x 2 coordination game with two strict Nash equili-
bria in pure strategies. For simplicity assume that pay-offs are symmetric as in the

following symmetric matrix:

A B
A b

a,a ,C
B\cb dd

Further assume that two players are randomly paired. Since none can observe
a priori the other player’s strategic choice, each asks s other players among the m
players in his population what strategy they have chosen in previous periods. (An
alternative interpretation of adaptive play is that the same player faces an identical
choice m times during his life, but recalls only for s incidences which strategies has
been chosen by his counterparts.) Based on his sample, each chooses the strategy for

the current game.
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The collective memory of the other players’ strategy choice (and his own) during
% past plays is sufficiently described by a matrix of size m x m, since it resembles
the following random Moran process: After each interaction both players retain the
memory of the other’s current play (alternatively they retain their own strategy), and
two “old” memories from previous play are forgotten. Yet, for simplicity this process
can be approximated by a sequence in which one new memory is born and added to
the memory, an old is lost and deleted from the memory. Thereafter the new memory
of the second player is added and an old is forgotten. Hence, each play defines two
periods in the birth-death process@

Furthermore the old memory, which “dies”, is not necessarily the oldest memory. It
is in fact supposed that any memory of previous play can be forgotten with equal pro-
bability % This relaxation both simplifies the following analysis but also augments
the degree of realism. The original approach by Young is overly restrictive. A general
assumption that the last element in the collective memory dies, requires players to
keep track of the precise order of events. Hence, in the following it is assumed that
the death of an element (or rather its omission) is not deterministically defined, but is
part of a stochastic process@

In such a process two different events can occur in each period. Either a strategy in
m substitutes an element indicating a different strategy or the same strategy. Hence,
the rate, at which a certain strategy has been played in the memory of m playerﬂ
(or % previous plays) can either decrease, increase (each by one unit) or remain un-
changed. Define i as the number of memories that strategy A has been played, i.e. i
is equal to the frequency with which strategy A occurs in the history of past plays.
Consequently, the probability that an element defining strategy A is forgotten is equal
to %, and similarly for the strategy B, this probability is equal to % . One can also

%The reason for these simplifications is the following: If the process is determined by the sequence
two births and subsequently two deaths the transition of a state is not bounded to its immediate
successor or predecessor (one element more or one element less) but can directly transit to the
second-order successor or predecessor (two elements more or two elements less), resulting in 4 state
dependent transition probabilities instead of two, which tremendously complicates the following
derivation. The reason for the strict pay-off symmetry is that it allows to neglect types. In the
general case it is required to define two Moran processes. We then obtain two interdependent
systems of equations not easily solvable in closed form. Yet, I believe the illustrative purpose of
this section is not upset by these additional assumptions as the intention is to illuminate the general
dynamics of the process in the case of a high level of idiosyncratic play.

37If the memory is updated over a large round of interactions, the process will eventually coincide
with the deterministic approach.

38 Assuming that players are only drawn once. Hence, more correctly it is m memories of some number
of players. If a player had been drawn twice he retains two memories.
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interpret this assumption as more unique events being less likely to be forgotten.
Given the underlying transition probabilities p; ;11 and p; ;1 to move from state i to
i+1 and i-1 respectively, the Markov process is defined by a three-diagonal transition

matrix of the following form

1 0 o - 0 0 0
P10 1=p1o—pr12 P12 - 0 0 0
T = : : Do : : : 2.B.2
0 0 0 v Pu—tm—2 1=Pm—tm—2—Pm—1,m Pm—1,m
0 0 0 .. 0 0 1

Hence, i=0 (corresponding to state /i) and i=m (corresponding to state /1 4) are absor-
bing states. Call g; the probability to reach the absorbing state i=m, hence

qo =0
q9i = Pii-19i-1 + (1- Pii-1— pi,i+1)‘7i + Pii+19i+1
qm =1

Define the difference in subsequent transition probabilities as y; = q; — qi—1. Conse-
quently, Y21 yi = gm — qo = 1. Furthermore 3", y; = ¥/ H T, Z: : g1 =1and
gi = q1 <1 + Z;;% ]_[j Prk1) IWe obtain

Pk k+1

1
q =
1 5 Thea )
_ _ 2.B.4
L S T ()
qi = -
T T ()

The fixation probability p, defines the probability that an individual strategy x,
mutant to the current convention of m — 1 states that are only defined by strategy x’,
can sufficiently proliferate to finally reach the absorbing state, in which all individuals
played strategy x in memory m, i.e the probability of switching conventions. Clearly
pa = g1 and pp = 1 — q,,—1. Thus, for the general case we obtain:

__ Pii— 1(q1+1 qi— 1) X _
Pii—1tPii+1 henCe yl+l -

The second equation results from g; =

Piit1(@it1—qi-1)

pzz 1+p11+1
Prk-1

P k+1 )111-

39 . Pii—19i-1+Pii+19i41
As 7 = Pii—1tPii+1
pz; 1

piin Yt Since y1 = ¢y, it follows y; = H (
Yi+qgi-1=YiTVYi-1+4i2= ..

, it follows that y; = and y;11 =
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1
PA = 17y (Prk-
1+ 2;’121 Hk:l Pktk+1) 2.B.5
TG B
B —_—= . ; _
1+ Z]’-”le Iy ( Ziiiﬁ)

Now assume that an individual calculates his pay-off according to matrix on
page |72 and memory size m. If he were capable to draw an unbiased sample from
the entire memory, i.e. distribution(s) = distribution(m), and if he expects this to be
a representative account of the strategy distribution in the entire population for the
coming period, the expected pay-off is simply defined by the relative frequencies of
both strategies. Consequently, he expects that the population consists of i individuals
playing A and m — i individuals playing B. Define I1, (i) as the expected pay-off that
an individual receives, when playing strategy x in such a population, where the fre-
quency of strategy A is defined by i@ The expected pay-offs for each strategy are
then given by

i— 1)+ b(m—1)

. a
T4 (i) = ( 1

_ci+dm—1—1)
- m—1

ITp(i)

Adaptive play assume that sample size is smaller than memory size (m > 2s) and,
thus, distributions do not necessarily coincide. This can also be represented by a new
element in m, which is not deterministically defined solely by equations but by
a stochastic process. An error occurs, when a player draws a skewed sample or idio-
syncratically chooses an action at random. The higher the relative expected pay-off
of the best response strategy, the more likely this strategy will define the new element
in m. This is simply equivalent to inducing an individual to play a non-best response
strategy requires a larger share of adverse states (i.e. of non-best strategies) in sample
s than the share defined by the unstable interior equilibrium. In other words, the
sample needs to be sufficiently skewed, which happens with decreasing probability

as the collective memory includes a larger share of states to which the strategy is a

40Keep in mind that there are m — 1 other individuals and i — 1 strategy A players and m — i strategy
B players for an individual playing A and similarly for an individual playing B.
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non-best response. Since all elements in m are sampled with equal probability, the
likelihood of a sufficiently skewed sample will decrease as the relative pay-off of the

best-response strategy increases in the current state.

Adaptive play thus supposes that with a certain probability ¢ > 0 individuals
choose a response strategy at random, i.e. they experiment. With probability e(/;(w?))
the process does not behave according to the relative expected pay-offs defined in
but completely random. In order to weight the intensity of strategic selection,
based on expected pay-offs, and the random choice, write the pay-off functions as

2.B.7

with e € (0,1). Strong selection is thus defined by ¢ — 0, which is the case underlying
the intuition of Kandori, Mailath and Rob, and Young. Weak selection occurs in the
case of a high error rate ¢ — 1, if [;(w?) — 0. These assumptions allow to define

the transition probabilities of the Moran process, described in 2.B.2|and 2.B.3] The

probability that a new element in the collective memory defines either strategy A or
i r (m—i)mp
imtp+(m—i)mp o imtp+(m—i)mg”’

strategy B is respectively. Consequently,

p i7'(A m—i
i+l = 7 -
' itga+ (m—i)mg m
2.B.
Pii-1 =

iy + (m —i)ﬂB%

where % defines the probability that an element in the collective memory that de-
fines strategy B is chosen forth death, and - the probability that this element defines
strategy A. For the neutral case of ¢ = 1, in which selection favours neither A nor
B, we obtain a completely random process, such that fixation probability is defined
as py = % This is intuitive, since each value in the matrix describing the Moran
process, has the same probability to spread over the entire memory. The probability
for one initial mutant strategy to cause the population to switch from one convention

to the other, is equal to -1, which is the probability to finally occur in all m states of

415ince, Pii—1 = Pii+1 We can easily solve the system in
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the collective memory.

oa L

1+ 27 T (F2)

Based on Nowak et al. (2006), the Taylor expansion for e — 1 (or (1 — & — 0) gives

1 1
PA= T — (ym—0)(1—¢)/6
withy=a+2b—c—2dandé =2a+b+c—4d

In order for selection to favour strategy A, its fixation probability must be greater

than in the neutral case, i.e. p4 > % and it must be that ym > J. Hence,
a(m—2)+b2m—1) >c(m+1)+d(2m —4) 2.B.11
If the memory size m is sufficiently large, we obtain

a—c>2(d-b)

Setting the pay-offs from[2.B.6|or[2.B.7/equal, we obtain for a large memory size that
the unstable interior equilibrium is defined by a frequency of « = ,—=j— players
choosing strategy B, defining the basins of attraction for both strict Nash equilibria.
By putting in the results of the previous equation we obtain

a>2/3 2.B.13

Thus, in order for equilibrium (A, A) to be a SSS, the minimum frequency of idio-
syncratic players choosing strategy A to cause a switch of best-response players to
this strategy, and thus the reduced resistance to (A,A), is defined by 14 =1 — &, and
has to be less than one third in the context of weak selection and high error rate. Re-
defining yields the same result with respect to the resistance of (B, B), i.e. r4p < 1/3,
whence proposition [2.2.1]

O
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People seldom improve when they have no
other model, but themselves to copy after.

Oliver Goldsmith (1728-1774)

The Dynamics of Conventions &
Normes:

- in Spatial Games -

This chapter investigates the generalisability of the predictions made by
the stochastic stability approach, developed by Peyton Young, by adap-
ting the initial assumptions to a more realistic context. Focus is placed
on 2 x 2 Nash coordination games. Players are not paired at random
nor make strategic choice based on the adaptive play assumption; ins-
tead, players consider only strategic choice of members of a reference
group in the former period. Individual pay-off is further defined by
the current strategic choice of a reference group, which does not ne-
cessarily coincide with the former. Specific conditions for a long-run
equilibrium are derived if both reference groups are identically defined
by the surrounding players on a spatial grid (Moore neighbourhood).
In this context and in contrast to Young’s approach, a player population
converges to the Pareto dominant though risk inferior convention for a
broad range of pay-off configurations. Additional general results are
obtained, if both reference groups are of different size. As the reference
group increases, a player population converges more likely to the risk
dominant though Pareto inferior equilibrium.




Introduction

The inter-correlation between cultural and economic variables has already been em-
phasized by Max Weber in his ceuvre “Wirtschaft und Gesellschaft” (1922), but also
more recently, prominent scholars have stressed the necessity to give culture a proper
recognition as an economic determinant (Huntington & Harrison, 2000 & 2004; Wel-
zel & Inglehart, 1999; Huntington, 1997; Ades & Di Tella, 1996; Bollinger & Hofstede,
1987)E| “Economic reality is necessarily embedded within broader social relations,
culture and institutions, and the real boundaries between the ‘economy’, and ‘society’
and “polity” are fuzzy and unclear.” (Hodgson, 1996, p.8). Agents take decisions sub-
ject to cultural constraints defined by the current social norms and conventions. Be-
sides, these decisions define the basis for new norms and conventions, thus altering
the rules for future interactions (Biccheri, 2006). The dynamics of social conventions
and norms are therefore of particular economic interest and the influential paper “The
Evolution of Convention” by Peyton Young (1993) is of special importance under this
perspectiveﬁ This approach allows to discriminate between the various Nash equi-
libria that can occur in a game, and defines the stochastically stable state (SSS). This
equilibrium state determines the convention and hence the strategies followed by
agents in the long-term.

Though the adaptive play assumption provides a more realistic setting of play than
classic approaches by adding bounded memory, idiosyncratic play and random pai-
ring, other assumptions are still overly restrictive for certain settings that constitute a
basis for social interactions. This chapter analyses the generalisability and robustness
of the predictions made by Young’s approach, i.e. it asks the question if the general
results of the stochastic stability are maintained if some of the fundamental assump-
tions are changed to fit a more realistic context. Two major factors are considered.

First, Young’s initial frameworkﬂ assumes that interactions are not local, but each
individual samples any play from a past history of plays and is paired with any
other individual in his population, both with positive probabilityﬁ This is, howe-

ver, a fairly unrealistic assumption for large and dispersed player populations or if

1 As Daniel Etounga-Manguelle formulated poignantly “Culture is the mother, institutions are the
children” (Manguelle in Huntington & Harrison, 2004, page 135).

2along with the article by Kandori, Mailath & Rob (1993)

3This initial assumption is relaxed in Young, 1998, and Durlauf & Young, 2001

4In the context of various player types, the interaction of an individual is restricted only to players of
the other types. Yet, also here any player in such a sub-population can be paired with the indivi-
dual.
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individual perception of conventions is exclusively shaped by the interaction with a
reference group (parents, family, friends, colleagues etc.). In order to localize inter-
actions, agents are placed on a torus shaped two dimensional grid and only interact
with their surrounding neighbours, turning the original setting into a “spatial game”,
where connections between players, represented by their relative spatial position, are
of relevance.

Second, under more realistic conditions, the determination of a best-response stra-
tegy requires superior mental capabilities; even under the assumption of adaptive
play. Therefore adaptive (best response) play is substituted by a heuristic that imi-
tates the most successful player.

In these simplified networks, a prevailing convention will not necessarily be defi-
ned by the SSS. The positive pay-off difference that players earn in a certain equili-
brium with respect to the other equilibria, will affect its likelihood to determine the
long-term social convention. In the case of local interaction and imitation, a trade-off
between risk and Pareto dominance can thus be observed. This relation is a result
of an interesting property of these networks: In contrast to evolutionary games that
suppose global interactions and best-response play, it is redundant to assume a priori
the assortment among players with the same strategy. On the contrary, assortment is
an immanent evolving property of this network structure. Consequently, dynamics
will differ, since assortment will place more weight on the diagonal elements in the
pay-off matrix. In this context, Pareto dominance can prevail over risk-dominance.

The first section considers a symmetric 2 x 2 coordination game. The second sec-
tion will generalise the approach to two types of players. The third section will look
at the two dimensions of space. In this model individuals have a space which they
observe, i.e. an area that defines the set of players that can be imitated, and a space
which affects their benefits, i.e. the number of other surrounding players that de-
fine the individual’s pay-off for each strategy in accordance to his strategic choice.
In the former sections both were restricted to the adjacent players. Under various
conditions, however, both spatial dimensions do not necessarily coincide and can be
of various sizes. The equilibrium, to which a population will converge, is affected
by the relative sizes of both dimensions of space. The higher the size of the “pay-off
space” with respect to the “imitation space”, the higher the probability that a popu-
lation converges to the risk dominant equilibrium.
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3.1 The Evolution in a Spatial Game

In Young’s approach one player from each type Clasﬂ is drawn at random to partici-
pate in the game, implying that the game can be played by any possible combination
of players only restricted by the affiliation to a certain player typeﬁ The approach
further assumes that individuals choose their best response by maximising the expec-
ted pay-off given each available strategy in their strategy set and the actions sampled
from a history of past plays. It is expected that there is a positive probability to sample
any of these past plays. The player population is fully connected and interactions are
global. Yet, it is more reasonable to assume that most interactions are strictly local,
both regarding the pairing and the sampling processﬂ

Furthermore, the determination of a best-response strategy demands each indivi-
dual to possess the mental capacity to evaluate the exact expected pay-off for each
strategy in his strategy set, given an anticipated strategy profile. A player requires
thus both, full knowledge of his individual strategy set, and the precise associated
pay-offs. Individuals tend, however, to choose a strategy based on simplifying heu-
ristics (see Page, 2007). “Imitate the best action” could be a reasonable heuristic to ex-
plain strategical choice (a similar rule has been applied in Robson & Vega-Redondo,
1996)E| According to this rule each player adopts the strategy of the neighbouring
player with maximum pay-off for future play.

On the one hand, several articles have addressed the first issue to some degree
(Young, 1998; Young, 2005; Morris, 2000; Lee & Valentinyi, 2000; Ellison, 1993 & 2000),
but neglected the second by assuming local interactions with some form of (fictitious)
best response play. One the other hand, the literature on evolutionary game theory
generally has assumed the inverse, i.e. global interactions and strategic choice via
imitation (though probabilistic). The approach, elaborated in this chapter, supposes

5Young’s assumption can be more generally interpreted as this is only being the case, if a strategy
profile is defined by as many strategies as there are types. For example, if only a single type exists
in a2 x 2 Nash coordination game, obviously 2 players are drawn. However, the arguments against
this assumption still remain valid.

®A simple example: In the “Battle of Sexes” any man can be paired with any woman in his population,
but not with another man.

“For a critique of integral / fully connected frameworks refer to Potts, 2000.

8This assumption seems especially suitable for this context. As Samuel Bowles stated:“We know
that individual behavioural traits may proliferate in a population when individuals copy success-
ful neighbours. So too may distributive norms, linguistic conventions, or individual behaviours
underpinning forms of governance or systems of property rights diffuse or disappear through the
emulation of the characteristics of successful groups by members of less successful groups.” see
Bowles, 2006, p.444.
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both local interactions and imitation, and generates different results than those obtai-
ned in the literature previously stated. Only if both assumptions (imitation and local
interactions) apply, the Pareto dominant equilibrium, instead of the risk dominant
equilibrium, will be selected by a population in the long-term for a broad parameter
range. The basic dynamics will be illustrated in this section.

Assume the followingﬂ
(L) All individuals interact on a toroid, two dimensional grid, on which they are ini-
tially placed at random,
(I.) individuals only interact with their direct neighbours (Moore neighbourhood),
(II.) individual pay-offs only depend on the individual’s strategy and on the strate-
gies played by his neighbours,
(IV.) each individual adopts the strategy of the neighbour with maximum pay-off; if
the individual already received not less than the maximum pay-off, he will keep his
strategy,
(V) all players update synchronously and once in each period,
(VL) updating is deterministic (no mutations) and the outcome of the game is only
defined by the initial conditions and distribution, and the pay-off matrix.
These assumptions will keep the analysis as simple as possible and will enable us to
predict the population’s evolution without the need to run explicit simulations. Yet,

simulations are performed both to support results and to visualise dynamics.

3.1.1 Symmetric pay-offs

Let N be a finite population of individuals, in which each player is assigned to a
unique individual position on a two-dimensional torus-shaped grid, defined by a
coordination tuple (x,y) with x,y € N. Each individual only interacts with his Moore
neighbourhood. Let ~ be a binary relation on N, such thati ~ j means “i is neighbour
ofj”. For an individual i in a patch with coordinates (x;, y;), an individual j, with j ~ i,
is defined as {j: (x; = x;+v,yj =y;+w)}, with v,w = —1,0,1 and [v| + |w| # 0.
Consequently, it is assumed that the binary relation ~ is irreflexive, symmetric and
each player has 8 neighbours surrounding him. Define (i) as the set of neighbours
of i, such that (i) = {j : j ~ i}. Initially assume that the pay-offs for two strategies

9Similar assumptions have been made in other spatial models, such as Nowak & May (1996). With
respect to the approach described in the previous chapter, in this approach, the history of past play
is reduced to the last interaction, and sampling and interactions are deterministic and limited to
the entire set of a player’s neighbours.
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s(i) = A, B of player i are given by a symmetric pay-off matrix with a single player
type. Hence, it is irrelevant, whether an individual plays as row or column:

A B

Al aa be 311
B\cb dd

with a > ¢ and d > b. Define equilibrium (A, A) as h4 and equilibrium (B, B) as
hp. Let A; be the set of individuals playing strategy A in period t, and B; the set
of individuals playing B in the same period. Further, let @/ (i) = |A; N £(i)| and
@B(i) = |B: N A(i)| = 8 — ®(i) be the number of strategy A and B playing neigh-
bours of i. The pay-off of player i at time ¢ is thus defined as

L )Of@a+0P(i)b, ifsi(i)=A
i) = {@;“(i)c+®t3(i)d, if s;(i) = B

Let I (i) = {Ujeﬁ(i) () U nt(i)} be the joint set of player i’s and his neighbours’
pay-offs. For the following period, this player chooses a strategy s;,; based on the
imitation rule

se41(i) = {se(k) : (k) = sup (I1:(i)) } 3.1.3

Though the following analysis is local, it enables us to predict the global evolution
based on the given pay-off configuration. The Pareto superior strategy is defined by
the Pareto superior equilibrium. The following results are a direct consequence:

I. In the case, where a player chooses the Pareto dominant strategy, i.e. the strategy
defined by the largest value on the pay-off matrix’s main diagonal, his pay-off
increases with the number of neighbouring players choosing the same strategy.
The maximum pay-off for this strategy is obtained by individuals only surroun-
ded by players of the same strategy. This also holds for the Pareto inferior stra-
tegy, if the matrix’s main diagonal pay-off values are strictly greater than the

off-diagonal values.

II. Any interior individual, only surrounded by players of the same strategy, has
never an incentive to switch, since all players in his neighbourhood play the

same strategy. Transitions can only occur at borders of clusters.
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II. If an individual, which is completely surrounded by players of his own strategy,
plays the Pareto dominant strategy, pay-off is maximal and none of his neigh-

bours will switch to the Pareto inferior strategy.

In order for two equilibria to be risk equivalent it must hold thata —c = d — b. The
pay-off can thus be written as d = a + p and b = c + p. Define the pay-off difference

p as the “pay-off premium”. For p > 0 equilibrium hp Pareto dominates h 4.

Definition: A cluster of size r is defined by the highest number of neighbours playing
the same strategy in the set of directly connected players with identical strategy, i.e.
a cluster of size r is defined as a set of neighbouring players, in which at least one
player has r-1 other players with the same strategy in his neighbourhood.

For example, suppose a straight line of players where each player has a neighbour
to his left and right with identical strategy, except for the corner elements. Such a
straight line will always have a size of 3, since by definition each player has at least
one neighbour with 2 identical players, i.e. those, who choose the same strategy, in
his neighbourhood. Hence, all players in this cluster will compare any player with
a different strategy either to 2a 4 6b or to 2d + 6CH The reason for this definition
is that the dynamics do not depend on the number of connected players with the
same strategy, but on the element with the highest pay-off in the neighbourhood.
Consequently, the length of such a line of identical players is unimportant. The same
reasoning holds for larger clusters. In addition, this definition restricts cluster size
to a maximum value of 9, since a player can only have a neighbouring player with a
maximum of 8 identical neighbours. See figure on page [90| for an example: a.)
and b.) show two clusters of size 4, whereas c.) shows a cluster of size 5.

Proposition 3.1.1. Given a pay-off matrix as in with two risk equivalent pure Nash
equilibria, for any a,b,c,d as long as they satisfy a > c and d > b, a population, whose
convention is defined by the Pareto inferior strategy A, is successfully invaded by a minimal
cluster of size r, choosing the Pareto dominant strategy B, if the pay-off premium satisfies:

p > 3(a—c)andr > 4and square
ora<b
p> a—c andr>5

p>§(a—c)andr26 fora>1b

10This holds also for the outer elements of the line cluster, if a,d > b, c. If this is not the case, these
outer element have highest pay-off with a + 7b or 7c + d, if strategy A or B is Pareto inferior.
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Ifp < 3(a—c)orp < &(a—c), the population will return to the incumbent convention if
the invading cluster is of size 6 or 7, respectively. If none of the conditions is fulfilled, clusters
of size 6 and 7 are stable but cannot invade the population.

Proof. Assume the aforementioned conditions a > c and d > b, and that hp Pareto
dominates 4. Hence, d = a + p, with p > 0. Further assume that the player popu-
lation is currently in /14 and that there exists a mutant cluster C playing strategy B of
size r invading the player population.

For { = A, B define a player i € ; iff @f(i) = |f)(i)| as an internal, playing strategy
¢ and a player j € {; iff @)g( i) < |£(j)| as an external, playing strategy (. In other
words, an internal of strategy ( is fully surrounded by player of his own kind (i.e.
those who play the same strategy), whereas an external is situated at the border of a
cluster. By the definition of cluster size r: 3 internal iff r = 9. For notational simplicity
define ®; = ©{(i), and thus the pay-off as 7/ (i) = ©;(a — b) + 8b, if i € A;, and
nB(i) = Oi(c — d) + 84, if i € B;. Two cases can occur; either a > bor b < a.

1. case a > b: In this case it holds that aﬂt (') > 0and an’* ( )

of a strategy A player is positive in the number of players of his own kind in his neigh-

< 0. Since the derivative

bourhood and cluster size of the incumbent strategy is 9, then

max 7t/

(i) = 8a. For the proliferation of an invading cluster of strategy B players it
must thus hold that 7tP (external) > 8a. As the marginal pay-off of a B player is nega-
tive in the number of surrounding A players, the pay-off of such a player increases in
the cluster size. For any player I € C define player k s.t.
e(k) = sup (TI8(1) : TIE (1) = {Unepyne () U (D) })

The size of the invading cluster diminishes if | switches, thus and only if
) > mb(K), with 7 () = sup (TIA(1) : A1) = {Unegqy/c (i) } ). As the
relation between cluster size r and the pay-off of player k is positive, this reduces to
(k) = (9 —r)c+ (r — 1)d for r < 9, since for this cluster size no internal exists. For
this size it must further hold that 7P (k) = max 7t? (external). We thus obtain that the
condition for proliferation is defined by 8a < (9 —r)c + (r — 1)d forr < 9.

This implies that a cluster of size 5 and smaller can never proliferate, i.e. expand.
To see this note that 717 (k) = 4c +4d # 8a, Vp > 0 and a > b. Similarly a cluster of
smaller size can never be sustained, i.e. never resists an invasion by the incumbent
strategy, as 717 (k) < 5¢ + 3d, being strictly less than 7t/(j) = {7a + b or 5a + 3b}[1]
Hence, minimum cluster size for a successful invasion is 6 and it is sufficient to look

at clusters of this size and above.

The second value occurs if the cluster is cross-shaped.
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For r = 6 it must hold that 3c +5d > 8a in order to proliferate. Since
7f(j) = 7a + b, the condition for the incumbent strategy to invade the mutant cluster
is 7a + b > 3c + 5d. For r = 7 the condition for invasion is 7a + b > 2c¢ + 6d. Solving
these equation provides the condition in the proposition. Notice that by definition a
cluster of size 8 will persist and, furthermore that clusters will increase to size 9 if the
conditions are met. Considering the possible structures of a cluster of size 9, it holds
that 7tP (external) > 3c + 5d. The condition for cluster size 6 is therefore sufficient
and necessary for larger cluster sizes.

2. case a < b: In this case it holds that agé(j) < 0, for { = A, B. In other words, the
Pareto inferior strategy benefits from the abundance of individuals playing the Pareto

dominant strategy in the neighbourhood. Therefore only elements neighbouring the
invading cluster have highest pay-off. The condition for proliferation and invasion
by the incumbent strategy are thus identical, both are determined by 72 (k) > 7/ (j)
for k and j defined as above.

Invading clusters of size smaller than 4 cannot persist, as p is defined as strictly
positive. For a cluster of size 3 to proliferate it must hold 6c + 24 > 5a + 3b, which
is a contradiction of p > 0. A cluster of size 4 can only prevail if its structure is such
that all its elements have the same pay-off (a square). In this case it must hold that
5¢ +3d > 6a+ 2b and hence p > 3(a — c). If it is not square shaped we require
5c +3d > 5a + 3b, a contradiction of assumption a > c. For cluster size r = 5 the
condition is 4c 4-4d > 5a + 3b and hence p > a — c. Any larger mutant cluster always
resists invasion, since 3¢ + 5d > 5a + 3b. O

Hence, a minimum pay-off premium p > %(a — ¢) is sufficient for a population to
converge to the Pareto strategy of the symmetric coordination game, if a cluster of
size 6 or greater can evolve with positive probability. Figure shows the result
of a set of simulations ford = 4, b = 3, c = a — 1 and a going from 3.35 to 3.55 in
steps of 0.01. The values represent the proportion of individuals playing strategy A
in t € (1,50), where their initial share is set to 85% in t = 0% Thresholds are at their
expected values. The population converges to equilibrium hp for values of a smaller
than 3.4 and to equilibrium /4 for values larger than 3.5. Stable mixed equilibria
occur for intermediate values (here: one at less than 0.8%, a second at 0.4% strategy

B players).

12 All simulations can be reproduced on my homepage http:/ /www.econ-pol.unisi.it/ille — > models
135Remember that initial seeding is random. An initial share of 15% B players generates a cluster of
size 6 with positive probability for the given population size.
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Figure 3.1.A: share of strategy A players; d=4, b=3, c=a-1, 2« € (3.3,3.55;0.01), t €
(1,30)

351-355
3.50
340-349

Proposition 3.1.11. Clustering is an evolving property and most clusters of at least one stra-
teqy will have a size equal to 9 after an initial period of interaction. In addition, for b > a
and p > 7(a — c), stable single clusters can occur, playing the Pareto inferior strategy A.
In the case of a > b, clusters, playing the Pareto dominant strategy B, of size 6 can be
stable, if 3(a —¢) < p < 2a—c, of size 7, if L(a —c) < p < 3(a—c), and of size 8, if
0 < p < %(a—c). Cluster of size 5 are stable iff a = b.

Proof. For two clusters C4 and Cp to be neighbours there are at least two players
n € C4 and m € Cg with n ~ m. Define a player j, s.t.

74(j) = sup (I1(Ca) : TI(Ca) = {Uiec, m:(i) }) and player k, s.t.

m(k) = sup (I1(Cg) : TI(Cg) = {Upec, 7tt(h)}). This implies that player j has
highest pay-off in cluster A and k in cluster B. By the definition of cluster size 7,
dinternal iffr = 9.

First concentrate on clusters of r < 9. It must be that j, k = external. With positive
probability either j ~ k, or | ~ j, k for some player [. For none of the players to switch
strategy it must be 71;(j) = (k). The pay-offs of both elements can be rewritten
as a(ty —1)+b(9 —ta) = ¢(9 —rp) +d(rg —1). Notice that rp defines the size of
Cp,and ty = rp, ie. thesize of Cy,ifa > borry < 3. If a < bandry > 3,
then t4 does not necessarily coincide with the size of C4, since the pay-off function
refers to the player in C4, which is least connected to players of the same strategy.
Solving the equation shows that for some values of p, a set of value pairs (t4,75)
exists for which the equation is fulfilled@ Define such a set of pairs for a given

4Yet, some of these pairs are geometrically impossible, e.g. in the case, where t4 = 1 and rg = 2 and
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p as R(p) = {U(ta,rp) : m:(j,ta) = me(k,rp)}. For any two neighbouring clusters
C4 and Cp and a given p, it must hold that their value pair (t4,75) € R(p). This
occurs with zero probability for all such neighbouring clusters under the condition of
initial random distribution and at least one cluster collapses triggering the instability
of others. (For an example of how a stable population with size pair (5,5) must be
structured, refer to figure C).)

At least one strategy will thus develop clusters of size 9 with positive probability.
From proposition [3.1.]l we know that for 2 > b and a stable cluster of size rg, playing
strategy B, surrounded by cluster of size r4 = 9 playing A, it must hold 8a > d(rp —
1) +¢(9 —rp) > 7a+ b, from which we obtain the second part of the proposition. For
b>a, a”f‘( i)
plays A. For such a cluster, in order to be stable, it must hold 84 > a(ty — 1) + b(9 —
ta) > 7d + ¢, for the Pareto inferior strategy. The inequality only holds for r4 = 1,

< 0 and the cluster’s maximum pay-off player j is always external, if he

whence the second result of the proposition. By proposition if b > a no cluster
of size rp < 9, playing the Pareto dominant strategy, is stable. O

Figure 3.1.B: Examples for clusters of size 4 and 5

a) Example non-compact b) Compact cluster of c) Example of non-compact
cluster of size 4 size 4 and example of cluster of size 5 and
surrounding structure sustainable structure

Consequently, a minimum necessary pay-off premium for the Pareto dominant
strategy exist, to take over the player population and to determine the long-term

0= %(a — ), both clusters have identical highest pay-off, but only a cluster of size 4 or larger can

fully surround a cluster size 1. 11 feasible pairs remain after ruling out the geometrically impossible

pairs. These are (t4,7g): (1,8)ifp =7(a—c); (7,4)ifp =3(a—¢); (2,7),(8,3)if p =5(a —¢); (8,7)

1(f5p5) v( 9;(7,6),(4,3) if p = 5D (2,6) if p = 2(a — ¢); (3,6) if p = (a —c); (8,6) if p = U7,
0.
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stable convention. Since a completely random initial distribution is unstable, clus-
ters collapse, and some or all clusters will attain a size of 9 for at least one strategy.

Whether this is the case for one or both strategies depends on the initial distribution.

Definition: A homogeneous initial distribution is defined as a distribution of the
player population, in which the average cluster size for all strategies is identical after
the first period of interaction. A heterogeneous initial distribution is defined by an
initial player population, where average cluster size differ strongly for all strategies
after the first period of interaction, but the evolution of at least one cluster of size 6 or

greater occurs with certainty for any strategy after an initial sequence of interactions.

Hence, a homogeneous initial distribution defines the case, in which all players
initially chose one of both strategies completely at random, under the condition that
average pay-off for both strategies are sufficiently similar, or alternatively, in which
larger agglomerations of players choosing the same strategy exist for both strategies.
In this case, clusters of size 9 exists for both strategies after the initial interaction
period. A heterogeneous initial distribution is the limit situation, in which the entire
player population chooses the same strategy except for one minimal mutant cluster
of size 6, or in which players choose their strategy at random, but average pay-offs
are very different, so that the player population collapses into large clusters of the risk
dominant strategy and small clusters of the other strategy with at least one being of
size 6. Both distributions are the possible extreme cases that will define the boundary
conditions for the evolution of a stable convention.

By proposition for a minimum p, minimum cluster size for an invasion is
6. The minimum necessary pay-off premium for highly heterogeneous distributed
societies is thus given by 2(a — ¢). If this condition holds, the population will be
invaded by the Pareto dominant strategy even if there is a sparse distribution of indi-
viduals playing the Pareto superior strategy. The second minimum necessary pay-off
premium and thus an upper bound can be derived for homogeneously distributed
societies. Hence, depending on the degree of homogeneity of the initial distribution,
both values define the boundary conditions for the lower limit of p such that the Pa-

reto dominant equilibrium defines the convention.

Proposition 3.1.II1. A population with homogeneous initial distribution will converge to the
Pareto superior equilibrium hp, if the pay-off premium p of the Pareto dominant equilibrium
is greater than % (a — c). If the pay-off premium is smaller, but positive, a player population
will consist of clusters playing different strategies.
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Proof. The initial distribution is by assumption homogeneous. For an initially homo-
geneously mixed population, by proposition B.1.II| some clusters will have a size of
9 with positive probability after some initial period of interaction. Consequently, for
two such neighbouring clusters C, and C, of size 9, and an external player | € Cy,
define again two maximum players for each cluster, i.e player k, s.t.

(k) = sup (Hf((l) TIX(1) = {Uheﬁ(l)mcx e (h) U nt(l)}> and player j, s.t.
i (j) = sup (H}/(l) 11V (1) = {Ugeﬁ(l)mcy nt(g)}>. By definition k = internal and
j = external, and for cluster size 9 it must hold either 71;(k) = 8a, if s;(I) = A
or t;(k) = 8d, if s;(I) = B. Since j = external, his maximum pay-off is either
m(j) = c+7d, if s¢(l1) = Aor m(j) = 7a+ b, if s¢(I) = B. For [ to switch strategy
(k) < m4(j). Since p > 0 only ¢ + 7d > 8a can occur without contradiction. O

Figure shows the result of a set of simulations identical to those in figure
butd =4,b =2c = a—2and a ranging from 3.6 to 4.4. Furthermore each stra-
tegy is initially played by 50% of the population and seeding is completely random.
Thresholds are again as expected. The population converges to equilibrium (B, B) for
a smaller than 3.6 and to (A, A) for values larger or equal to 4.3. The population thus
converges to the Pareto optimal convention, except if the pay-off premium is within
a marginal perceptible unit Combining the propositions results in the following
proposition:

Figure 3.1.C: Percentage of strategy A players; d=4, b=2, c=a-2,a € (3.6,4.4,0.1) t €
(1,50)

1w —— 43-44

41-42

4.0

39

36-38
L Tims

15 % (a — c) defines the marginal perceptible unit, under which no pure equilibrium will occur. Further-
more, the simulation shows that for a small number of periods, the distribution is affected by the
relative average pay-off, but stabilises after the initial interaction period.
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Proposition 3.1.IV. A population converges to the Pareto dominant equilibrium hg, both
if it is initially homogeneously distributed and the pay-off premium is p > %(a —c¢). The
population converges with certainty if p > 2(a — ¢) and if the population is at least initially

heterogeneously distributed.

Based on these results, the question arises of how strongly risk dominance is offset
by Pareto dominance. For this assume as before that d = a +p and b = c + p, but
also that ¢* = ¢ — u. Consequently hp is Pareto dominant by a value of p and h4 is
risk dominant by u. Define this value as the “risk premium”. Again, the two cases of
initial distribution define the boundary trade-off conditions between risk and Pareto

dominance.

Proposition 3.1.V. In a coordination game as in matrix with two equilibria of which hp
Pareto dominates h o by a pay-off premium of p, and h 4 risk dominates hp by a risk premium
of u, the equilibrium to which the population converges is defined by
(

c—a+7p, apopulation with homogeneous initial distribution converges
to the Pareto dominant equilibrium

U<
c—a+ gp, any population, with at least heterogeneous initial distribution

\ converge to the Pareto dominant equilibrium

If the conditions do not hold, the population will be either in a state of mixed equilibria,
or chooses the risk dominant equilibrium, if it is initially heterogeneously distributed and
u > w. If a population is, however, initially sufficiently homogeneously distributed
the risk dominant strategy will only overtake a population, if it also Pareto dominates by a

value greater than “==.

Proof. This is a direct consequence of the former proofs: Given that /ip Pareto domi-
nates 14, by the former propositions, in the case of a heterogeneous initial distribu-
tion the Pareto dominant strategy will overtake if 3c* + 54 > 8a and the risk dominant
strategy will prevail if 7a + b > 3c* + 5d. For a homogeneous initial distribution the
constrains are ¢* +7d > 8a and 7a +b > 8d. The condition for the risk dominant
strategy to prevail in a homogeneous population is thus p < €, where |¢ = <*| is the

marginal perceptible unit for a Pareto dominant strategy to invade a population. [

For symmetric 2 x 2 coordination games, this contrasts with Young’s original ap-
proach, which uses best response play. The approach based on imitation does not
predict the convention to be solely defined by risk dominance, but dynamics follow
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a trade-off between risk and Pareto dominance. This stems from clustering owing
to local interactions and the subsequent emphasize on the matrix’s main diagonal’s

pay-offs.

Figure 3.1.D: Percentage of strategy A players;d = 4,b = 3,c* =2,a = [3.2,3.3;0.01]
t € (1,30)

20 -3.00
25-3.28

B

320-3.24
= Tme

Figure shows the result of a set of simulations identical to those in figure
i.e. given a heterogeneous initial distribution, but c* is fixed at ¢* = 2 and a
ranges from 3.0 to 3.3. The population converges to the Pareto dominant equilibrium
for values of a smaller and equal to 3.24 and converges to the risk dominant equili-
brium for a > 3.29. For 411 <p< %, the population converges to a mixed equilibrium,
with a few square shaped cluster of size 6 or 9 that play the Pareto dominant strategy.

Figure 3.1.E: Percentage of strategy A players; d = 4,b = 2,c* =1,a € (3.0,4.0;0.1)
t e (1,15)
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Figure presents the result of a set of simulations identical to those in figure
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i.e. given a homogeneous initial distribution, but ¢* = 1 and 4 ranges from 3.0
to 4.0. The population converges to the Pareto dominant equilibrium for values of a

smaller and equal to 3.6 and remains in a mixed equilibrium for larger values.

Figure 3.1.F: Percentage of strategy A players; a € (0,20;1), Pay-off Premium
(—10,10;1) and zero risk premium

11-20

10

Figure shows the distribution of the player population for f € (0;100) and a
changing pay-off premium p. The pay-off structure is given by matrix where
b=6,d=10,c" = a—4and a takes values from 0 to 20 in unit steps. The effect

of the size of p on convergence speed towards a single equilibrium is negligible. The
same holds for the updating probability.

Figure 3.1.G: Percentage of strategy A players; Convergence for different updating
probabilities: Probability (1,100; 9)

Figure 3.1.G| shows the distribution for pay-offsa = 3,b = 2,c* = landd = 4
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and different updating probabilities. The updating probability ranges from 1 to 100
in steps of 9.

3.2 General 2 x 2 Coordination Game

The following section analyses the dynamics of general 2 x 2 coordination games,
ceteris paribus, in which two player types (row and column) interact with each other.
Players choose their initial strategy at random. Whether the homogeneous or hetero-
geneous case applies, depends on the relative average pay-off of each strategy. The
only difference with respect to the assumptions in the previous section is that on each
patch two players coexist, one of each type. The general pay-off structure is defined
by the following pay-off matrix:

A B

A (al,az by, c5 ) 351

B CT , bz dl , dz
Define as before p; = b; — ¢; or p; = d; — a; and hence ¢j = ¢; — y;, fori = 1,2. It must
also hold that a; > ¢} and d; > b;.

For two player types x and y with x,y = 1,2 and x # vy, define for a player i of type

x the set of neighbours of his own type as £,(7) and the set of neighbours of the other
type as £, (i). Notice that for simplicity and reasons of symmetry the other type on
the same patch is not a neighbour. Each player has 8 neighbours of the same and other
type. Further, let A, define the set of players of type y that play strategy A in period
t, and accordingly B;, as the set of players of type y playing B. Correspondingly,

define @f}y(i) = |Aty N Hy(i)| and @Ey(i) = |By N Ry(i)| as the number of strategy
A and B playing neighbours of i that are of type y. The pay-off of player i in time ¢ is

i) = @;‘}y(i)a + @Ey(i)b, if s¢(i) = A
AT @A () B (i e () —
Oy, (1)c* + 07, (1)d, ifs(i) =B

Also define Iy (i) = {Ujeﬁx(i) 7t (f) U ﬂt,x(i)} as the joint set of agent i’s pay-off
and the pay-offs of his neighbours of the same type. The imitation rule then deter-
mines player i’s future strategy by

Se41(i) = {se(k) : mex(k) = sup (T (i)} 3.2.3
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The complexity of the analysis increases through the augmentation of possible
parameter combinations and the interdependence of the two player types’ strategy
choices. Yet, the fundamental dynamics are defined by only a few conditions similar
to what has been obtained for the single type case. Only 2 x 6 conditions have to
be analysed in the general game. To derive this and as a first step, remember that
the conditions for the pay-off structure, in addition to the imitation principle and the

local interaction generate three useful characteristics.

I. In general, the player choosing the Pareto dominant strategy with respect to his
type benefits from the relative abundance of players in his neighbourhood that
belong to the other player type and are playing the same strategy. If 2; > b; and
d; > cj, Vi = 1,2, this also holds for the strategy that is not Pareto dominant.

II. A strategy change will only occur at the edges of clusters. This property must
also hold for mixed clusters, i.e. if both player types play different strategies on
the same patches in a neighbourhood.

III. After the initial period of interaction, the strategy distribution on the grid will
be determined by the relative average pay-off of each strategy, since it is more
likely that a player adopts the strategy that has higher average pay-off if players
initially choose their strategy at random with equal probability.

The following proposition greatly simplifies the future analysis:

Proposition 3.2.1. Consider a general 2 x 2 coordination game with asymmetric pay-offs
and all other conditions being as before. The strategy distributions of the two player types will

coincide after a brief period of interactions.

Proof. Consider two clusters C, and Cy,. Define the set of players of type x as X and
the set of type y players as Y. Assume without loss of generality that s;(h) = A,Vh €
Cp, and for cluster Cy, that s;(j) = A,Vj € (C,yNX) and s¢(k) = B,Vk € (C,,NY).
Hence, C,;; is mixed and C;7 is pure or uniform. Since strategical change occurs only
at borders of clusters assume a player | = external such that (£2(1) N1 Cp) # @ and
(R() NCp) # @.

First, assume that I € (C;, N X). Thus s;(I) = A, but also s¢(i) = A,Vi € H,(]).
Consequently, s;1(I) = A. The same holds if I € (C, N X). Now assume that [ €
(CmNY). Since, s4(i) = A,Vi € 0,(1), it follows that 71;(f) = 8a,Vf € (C, N Ny(1))
and 71(g) = 8c*,Vg € (Cou N Ny(I)). Asa > c*, it follows s;1(I) = A. The same,
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for | € (C,NY). Equivalent results are obtained for s;(h) = B,Vh € C,, since
m(f) = 84 > m(g) = 8b. Consequently, an external will always choose the stra-
tegy that is played by the uniform cluster in his neighbourhood if he has not done so
before. The proposition is a direct result of this circumstance. O

In order to better understand the idea behind the proof, consider the case in which
for both player types the same strategy has higher average pay-off. After the first per-
iod of interaction, larger clusters appear, playing this strategy. They surround smaller
clusters that are either mixed, i.e. where each type on one patch plays a different stra-

tegy, or those that are uniform and play the strategy with lower average pay-off. The

Figure 3.2.H: Dynamics of mixed clusters

pura clester mixed cluster
tvpe 1
A A TBE S
tvpe 2
A B

reason why mixed clusters will not sustain is the following: The players on the edge
of the mixed cluster will always choose the strategy of the pure cluster in their neigh-
bourhood. The schematic in figure helps to understand the underlying dyna-
mic. It shows two clusters, each with two layers symbolising the inter-acting player
types. The pure cluster is stylised on the left side of the figure, the mixed cluster on
the right. The higher layer illustrates type 1, the lower type 2. Assume without loss of
generality and with respect to the mixed cluster that type 1 plays strategy A and type
2 plays B, and the pure cluster only plays A. By assumption, type 1 players choose
the same strategy in both clusters. Since imitation is horizontal, i.e. between players
of the same type, this type cannot imitate any other strategy. Consequently, players
of type 2 will only interact with players choosing A. Since by definition a; > c
and d; > b;, a player of type 2 in the pure cluster has always higher pay-off than a
player of the same type in the mixed cluster. Hence, type 2 players at the edges of
the mixed cluster will switch to strategy A. The dynamics are independent of what
type plays which strategy and whether the strategy is risk or Pareto dominant (since
the assumptions have ruled out strictly dominant strategies). Mixed clusters there-
fore vanish and only small strings of mixed clusters of a maximum width of 3 at the

borders of uniform clusters remain /']

16j e. the external of each cluster and the player in between
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Similarly, in the case, where the strategy with higher average pay-off is different
for both player types, larger mixed clusters will surround uniform clusters, but any
mixed cluster will vanish in the subsequent periods. Hence, the strategy distribution
on the grid will coincide for both player types after an initial sequence of interac-
tions, though transition to this state will be faster in the first case than in the second.
The following figure illustrates this behaviour for two cases with identical initial
distribution and the subsequent 3 periods of interaction.

Figure 3.2.I: Strategic distribution for 3 periods —a.) a; = a = 6, by = by = 6,
Cik :CE :O,dl :d2:8;b.) a1 :d2:6,b1 :CS :6,(31< :b2:0,
dy = ap = 8; using colour coding: blue: s; = A, red: s; = B, green:
s1 = A,sp = B, yellow: sy = B,sp = A

This leads to the following proposition

Proposition 3.2.11. For a general 2 x 2 coordination game with a pay-off matrix as in matrix
and a;, d; > b;, c;, the convergence speed of the player population towards equilibrium
ha = (A, A) is determined by the largest integer of 114; that fulfills 1 4; < 50 and the

Ai—Ci—p;
convergence speed towards equilibrium hg = (B, B) is defined by the largest integer of np;
that fulfils np; < #%for each typei =1,2.

If the population is initially sufficiently homogeneously distributed, i.e. average pay-offs

for both strategies are of similar order and player choose their strategy initially at random
with equal probability, the population converges to hg if max;(n,4;) < max;(yp;), and to
ha if max;(n4;) > max;(p;). If max;(n4;) = max;(yp;) both strategies persist in the
long-term.

Proof. By proposition and proposition it follows for an initially homoge-
neously distributed population that, after an initial sequence of interactions, large
pure clusters C4 and Cp of size r4,rp = 9 play strategy A and B, respectively. Fur-
ther by proposition player types can be neglected with respect to the dynamics.

Assume a player (k = external) € C4 and a player (I = external) € Cp with k ~ I.
In order to cause I to change strategy, it must be that 7r;(k) > 7m(h), given player
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(h = internal) € Cp with h ~ I. Since h = internal, it follows that 71;(h) = 8d. Define
a4 = |B: N N(k)|. In general the pay-off of k is then given byt;(k) = (8 —y4)a +1nab,
leading to the condition (8 — #74)a + n4b > 8d. Similarly, define g = |A: N N(I)].
Also 3(g = internal) € C4 with ¢ ~ k. Consequently 71;(g) = 8a and to trigger a
strategy switch of player k € C4 it must hold (8 — 57p)d + ypc* > 8a.

For i = 1,2 define intyqx(14;) and inta () as the largest integer that fulfils each
condition, respectively, given the type specific parameters values. Since
intmax(na;) ~ P(rte(k) > m(h)) and intypex(npi) ~ P(m(l) > m(g)), both values
determine the likelihood by which a cluster expands and thus the speed, at which
each type pushes the population towards the corresponding equilibrium. O

As the strategies for both player types are congruently distributed after an initial
sequence of interactions, most type specific complexities are eliminated. Subsequent
to a transition period, large uniform clusters with cluster size 9 (for most clusters)
occur after an initial period of interaction. Each pushes towards a convention and the
strongest push will eventually prevail. This is, however, only the case if average pay-
off for both strategies are not too different and the distribution is initially sufficiently
homogeneous. Even if players choose a strategy at random with equal probability
before the first interaction, too diverse average pay-offs will inhibit the evolution of
clusters, constituted by players of the risk inferior strategy, that have sufficient size
to overtake the player population. In general, the edges of clusters will be either
horizontal, vertical or diagonal. Consequently, the clusters” shape can be generalised

to the following three types:

Figure 3.2.]: The three variants of cluster edges — numbers indicate the number of
players with the same strategy in the individuals neighbourhood, cluster
are supposed to continue beyond the figure’s frame
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From this figure we observe that, though various parameter combinations could
lead to strategic changes, only six conditions for each strategy influence the dynamics
of the entire population in the long-term:

For s; = A to overtake s; = B | For s; = B to overtakes; = A
I na=1: 7a;+b; > 84d; np=1: 7d;+ C;-k>8L1,'
. ya=2: 6a;+2b; > 8d Mg =2: 6d;+2c; > 8a;
. 4 =3: 5a;+3b; > 84d; np=3: bd;+3c] > 8a; 324
IV. na = 4: 4a;+ 4b; > 8d; B = 4. 44, +4cj.‘ > 8a;
V. na=>5: 3a;+5b; > 84, ng=>5: 3d;+5c’ > 8a;
VI 54 =6: 2a;+6b; > 8d; np=6: 2d;+6c’ > 8a;

fori = 1,2. The condition I. and III. are identical to those found in proposition
for the single type case. The first condition implies that clusters can be overtaken
along diagonal edges. It will turn an inlying cluster (red) as in a.) into an inlying
cluster as in b.). If both conditions in I. are fulfilled, i.e. one for each player type,
these corner elements will continuously switch between strategies. Condition III.
applies to the horizontal and vertical cluster’s edges. It will not affect the players
surrounding the corner elements of inlying clusters (see b.) and c.) ). Hence, an
inlying quadrangular cluster will expand and will incrementally turn the horizontal
or vertical edge into a diagonal edge. Since condition III. includes condition I., the
cluster will also continue to expand along these diagonal edges. Furthermore, under
condition III. any inlying cluster can be invaded. The remaining conditions have a
minor effect on the convergence speed than the aforementioned. Condition IV. and

greater only concern the growth along the corner elements.

The easiest asymmetric game is a game of “common interest”. This denotes a pay-
off structure, in which the same strategy is Pareto dominant for both types. Ac-
cording to the former notation, either a; > d; for bothi = 1 and i = 2 (or the in-
verse). If at least one player type fulfils at least the first condition given by 74 = 1
(ng = 1), the population either converges to the convention defined by h,4 (hp), or
ends up in a mixed equilibrium with interior rectangular shaped clusters playing A
that cannot expand (see[3.2.]]a.). This depends on the initial random distribution and
the average pay-off of each strategy. Note that condition I. is in this case exactly the
same as in proposition given the homogeneous initial distribution. If at least
one type meets condition 74 = 3 (g = 3), the convention is surely defined by /4
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(hp). Since both player types either prefer equilibrium (A,A) or equilibrium (B,B),
the convergence by one player type towards an equilibrium is not counter-acted by
the other player type. Convergence speed is irrelevant for the final distribution and
convention, but the more conditions are fulfilled by one or both types, the faster the

population converges to its Pareto dominant equilibrium.

If the individuals find themselves in a “conflict game”, in which the Pareto domi-
nant equilibria are not identical, the convention is defined by proposition The
strategy that fulfils the higher condition in will define the convention. In the
following I will simulate a player population to confirm that population dynamics

behave according to the previous results.

The most convenient way to test for the correctness of these results is to fix pay-off
parameters of one player type at the different levels at which the constraints in [3.2.4]
can be fulfilled, e.g. ranging from none to all six. The dynamics for each parameter
of the other player type are then simulated with respect to each of these levels. As a

basis for the analysis assume the following pay-off matrix:

A B

3.2.5
B\ ¢;=2b=3 dy =4, dp = ()

In order to account for the various variables, at which the conditions can be ful-
filled, d; is set to one of 6 different values, namely d, = 3.16;3.22;3.28;3.34; 3.41; 3.47
in each simulation run. This implies values of convergence speed given by
na = 5;4;3;2;1;0 and that player type 2 converges to hy = (A, A) except for
dy = 347 and thus 74 = 0. At the last parameter value, player type 2 does not

exhibit any convergence.

For each of these values, one parameter of player type 1 is analysed by a set of
simulations. In the first set of simulations the parameters of player type 2 are set to
the values in and d, = 3.16. For the first simulation of this set, one parameter
of player type 1 is fixed at its lowest value, at which it does not fulfil any condition
(or all, depending on the parameter) of the first column in His other pay-off
parameters are set to the values as in matrix [3.2.5/ (if not stated otherwise). The initial
distribution is set to 50 : 50 (if not stated otherwise), with completely random seeding.
After the system has been simulated for a fixed number of periods, the parameter of

player type 1 is changed by an increment and the system is simulated again. Using
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the same initial distribution renders the results directly comparable. Simulations are
repeated until the parameter reached a maximum value, at which all condition (or
none) of the first column in are fulfilled. Hence, player type 1 will progressively
converge to equilibrium (B,B), whereas player type 2 will converge to equilibrium
(A,A) at the speed determined by the value of dy. After the value of player 1’s para-
meter has reached its maximum value, the set of simulations is repeated for each of
the remaining values of d; and at the beginning of each set of simulations the popula-
tion is “seeded” anew. Each remaining parameter of player type 1 is analysed in the
same way, obtaining 6 sets of simulations for each parameter of player type 1, thus 24
sets of simulations in total. The figures show the proportion of type 1 players choo-
sing strategy A. Since the distribution for both types concurs after the initial periods,
it suffices to graph one player type, as before.

Figure on page [113| shows the result for parameter a;. In order to maintain
the assumption that a; > b;, the value of b; is adapted accordingly and set to b; = 2.3.
This change is made only for the simulations concerning a;. a; takes value from
2.375 to 3.875 in increments of 0.25. If both types have the same convergence speed,
the population converges to a mixed equilibrium, where the strategy distribution is
determined during the initial periods of interaction, i.e. by the average pay-off and
the random initial distribution. In order to compensate this effect (since for p4 = pp,
ay is relatively large in the later simulations), the initial distribution was set to 55%
strategy B players in the last 4 simulations. The predicted threshold values from
proposition [3.2.11 for the parameters are as shown in table

Table 3.2.a: Convergence speed for each player type in the simulations

na < ¥YB —)hB = (B,B),HA > 1B —>hA = (A,A)

1 ol 1|2 1] 3] 4] S5
dy, | 347 | 341|334 328322316

1B 01|23 ] 4]5]6
m<| 4 [375]35[325] 3 [275] 25
c1 > 0| 2| %] 3 |32|%
di>|35| % | 4 |44 5 | 6 | 8

Figure on page|(114{shows the results for parameter b;. It takes value from —4
to 3 in increments of 1. Looking at shows that by is extraneous in the constrains of
the right column. b; only affects the average pay-off and thus the number of strategy
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A players after the initial sequence of interactions. It thereby has an indirect impact
on the time required to converge to an equilibrium, since it modifies the initial se-
quence after which the distribution of convergence to the convention. 75 = 1 satisfies
8a1 = 2c] + 6d; only as equality and it only holds that 8a; < c] + 7d;. Consequently,
convergence to (B, B) is only observable for d, = 3.47. For d = 3.41 the convergence
speed for both player types is identical and thus stable mixed equilibria occur. In
the case of d = 3.34 convergence to (A, A) is slow as condition II. is met with equa-
lity by player type 2. Similarly the simulation for by = 3 and d = 3.47 approaches
(B, B) slowly as the number of strategy A players is high after the initial sequence of

interactions.

c] adopts value from —0.1 to 3.5 in increments of 0.2 in the simulations in figure
3.A.Q|on page Since ¢ can take small critical values, simulations are conducted
with an initial distribution of 55% strategy B players in the first two simulations and
60% strategy B players in the later simulation, in order to avoid that cluster size of
strategy B is too small after the initial sequence of interactions. The threshold values
for this parameter are again to be found in table

The final set of figures on page[I16/shows the dynamics for d;. d; takes values
from 3.2 to 8.48 in increments of 0.33. In order to compensate for the “average pay-off
effect” the share of initial strategy B player was set to 60% in the last 4 simulations. All
simulations behaved according to the predictions made in table By proposition

Figure 3.2 K: Percentage of strategy A players; Set of simulations with a; €
(2.0,7.0;,0.1)and dy = a1+ 1: [p| =1and |u| =1
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the population can converge to different equilibria, though the level of risk
dominance and the level of Pareto dominance are equal. Figure shows a set of
simulations for by = 3,c] =1,ap =4, b, =1,c5 =3 and dp, = 3. a; € (2.0,7.0;0.1)
and d; = a1 + 1. Hence, for all simulations |p| = 1 and || = 1, and strategy A is
risk superior and strategy B Pareto superior for type 1, and the inverse for type 2.
Note that by proposition and equations the conditions, determining the
dynamics, are unaffected by linear transformations of the pay-offs. In addition, such

a transformation will have no effect on the relative average pay-off.

3.3 The Effect of Space - Planting Late in Palanpur

So far it has been assumed that only the 8 surrounding neighbours are considered
both for the calculation of pay-offs and for imitation. There are several questions,
which can be raised: Do the derived properties still hold, if the space (representing the
reference group), which affects an individual’s decision, increases? What happens, if
the space considered for the calculation of pay-offs and for imitation are different?
Though the analysis of the former two sections can be expanded to larger spaces, this
will not be done in the scope of this chapter. This section will only provide general
results without defining the clear conditions for each size of space.

Consider the following illustrative example taken from Samuel Bowles (2006). In
Palanpur, a backward village in India, peasants use to sow their crops at a later date
than would be maximising their expected yields. This results from a coordination
failure. If a single farmer decided to sow early, seeds would be quickly eaten by
birds and the harvest would be lost. The more farmers should agree to plant early,
the less the loss for an individual “early seeder”, since seeds lost to birds would be
shared by the entire group of “early planters”. Mechanism design, contracting, and
implementation theory has dedicated much work to answer, which institutions are
necessary to achieve the desired shift towards the Pareto optimal equilibrium. The
question of why a population ended up in a Pareto inferior equilibrium is, however,
more interesting in this context.

The above analysis has shown that in the case of imitation and local interactions
a population converges to the Pareto dominant equilibrium, if the Pareto dominant
strategy is played by a minimal number of individuals. Yet, Palanpur is a case, in
which a population got trapped at the risk dominant equilibrium. It can be assu-
med that initially both strategies (plant early, plant late) have been played with strictly
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positive probability. Thus, it seems that the standard solution of this stag-hunt / co-
ordination game (i.e. the 50:50 distribution lies in the basin of attraction of the risk
dominant equilibrium) is more appropriate in this case than the answer I have presen-
ted so far in subsection This conclusion is, however, precipitative. To illustrate
this, assume the following pay-off matrix (also taken from Bowles, 2006) for the game:

Early Late
Early [ 4,4 0,3
Late 3,0 2,2

33.1

A first answer is that in Palanpur the interacting population is very small. As a
consequence, a low, but positive probability exists that initial distribution of early
and late planters was such that a stable cluster of early planters could not evolve and
take over the whole population. Under random initial choice, the probabilities of
the Pareto dominant convention or a mixed stable equilibrium are, however, much
higher than the risk dominant equilibrium in pure strategies. (In addition, a small
mutation rate seems also plausible in that society, and an invading cluster occurs with
positive probability). Hence, a possible but less convincing answer is that peasants in
Palanpur were simply unlucky.

A second answer is that peasants do not only consider neighbours at a distance
of 1, i.e. their 8 surrounding neighbours on the grid, but have a much larger space,
which defines the peasants they are interacting with.

Definition: The imitation radius is defined by the largest Chebyshev distance bet-
ween a player and a member of the set of observable neighbours who he can imitate.
The pay-off radius is similarly defined as the largest Chebyshev distance between a
player and a member of the set of neighbours that affect his pay-off.

The radii thus define the minimum number of steps a “king” requires to move from
the player to his farthest neighbour (in the set of the observable or pay-off affecting
players) on the “chess board” grid. In the former sections both radii have been as-
sumed equal to 1, i.e. an individual has only considered the adjacent 8 players. As
the radii increase, it is observed that the population converges more likely to the risk
dominant equilibrium. This is caused by a rapid decline of those individuals playing
the Pareto dominant strategy in the first period. Figure [3.3.1]A.) illustrates this be-
haviour for a” large” population (10.000 individuals). If the initial fall in the number
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of Pareto dominant players is higher than a certain threshold, the population will
not converge to the Pareto optimal equilibrium, as a cluster of minimal size does not
evolve. The reason is that as the pay-off radius increases, pay-offs converge to the ex-
pected pay-offs in the first period in a random distributed population, and less weight
is placed on the diagonal elements of the pay-off matrix. Since by definition the risk
dominant strategy has a higher average pay-off than the Pareto dominant, though
risk inferior, strategy, individuals in homogeneously distributed areas, i.e. where no
large clusters of one player type exist, will adopt the risk dominant strategy. Only
in neighbourhoods, in which a sufficient number of individuals playing the Pareto
dominant strategy is agglomerated, individuals will adopt the same strategy. For a
random initial distribution, these agglomerations are more likely to occur the larger
the population size.

Furthermore, note that minimum sustainable cluster size depends on the imitation
radius under consideration. The surrounding clusters, observed after the first interac-
tion period, increase with the imitation radius, and thus, minimum cluster size for the
Pareto optimal strategy also has to increase in order to be sustainablem This occurs
with decreasing probability. Hence, small societies tend towards the risk dominant
equilibrium at smaller radii in comparison to larger societies. Figure [3.3.I]B. shows
the dynamics for a small population.

Figure 3.3.L: Convergence for two different societies: both figures show the number
of early seeders A.) 10.000 B.) 441 - Radius from 1 to 5 - the higher the
radius the higher the initial decrease in individuals playing the Pareto
dominant strategy

{100 [ 100

A) B.)

7For the given pay-off, minimum sustainable cluster size is: radius 2 = 14, radius 3=30, radius 4=48
in contrast to 6 for radius=1.
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The large population converges to the Pareto dominant equilibrium for radii smal-
ler than 4, the small population converges only for radii smaller than 3. Figure[3.A.§|
on page shows how both populations appear after the first period of interaction.
This implies, however, that in the large population an individual needs to consider
120 neighbours, in the much smaller population still 80 neighbours to cause the popu-
lation to converge to the risk dominant equilibrium. In addition, changing the initial
distribution only slightly in favour of the Pareto dominant equilibrium, necessitates
even higher radiim

In the case of the Palanpur peasants, it seems plausible that the imitation space,
which peasants observe, is much smaller. If that were not the case, peasants could
easily implement the Pareto dominant equilibrium by observing all peasants in the
village and collectively impose a fine on anyone sowing late. It is therefore more
reasonable to assume that the imitation radius is relatively small with respect to the
pay-off radius. The space that defines the individual’s next period’s strategy is defi-
ned by those fields, on which the peasant can observe the last yield. Most probably
these are the fields surrounding his own. The pay-off radius is, however, defined
by the birds” hunting ground. It is highly probable that this radius is much larger.
Consequently, the imitation radius is smaller than the pay-off radius.

Simulation shows that, ceteris paribus, the convergence towards the risk dominant
equilibrium occurs more likely the higher the discrepancy between the imitation and
pay-off radius. The following figure illustrates the simulated results for the
same initial distributions as the figure before. Simulations have been conducted for
pay-off radii from 1 to 5 and imitation radii from 1 to 3, where the first is always
greater than the second. The large population of 10.000 individuals only converges
entirely to the Pareto dominant equilibrium for an imitation radius of 2 and a pay-off
radii of 3 or 4 (very slowly after 10 periods), or an imitation radius of 3 and a pay-
off radius of 4. Imitation radius of only 1 and pay-off radii of 2 and 3 converge to a
mixed equilibrium (approximately 95% and 0.5%). All other combinations converge
to the risk dominant equilibrium. The small population of 441 individuals converges
only to the Pareto dominant equilibrium, if imitation radius is 2 and pay-off radius
3. The pair of imitation radius of 1 and a pay-off radius 2 converges to the mixed
equilibrium, at which approximately 20% of the players choose the Pareto dominant
strategy. All other pairs converge again to the risk dominant equilibrium.

8e.g. changing initial distribution to 58% of Pareto dominant players necessitates a radius of 7 for
both populations, in order to converge to the risk dominant equilibrium.
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Figure 3.3.M: Convergence for two different societies: A.) 10.000 B.) 441

F 70 1100
| 2-3 | 2-3

A) B.)

The effect is explained as follows: Increasing the pay-off radius benefits relatively
the risk dominant players. A large imitation radius, conversely, increases the spa-
tial effect of a large agglomeration of Pareto dominant players on the neighbouring
players’ strategy choice for the next period. If individuals compare pay-offs only
highly locally, the agglomeration effect is negligible, leading to the observations:

Observation 3.3.1. Large populations are more likely to converge to the Pareto dominant

equilibrium than smaller populations.

Observation 3.3.11. For small imitation radii with respect to the pay-off radii, a population
will converge to the risk dominant equilibrium with high probability.

This implies a positive relation between the scope, with which individual choice af-
fects other players’ pay-offs, and individual short-sightedness on the one hand, and
the probability of convergence towards the risk dominant convention on the other
hand. If externalities are far reaching, individuals tend to choose the risk dominant
strategy. This is exactly the case of Palanpur. Figure shows the structure of the
mixed stable equilibria of the former set of simulations.

3.4 Conclusion

Although the assumptions that have been made at the outset are indeed very reduc-
tionist, a straightforward interpretation of the abstract findings displays an intricate
and intuitive set of results that governs the evolution of social conventions. In the set-
ting with imitation driven strategy choice and local interactions, a shift in conventions
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Figure 3.3.N: Stable Radius Ratios: first number indicates radius of imitation, second
number the pay-off radius

can only be triggered by a “minimal group” of individuals that completely adheres to
the alternative convention. This must hold for all interacting social levels (strata), de-
fined by the player type, in this group. In contrast to stochastic stability, not a single
stratum can cause a conventional change. The sufficient number of individuals in
such a group is determined by the size of an individual’s reference group and the
degree with which a society is connected. The likelihood of the evolution of a certain
convention is defined by a non-linear relationship between pay-off (Pareto) domi-
nance and risk dominance. In contrast to stochastic stability this finding holds also
for the case with only two potential conventions. In addition, for certain “pay-off”
constellations several stable conventions evolve and coexist, yet, each convention is
respected by a larger group of individuals.

In the case of very small external effects of an individual’s strategic choice, Pareto
efficient conventions evolve more likely. In such cases, risk dominant but Pareto inef-
ficient conventions can only persist, if they are incumbent conventions. If a conven-
tional behaviour is not yet defined, a population will either converge to the Pareto
dominant convention or, if both conventions offer almost equal pay-off, the popula-
tion will be in a stable state, in which both conventions co-exist. This will not be the
case for large external effects, since there exists a positive correlation between the size
of the externalities and the reference group on the one hand, and the likelihood with
which a risk dominant convention evolves. If individuals experience large scope ex-
ternal effects, they will almost certainly follow the risk dominant convention. This
effect is reinforced in small secluded societies.

In the spatial context of 2 x 2 coordination games, a population converges either to
one of the pure Nash equilibria or a mixed conventional state, in which the population
consists of large clusters of players that either play the Pareto or risk dominant stra-
tegy. Hence, Young’s framework is not contradicted per se in the spatial context with
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imitation driven responses, but,it shows that, in addition, the joint assumption of imi-
tation and local interaction can lead to long-term conventions that are not defined as
the SSS. The approach described in this chapter thus challenges the assumption that
a discriminative criterion can only rely on risk dominance. Here we have observed
that Pareto (pay-off) dominant eugqilibria are highly probable to define the long-term
convention.

Under the conditions of both approaches, a population will never adopt a strategy
that is both Pareto and risk inferior. Although this seems intuitive at first sight, there
existed and still exist numerous societies that adopted persistent interaction patterns
that are inferior (for examples see Edgerton, 2004). The issue at hand is that social
conventions and norms mostly exhibit a path dependent strategy set, implying that
not only full knowledge but also full accessibility to the individual’s strategy set can-
not generally be assumed. Behavioural patterns and social customs might dictate a
bearing that inhibits the evolution towards other equilibria and thus the adoption of
certain strategies. Hence, an evolutionary process might turn out to be a blind alley.
As Nelson states: “[...][Bleliefs about what is feasible, and what is appropriate, often
play a major role in the evolution of institutions.” Since both the spatial and Young’s
framework assume a conventional game with a fixed strategy set for each player, from
which he can chose freely under the constraint of the imitation or the best response
principle, these frameworks cannot take account of this circumstance Nevertheless,
I believe that a theory that tries to shed light on the evolution of social conventions
should allow for such kind of path dependency that social evolution adheres to.

Although the spatial approach neglects the effect of temporal choice constrains that
are imposed by the adoption of a specific strategy profiles on the individual of a so-
ciety, the approach can be directly expanded to incorporate this effect by adding a
third dimension on the spatial grid to the model. This third dimension is not a spa-
tial interaction constraint in this context, but represents the choice constraint that a
strategy exhibits on the individual for one period of time. The number of periods
is identical to the number of restrictive elements in a row along the third dimension
and each player finds himself on a unique 2 dimensional plane in each period. The
plane will be defined by the strategy choice, a player has made in the previous per-

19 Another issue that moves along the same line as the limited accessibility of the individual strategy
set, directly refers to Chapter 2, but can be more easily implemented into the model described in
this chapter: Time does not play a role in the definition of the error rate. Yet, whenever a popu-
lation stays close to a convention, its becomes increasingly embedded in the behavioural patterns
and more difficult to replace. This is only very weakly taken into account by the adaptive play
approach, i.e. by the assumption that players remember the history of past play.
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iod. Hence, his “choice path” is represented by the spatial depth. In consequence,
if a player chooses a certain strategy, he is restricted only to a subset of subsequent
alternative strategies. A population or cluster can thus end up in a evolutionary dead
end, and an evolutionary path once chosen may lead to such an “inferior convention”.
This extension might provide valuable material for further research.

In addition, fictitious (or adaptive) play and pure imitation are two extreme repre-
sentations of the heuristics that individuals apply to choose a strategy. For further
research, it is appealing to see which results can be obtained by mixed heuristics, and
if a threshold can be found defining which degree of imitation will still maintain a
positive probability to access the Pareto dominant though risk inferior equilibrium.
Since the group of possible learning algorithms is much larger than only those two
described herein, a broader analysis might also be of interest.

Furthermore, an expansion of the approach to more than two strategies seems also
promising for future research, not only with respect to the survival of strategies given

certain parameter combinations, but also in regard to the spatial patterns that can
evolve ™

2e.g. First simulations of an extended Prisoner’s Dilemma with three strategies, in which the defective
strategy can exploit the two others, and a semi-defective strategy can only exploit the cooperative
strategy, shows very interesting patterns. A structure evolves that is similar to a class society, in
which the middle class works as a buffer between the other two.
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Figure 3.A.O: Simulation for a; € (2.375,3.875;0.25) a.) 4 = 5; b.) na = 4; c.)
na =3;,d.) na =2;,e) na =1, £) na = 0; in c.)-f.) initial share of
By = 55%
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Figure 3.A.P: Simulation for b; € (—4,3;1) a.) 74 = 5;b.) 74 = 4;¢c.) 14 = 3; d.)

17A=2;e.) 17A=1;f.) 17A=0
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Figure 3.A.Q: Simulation for ¢; € (—0.1,3.5;0.2) a.) 4 = 5;b.) 14 = 4;c.) na = 3;
d) na =2e)na =1,f) 74 = 0; a.)-b.) 55% strategy B players, c.)-f.)
60% strategy B players
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Figure 3.A.R: Simulation for d; € (3.2,8.48;0.33) a.) y4 = 5;b.) 74 = 4;¢c.) 14 = 3;
d)na=2e)n4a =1;f) na = 0; c)-f) 60% strategy B players
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Figure 3.A.S: Two different societies (10.000 and 441 individuals), distribution after
one period of interaction

initial population

radius 1

radius 2

radius 3

radius 4

radius 5

SEBASTIAN ILLE




CHAPTER 3. THE DYNAMICS OF CONVENTIONS & NORMS:
- in Spatial Games -

Figure 3.A.T: Two different societies (10.000 and 441 individuals), distribution after
one period of interaction - first number indicates radius of imitation,
second number pay-off radius
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“Were | Alexander,” said Parmenio, “I would accept of

these offers made by Darius.”

“So would |, too,” replied Alexander, “were | Parmenio.”

Longinus (400-330 BC)

The Theory of Conflict Analysis:
A Review of the Approach by Keith

W. Hipel & Niall M. Fraser

In the spirit of theoretical pluralism, this chapter critically illustrates an
alternative game theoretic approach that expands the Nash equilibrium
criterion by assuming that players believe in the empathic ability to an-
ticipate other players’ simultaneous and future reactions to their strate-
gic choice. An individual’s best response strategy is defined based on
this projection, adding additional stability conditions to strategic choice
and increasing the set of potential equilibria beyond pure Nash equili-
bria. Among other interesting properties the approach can thus explain
the occurrence of stable outcomes that are not Nash equilibria, such as
the cooperative equilibrium in the Prisoner’s Dilemma, without the ne-
cessity to change the game structure. Conflict Analysis further enlarges
flexibility as the approach requires only an ordinal preference order. As
a basis for future academic debate the assumptions of the Conflict Ana-
lysis approach are critically analysed and the approach is applied to a
set of games, demonstrating its advantages and drawbacks.




Introduction

Conflicts are an essential part of interactions between and within any species and
also play an important role in interpersonal relations (Lorenz, 1974)E| Thus, conflicts
constitute a vital part in the description and modelisation of interactions between
economic agents. This chapter presents an interesting and efficient alternative game
theoretical approach, not only to model conflicts between players, but also to analyse
games in general.

This chapter follows Frank Hahn'’s call for theoretical pluralism, who stated: “...[A]ll
these ’certainties” and all these "schools” which they spawn are a sure sign of igno-
rance ... we do not possess much certain knowledge about the economic world and
... our best chance of gaining more is to try in all sorts of directions and by all sorts
of means.” The approach, demonstrated in this chapter, breaks with some of the
concepts of rational choice in a way that might not be accepted by all scholars. Yet,
the general purpose is to illustrate an alternative perception of rationality that gives
rise to academic debate and to call economists” attention to this approach as a poten-
tial step towards an augmented game theoretical framework.

The approach, henceforth called “Conflict Analysis” (CA), was originally develo-
ped by Keith W. Hipel and Niall M. Fraser(1984) and builds on the initial work of
Howard (1971). The approach enjoys some interesting properties that render it espe-
cially interesting: It is able to model a higher order reasoning that allows players to
anticipate other players’ reaction to their strategic choice. It thus expands the original
stability concept and obtains equilibria that are plausible but not identified as such
by the Nash criterion. Yet, the approach does not require that these “empathic” anti-
cipations of strategy choice and of preferences are correct. The possibility to model a
game as a “hypergame” (of higher order) allows for conditions, in which players dis-
play a misperception of the rules underlying the game. Furthermore, the approach
is capable of tackling larger (non-quantitative) strategy and player sets than most
game theoretical approaches solvable in a closed form. Another advantage, though
not unique to this approach, lies in the sole requirement of only an ordinal prefe-
rence order. A cardinal order should demand detailed data on the relative weights
that the conflicting parties place on the various outcomes and the strategy profiles.

In contrast, this approach stays completely within the concept of preference relations,

1Konrad Lorenz is one of the founding fathers of ethology and Nobel prize laureate for physiology
or medicine in 1973. In “Das sogenannte Bose” (English title: “On Aggression”) he described the
root of aggression both for animals and humans and its impact as a primary instinct on social life.
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without the necessity of a function that attaches real numbers to each element in the
outcome set, thus completely avoiding the standard notion of utility representation.
A quantification of the players’ preferences, which is because of the lack of precise
data mostly arbitrary, can be thus avoided. In addition, the pairwise comparison of

preferences over outcomes does not require transitivity of preferences.

After reviewing the theoretical basis of Hipel and Fraser’s approach, it is applied to
standard one-shot games, to paradoxes and to sequential games. This chapter further
analyses the requirements for the “rational” validity of Conflict Analysis and illus-
trates both the differences and the potentials with respect to standard game theory,
discussing the advantages, as well as the drawbacks of this approach. In the current
chapter the focus lies more on the static representation. The dynamic representation
is only presented in the original formulation of Hipel & Fraser (1984). An extension

of the original approach in this respect can be found in Chapter 5.

The first section illustrates the general theoretical basis and methodology neces-
sary to analyse games. It constitutes a more concise and analytical representation
of the solution algorithm explained in “Conflict Analysis - Models and Resolutions”
(Hipel & Fraser,1984). Section exemplifies the approach via the Prisoner’s Di-
lemma. It demonstrates how misperception of preferences can be modelled, and
introduces a simple dynamic representation. Section shows how the approach
manages certain popular dilemmas and paradoxes. Section [4.4|applies this approach
to various sequential games and shows a way to discriminate between the equilibria
obtained. Section [4.5|provides a critical examination of the theoretical background of
Conflict Analysis, discussing eventual deficiencies that arise. Section |4.6| constitutes
the conclusion. The appendix (section[#.A)) contains a short introduction to Metagame
Theory, for the interested reader.

4.1 Solution algorithm

In the following the solution algorithm is represented in its easiest form. The ge-
neral idea is that not all equilibria of a game are captured by the Nash equilibrium
concept, but additional stable equilibria exist that fall outside the definition of Nash
equilibria. It is assumed that an individual does not only consider those strategies
currently chosen by other players, but also takes account of the subsequent and si-
multaneous potential reactions of other players by applying a certain form of back-
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ward inductionﬂ Though an individual does not assign specific probabilities to how
likely another player chooses a certain subsequent (or simultaneous) response stra-
tegy, it is assumed that an individual refrains from playing a strategy that will trigger
a response with positive probability, which will change his outcome for the worse. In
addition, since the utility ranking is purely ordinal and no pay-offs are assigned to
any strategy profile, equilibria are only defined by pure strategiesﬂ

An n-person non-cooperative game is defined by G = (51, S, ..., Sy; Uy, Uy, ..., Uy),
with player set N = (1,2,3,...,n). S; being individual i’s strategy set and U; being
defined as i’s preference function for each i € N. For the given set of players and
the individual strategy sets, a strategy profile is defined by s = (s1, s, 53, ..., S ), with
s; € S; being the strategy chosen by individual i. The set of all strategy profiles
is then defined by S = S; x S X §3 X ... X §,. There exists a preference function
U; that ranks the strategy profiles according to individual i’s preferences over the
associated outcomes. Uj; is not necessarily a utility or pay-off function, it suffices that
it assigns all strategy profiles in the strategy profile set to two subsets with respect to
any underlying strategy profﬂeﬁ Hence, U; is not required to attach a real number to
all outcomes in order to present i’s preferences. Assume g and p to be two strategy
profiles and denote the associated outcome by O(g) and O(p), then

p € Ui (q), iff O(p) =i O(q)
p € U; (q), iff O(p) =; O(q)

with U (q) NU; (9) = @ and U} (q) UU; (q) = S. Hence, for each strategy profile g,
set S is divided into a set of strategy profiles, whose outcomes are strictly preferred to
the outcome associated with g and a set of strategy profiles, associated with those out-
comes that are not preferred to O(gq). Consequently, completeness is the only axiom
that must hold for the underlying preferences. Owing to the pairwise comparison

2The approach is later on extended to include forward induction. The examples in appendix 4.4 will
show that after having obtained the set of equilibria, forward induction can discriminate amongst
them, if each equilibrium is defined by a unique path, i.e there is no ambiguity with respect to
the position of a player’s decision node in the path defined by any equilibrium in the equilibrium
set. Once the first mover has chosen a strategy, each subsequent player knows for sure, which
equilibrium path is followed.

30n the issue of pure strategies, see Harsanyi, 1973 and Morris, 2006. The assumption, by which
a minimal loss probability, deriving from a strategy switch, is sufficient to deter a player from
choosing this strategy, is similar to the maxmin criterion used in Decision Theory, see Gilboa &
Schmeidler, 1988; and Hey et al., 2008.

4In other words, U; is a function from set S to its Boolean B(S).
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of outcomes, transitivity is unnecessary. This chapter will, however, concentrate on
games, which exhibit transitive preferencesﬂ For convenience I will henceforth use
the formulation that strategy profile g is preferred to p, meaning that the outcome
associated to g is preferred to the outcome associated to pﬁ The preference order thus
obtained will be the basis of the analysis. In order to determine equilibrium strategies,
tirst define the set of strategies to which a player has a possible incentive to switch,
given the strategies of the other players. These strategies are defined by the set of
“dominant profiles”. Second, these strategies need to be analysed for their validity,
i.e. if the player has still an incentive to switch after taking into account the potential
simultaneous and subsequent responses of other players:

I. A given strategy profile g = (5;,5_;) is defined by the strategy s; of player i and
the strategy profile 5_;, determined by the strategic choice of all players other
than i. Denote a strategy profiles, which can be obtained by a unilateral strategy
switch, by z;(q) = (s;,5-;), with any s; € S;. Given the set Z;(gq) of all strategy
profiles that can be obtained by a unilateral switch of i, the set of “dominant
profiles” for g is then defined as

DP:u (q) = Zi(q) N U (g),Vs; € S; 4.1.2

In other words, for each underlying strategy profile, the possible better response
strategies of player i are defined by a set of strategy profiles (first) that can be
obtained by a unilateral strategy switch, given the strategy profile of all players
other than the player being analysed, and (second) that are strictly preferred to
the current strategy profile by this playerﬂ Hence, we do not only assign a single

°It must clearly hold that for any strategy profile o either 0 € U (q) or o € U; (q), but never both
since both sets are disjoint, nor neither, as U (q) U U; (q) cover the entire outcome space. The
presentation inf4.1.TJallows for intransitivity. Given O(0) >; O(p), O(p) =; O(q),but O(q) >; O(0),
the intransitive preference is represented by o € U (p), p € U; (0), p € Uf(q),q € U; (p), q €
Uf(0), and o € U; (q). Transitivity should be only required, if it strictly holds that O(p) ~; O(q)
implies U; (q) C U; (p).

®Strictly speaking, an individual does not retain a preference over strategy profiles, but over the
associated outcomes/consequences. It is assumed that in a given state w a unique strategy profile is
associated to each outcome and, hence, for state w we can simply speak of an individual preference
order over strategy profiles. In another state w’, a player might associate other outcomes to a
strategy profiles. Thus the preference order is not unique, but depends on the state. Chapter 5
exploits and extends this property.

"Notice that for complete and transitive preferences and a strict preference order, such a set can only
consist of strategy profiles that lie in the direction of preference (here: to the left in the preference
order in the later representation). Also notice that in this definition, a DP necessitates strict prefe-
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strategy profile defined by the best response strategy to a given strategy profile,
but all strategy profiles p = (s¥,5_;) for any s* € S;, such that O(p) ~; O(g). In
other words, all those strategy profiles defined by all possible “better” response
strategies of player i define a dominant profile. - Throughout this chapter a
dominant profile is denoted in short as “DP”.

It needs to be checked whether such a possible better response is still valid, if
a player reasons about sequential or simultaneous better response strategies of
other players. As a result, in addition to the standard Nash equilibria, Conflict
Analysis defines two more criteria for stability: sequential and simultaneous
stability. In general, if a strategy is the unique valid best response, the strategy is
considered to be stable for this player as he has no incentive to switch. Though a
slight abuse of the standard definition, a strategy profile defined by such a stable
strategy for player i is also defined as being stable for player i. An equilibrium is
thus defined by a strategy profile, in which each component is a stable strategy
given the other strategies; or using the slightly abusive definition, by a strategy
profile that is stable for all players. For any strategy profile g = (5;,5_;) we
obtain the following forms of individual stability for any player i:

(a) Rational Stability: Like in the standard Nash approach, an individual has
no incentive to change his strategy, if he is already playing the rational best
response to the strategies chosen by all other players, implying that no other
possible better response strategy exists. If strategy profile q characterises
the best response strategy for player i to all other players’ strategies in the
strategy profile, this strategy profile is defined as rationally stable for player
i. Hence, a strategy profile g is rationally stable for player i, if the set of
dominant profiles is empty. Thus for g4 = (5;,5_;) to be rationally stable for
player i, it must hold:

Rational Stability: u;" (5;,5_;) = @,Vs; € S;

(b) Sequential stability: A switch of player i to a better response strategy can
entail a subsequent switch in strategies of another player j, since j’s strategy
is no longer best response. This may result in a strategy profile that is not

strictly preferred to the original strategy profile by player i. Consequently,

rence. In later games I will relax this assumption and illustrate the effect of weak preference on the
equilibrium set.

SEBASTIAN ILLE



CHAPTER 4. THE THEORY OF CONFLICT ANALYSIS:
A Review of the Approach by Keith W. Hipel & Niall M. Fraser

player i will refrain from choosing this possible better response strategy;,
since a switch will not make him better off. If all possible better response
strategies will eventually lead to not strictly preferred outcomes, the current
strategy defined by the underlying strategy profile is best response; thus this
strategy profile is defined as sequentially stable for player i.

Assume that player i switches from the strategy defined by strategy profile
g to a possible better response strategy, thus changing the outcome to a stra-
tegy profile defined in the set of DP’s for q. Let this DP be defined as p.
Remember that all possible better response strategies for any player are de-
fined by the individual dominant profiles for this player. The set of better
response strategies of another player j to the new strategy profile p is then
defined by j’s DPs for profile p. It is thus sufficient to look at the DPs of
player i for strategy profile ¢ and at the DPs of all other players different
from i for p. Consequently a DP, or more correctly the strategy of player
i defined by the DP, is sanctioned, if there exists some player j, who can
choose a viable response strategy to the possible better response strategy (de-
fined by p) of player i in such a way that the resulting strategy profile is not
strictly preferred by player i to the one from which he originally deviated
(9)- Viable is thereby defined as a strategy switch that immediately results in
a strategy profile strictly preferred by player j (i.e. defined by a DP of player

j to strategy profile p)ﬂ

As a result, in order for a DP to be sequentially sanctioned, it is already suffi-
cient that at least one possible better response strategy (i.e. DP) of one other
player to player i’s strategy choice exists that induces a less preferred stra-
tegy profile for i. If all “better response” strategies of player i are sanctioned
in such a way, the current strategy is best responseﬂ

For any player j define ﬁ;r(p) =Zi(p)N LI].+ (p) as the set of DPs for player j
to player i’s dominant profile p for g, i.e. the set of strategy profiles obtained

8The viability assumption avoids that a player strategically chooses a strategy that deteriorates his
utility hoping that the others response strategies will eventually make him better off. The assump-
tion also evades cycles. This is, however, not the case if we assume that equally preferred strategy
profiles can be DPs, i.e. if only a weak preference is necessary. Therefore I am in favour of refusing
this last assumption of equally preferred strategy profiles serving as DOs. Examples in section [4.3]
will elaborate this issue.

90One might think of sequential stability as the best response strategy derived from backward in-
duction with high ambiguity aversion. We will, however, observe in section 4.3| that backward
induction is not equivalent to sequential stability.
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by player j’s better response strategies to strategy profile p = (s¥,5_;), with
O(p) =i O(g). In order for g = (5;,5_;) to be sequentially stable for player i,
it must hold:

Sequential stability: ﬁ;’ (p=(si,5-4))NU; (9= (5,5-)) #9,

Vs; € St p=(s,5_;) € ul(q) and for any j # i

(c) Instability: If i’s strategy defined by g is not best response to the other players’
strategies defined in g (i.e. if the set of dominant profiles for g is not empty
and at least one dominant profile is not sequentially sanctioned by a viable
response strategy of at least one of the other players) strategy profile g is ter-
med unstable for player i. In other words strategy profile g is unstable, if nei-

ther condition4.1.3/nor 4.1.4/hold. Hence, player i will switch to the strategy

defined by the unsanctioned DP, as this will lead with certainty to a strictly
preferred strategy profile. As a direct result from the previous definitions,
for profiles g and p defined as before, g is unstable, if

Instability: 3p € u;(q) : ﬁ;“(p) NU; (q) =@Q,Vj#i

and somes; € S;: p = (s;,5_;)

(d) Simultaneous stability: In addition to the previous types of stability, simul-
taneous stability can occur in games that are not sequential or if the other
players’ strategy choices are mutually unknown. It is generally a weaker and
rarer form of stability and should be checked for plausibility@ The main
idea is that if more than one player simultaneously switch strategies from
a current strategy profile, where possible better responses exist for those
players, the resulting strategy profile may be not strictly preferred by the
player currently analysed. Hence, probable occurrence of such a simulta-
neous strategy change deters the player from switching his strategy. If for
all strategies of player i, which destabilise g through equation such a
simultaneous switch of other players occurs with positive probability and, in

addition, can lead to a strategy profile not strictly preferred to g by player i,

ONote that the following definition also includes 3p € u;(g) : ﬁ]*(p) = Q,Vj #iand somes; : p =
(S;-( ,8_i).

Section will discuss a game, where simultaneous stability is of major importance, as it captures
an effect similar to risk dominance.
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then strategy profile g is termed “simultaneously stable for player i”. Other
players are only likely to switch, if they also have a valid better response for
g. The set of other players is thus defined by all those players for whom g is
unstable. Consequently, simultaneous stability needs only to be checked for
strategy profiles that were previously defined as unstable and only for those

corresponding DPs that are not sequentially sanctioned.

Since a player has no information about the strategy choice of other players,
a simultaneous strategy switch can be effected by the entire set of players,
who possess a viable, not sequentially sanctioned, better response strategy,
but also only by a subset@ Let 0 be a possible strategy profile resulting from
a simultaneous switch in strategies of other players for whom there exists a
DP for some strategy profile q. Hence, o is defined both by components that
are identical to those in g (the players, who did not switch) and by compo-
nents consisting of strategies defined by a not sequentially sanctioned DP
of g for each player that switched. This includes also player i’s switch to
some strategy s} fulfilling condition[4.1.5] If 0 is not strictly preferred to g by
player i, strategy s? is “simultaneously” sanctioned and will not be chosen
by i. If this is the case for all DPs that rendered the strategy profile unstable
for i, strategy profile q is simultaneously stable for i. The current strategy is
best response with respect to the possible simultaneously chosen strategies
of the other players, who have an incentive to switch.

For any player j, define Sjg(q) as the set of strategies of player j that ren-
der a strategy profile g unstable plus the strategy originally played, i.e. all
those strategies that are defined by the unsanctioned DPs of q according to
equation[d.1.5] as well as the strategy s; corresponding to profile 4. Thus, for
q = (5;,5_;) the set of simultaneously attainable strategy profiles is given by
S(q) = Sj(q) x S5(q) X .. x Sy(q) x S_ym for a player set
M= (1,2,...,m) CN: heM,iff (5(9)\{5,}) # @. In other word,
set M is defined by those players, who posses a non-sanctioned DP for g,
including player i H

126 ¢ This implies, that seven possible player combinations for each player i have to be analysed
o 171)) for a case, in which a strategy profile is unstable for four players of the entire player set.

13Hence, simultaneous stability adds the idea of eventual simultaneous switches to the underlying
assumption of backward induction.
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Simultaneous stability: Vs; € S7(g),35° . € S°.(q) : (s},5°;) € U. (q)

III. The definition of an equilibrium is identical to the standard approach. The set
of equilibria of the game is specified by all strategy profiles, in which each com-
ponent is defined by the best response strategy of each player given the stra-
tegies chosen by all other players, i.e. all those strategy profiles that are stable
for all players (either rational, sequential or simultaneously). Notice, however,
that only if a strategy profile is rationally stable for all players, it is a Nash equili-
brium. All those equilibria that are not rationally stable for one or more players
but either sequentially or simultaneously stable would not be defined as an equi-
librium in the standard approach.

An example will be given in the following section. The next subsection will elabo-

rate the form of representation used in this and the following chapter.

4.1.1 Representation

Since this approach goes beyond the Nash definition of an equilibrium by adding se-
quential and simultaneous stability, a representation of a game in normal or extensive
form is insufficient. It is therefore necessary to spend a few words on the structure
of analysis. Each strategy can define a set of actions, such that an individual strategy
consisting of r independent actions is defined as s; = (ay;, 42, ...,4,). A player has
the choice whether or not to take a certain action. Define the set Ay; = (a;, ~ay;), so
set Ay; consists of two elements, the first meaning that action k is chosen by player i,
the second that it is not. Whence we obtain that S; C xjAg;, where the equality holds
if none of the actions are mutually exclusive. Hence, each strategy of a player i can
be uniquely defined by a binary vector of length equal to the number of actions that
player i possesses. Similarly, also each strategy profile can be uniquely identified by
a binary vector equal to the sum of all available individual actions. Each element in
this vector defines an individual action and its value whether the action is chosen or
not.

Assume a game with three players, where the strategy set S; is defined by the num-
ber of actions x = | Uy Ay, strategy set S; by the number of actions y = | Uy Ay;l,
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and strategy Sj by the number of actions z = | Uy Agp|, implying that the actions are
mutually non-exclusive for player i, j and 4, respectivelyﬁ In such a three player

game, each strategy profile g = (s;, s;,s;) can be defined by a binary vector of length

. /_L /_L / 2 > .
x+vy+zgivenbyg§ = (I,1,...,1,1,1,...,1,1,1,...,1)T. I denotes a binary value of
either 0 or 1, where 1 implies that the action is chosen, 0 that it is not. Hence, each
player individually defines the sequence of this binary vector for a length equal to
the number of available actions. As an example, for a three player game, in which
each player has two mutually non-exclusive actions, one strategy profile p is defined
by p = (0,1,1,0,1, O)T. The length of this binary vector can be reduced in the case
of mutually exclusive actions. If an action A can only be chosen, if an action B is not
and the inverse, but one action has to be chosen, then both action can be described by
a single digit in the binary vector. I = 1 could be defined as A is chosen by a player i,
and thus I = 0 would mean that B is chosen.

Each such binary vector can be again uniquely defined by a decimal code, calcula-
ted as follows: In general the binary vector has | U;cn (U ax;) | digits (less the number
of those actions reduced by the aforementioned simplification in the case of mutually
exclusive actions) that have either the value 1 or 0. Like the binary code of a computer
this can be rewritten by taking the sum over the products of the digit times two to the
power of the position in the vector. Consequently, the example p = (0,1,1,0,1, O)T
can be written as 0% 2% + 12! +1%22 +0%23 +1%2% + 0% 2% = 22 = p. The value of
22 does not represent a preference, but is the short representation of a strategy profile.

A preference order can thus be defined as a vector of length equal to the sum of
actions (| U; Uk Axil), reduced by the actions that are mutually exclusive, that can be
transformed into a natural number defining a strategy profile.

Given the assumptions, the preference function U; orders the strategy profiles into
the preference vector according to the preferences of player i over the associated out-
comes. Since preferences are strictly ordinal, it suffices to note down the natural
numbers, identifying each a strategy profile, in a vector, where the position of the
component indicates the preference. Starting with the most preferred, strategy pro-
tiles can be ordered from the left most position to the right. This implies that for strict
and transitive preferences each strategy profile can have only one position in the pre-
ference vector and it is strictly preferred to all strategy profiles noted further to the
right,i.e. forO(q) =; O(p) = Ui = (..., 4,-..,p,---)-

14| .| denotes the cardinality of a set, i.e. absolute number of elements in the set.
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4.2 Example - A Prisoner’s Dilemma

This section will illustrate the approach presented above. First notice that for simpli-
city, whenever the game representation has been changed to the game form used in
the Conflict Analysis approach, I will speak of strategy profile x, where x is in fact the
natural number defined by the decimal code that refers to strategy profile x.

For two reasons, the Prisoner’s Dilemma (PD) is chosen as an example: First, it is
a simple game known to most social scientists and second, it also shows some theo-
retical intricacies, unapparent in other games (for a detailed discussion of theoretical
issues concerning the PD, see section 1.5 beginning on page [I58). Suppose a game
G with two players i = A, B, where each player possesses an action, which he is
free to take or not, and thus two strategies S; = {not confess, confess}. The pay-offs
represent the players’ preferences over the outcomes, each defined by a strategy pro-
file. Hence, the pay-off of player i is given by 7;(s;,s;), with i # j under strategy
profile (s;, s;). Furthermore, assume that pay-offs are symmetric, i.e. independent of
a player’s position. The general symmetric 2x2 game is represented by the following

normal form game:

not confess confess

not confess a,a b,c
confess ¢, b d,d

Assuming ¢ > a > d > band 2a > b+ c turns the game into a Prisoner’s Dilemma.
Joint non-confession is welfare maximising, but joint confession is the single Nash
equilibrium, since confess strictly dominates not confess.

In this game, each player has the choice over the single action (a; = con fess). Each
of a player’s two strategies can thus be defined by a single binary value, and a stra-
tegy profile can be uniquely defined by a vector with two binary components, one for
each player. A vector (1,1)7 means that both players confess, whereas (1,0)” implies
that player A confesses, but player B does not. Each of these strategy profiles can be
converted to a decimal value based on the strategy composition. Table[4.2.alillustrates
the decimal representation.

Following the previous assumption that ¢ > a > d > b, the preference order for
player A is represented by a vector (1,0,3,2) and for player B the preference order
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Table 4.2.a: coding the binary strategy profiles into decimal digits - strategy coding:
confession=1, no confession=0

Set of Strategy profiles
Player A 0/1(0(1
Player B 0/0(1/1

| Decimal Code [ 0[1[2]3]

is defined by vector (2,0,3,1). By condition and since confess strictly dominates
not confess, it holds that u (1) = {0}, u}(3) = {2}, uj (2) = {0}, and u3 (3) = {1},
and all other sets are empty. Player A can unilaterally improve from strategy profile
0 (not confess, not confess) to the dominant profile 1 by choosing strategy confess. This
enables him to increase his pay-off from a to c. Furthermore player A can unilaterally
switch from strategy profile 2 to the dominant profile 3. For player B the DP from
strategy profile 0 is strategy profile 2, from strategy profile 1 it is strategy profile 3.

By condition strategy profiles 1 and 3 are rationally stable for player A, and
strategy profile 2 and 3 are rationally stable for player B. Since a switch to stra-
tegy profile 3 is unsanctioned, strategy profile 2 is unstable for player A according to
condition4.1.5] The same holds for player B with respect to strategy profile 1. A stra-
tegy switch from strategy profile 0 to his DP is sanctioned for both players through
the subsequent switch of the other player to strategy confess. Since O(0) >=; O(3)
condition holds for both players. By definition of stability, strategy profiles 0,
1, and 3 are stable for player A, strategy profiles 0, 2, and 3 are stable for B. Conse-
quently, 0 and 1 define the equilibria of the game.

The game can be much easier analysed, especially in the case of more strategies and
players, when put into a form similar to the classical normal form. The sequential
analysis renders, however, the normal form insufficient. The following presentation
is thus a mix between the normal and extensive form. It will be used throughout the
remaining parts of the chapter, since it succinctly represents both the game’s dyna-
mics and equilibria.

In order to derive table tirst, note down the preference order for both players.
Those have already been derived above from condition ¢ > a4 > d > b. Second, note
down the dominant profiles given by condition under each strategy profile in
order of preference. Notice again that, as in the Prisoner’s Dilemma preferences are
strict, a DP can only be a strategy profile that appears to the left of the strategy profile,
under which the DP is written. Consequently, the strategy profile that is farthest to
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Table 4.2.b: Solution to the Prisoner’s Dilemma

Stability Analysis
| equilibrium [x|[E]E]|x]|
Stability s|r|u
Player A | Preference Order || 1 | 0 | 3 | 2
DP 1 3
Stability r{s|r|u
Player B | Preference Order || 2 | 0 | 3 | 1
Dp 2 3

the left is always rational, since a DP cannot exist. Based hereupon, the stability
of each strategy profile can be analysed according to the conditions described above.
The abbreviation for the stability should be read as follows: u - unstable, r - rationally,
s - sequentially, and i - simultaneously stable.

Starting with player A, for strategy profile 1 and 3, the boxes indicating their DPs
are empty. Hence, both strategy profiles are rationally stable. For player A, the DP of
0 is to switch to 1. Yet, the DP of 1 for player Bis 3. As 3 is further to the left than 1 in
the preference order of player A (i.e. it is strictly less preferred), this strategy switch is
sequentially sanctioned. Since this is the only available DP for 0, this strategy profile
is sequentially stable for player A. A switch of A from 2 to 3, on the contrary, does
not affect player B’s strategy choice, since 3 has no DP for that player. A switch
from 2 =(not confess, confess) to 3 =(not confess, not confess), will thus not trigger any
response by player B and thus player A can impose unilaterally the preferred strategy
profile. The same analysis for player B reveals that 1 is unstable, but a switch from 0
to 2 is sanctioned by player A’s shift to 3.

It remains to test for simultaneous stability of strategy profile 2. Since player B has
no DP from 2 condition does not hold. The same with respect to 1, from which
player A has no DP. Notice that if strategy profile 0 were not already sequentially
stable, it would be simultaneously stable Each strategy profile that is not assigned
a u defines an equilibrium, illustrated by E in the top row.

Thus, for the Prisoner’s Dilemma we obtain two equilibria in pure strategies. One
is defined by joint non-confession, the other by joint confession. None of the two

15 Assume that for both players’ the D Ps for strategy profile 0 were not already sequentially sanctioned
and simultaneous stability needed to be tested. A simultaneous switch of both player A and B to
confess (which is their preferred strategy according to the DPs) will result in strategy profile 3,
which is strictly less preferred.
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strategies is strictly dominantm This contrasts with the classical analysis. Conflict
Analysis keeps the game’s structure, and has therefore an advantage over explana-
tions using other regarding preferences, if the original notion of Prisoner’s Dilemma
and its validity for social interactions should be maintained. By transforming the
pay-off matrix in such a way, the game ceases to be a Prisoner’s Dilemma. Inference
can only be made for this new game as the rules of the game are changed and not
the structure of analysis. In the Conflict Analysis approach the class of preference
ordering, on the contrary, is not enlarged beyond the original definition of a PD, since
preferences stay purely “self-referential”. Yet, the stability of the cooperative equi-
librium requires at least a supplementary assumption. Furthermore, both equilibria
will not occur with equal probability and the cooperative equilibrium will only arise,
if additional conditions hold. A discussion of these issues is postponed to subsection
on page[139]and section 4.5 beginning on page

Also notice that the analysis of simultaneous stability can be simplified by using
the decimal value that is attributed to each strategy profile. Assume that a strategy
profile with decimal value 4 should be tested for simultaneous stability and ; is the
decimal value of the corresponding DP for player i. The new possible strategy profile

given by value § is defined by

X
=) 6;—(x—1)4,x=2,3,. 4.2.2
i=1
where x is equal to the number of players under consideration from the total set of
players M, who possesses a DP from qm

4.2.1 Multi-Level Hypergames

A hypergame occurs, whenever some player j is wrong about the true nature of game
G and perceives a game that either or both differs with respect to the actual preference
order or to the available strategies in the sets S_; of the other players. Define player
i’s strategy set and preference order by the vector V; = {S;, U;}. A non-cooperative n-

16Those readers familiar with “Metamagical Themas” (Hofstadter,1985) will recognise the similarity
between the Conflict Analysis approach and “superrationality”.

7Consider the example of strategy profile 0. After a simultaneous switch of both players from 0, the
new equilibrium would be given by 3 = (1 +2) — (2 —1)0 = 3 (since x = 2). If there were three
players (A, B,C) € M, then x can take value 2 and 3. Simultaneous stability has to be checked for
the cases, in which all players choose a DP (hence x = 3) and only two players react (x = 2).
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player game can be represented by G = (V3, V5, .., V;;). If one or more players misper-
ceive the underlying rules, game G for player j is given by G; = (Vy;, V3j, .., Vy,j) and
hence, a first level hypergame is defined as H = (G, Gy, ..., Gn). If other players are
aware of the faulty perception of player j, the game turns into a second level hyper-
game, where the game for player j is defined by an individual first level hypergame
H; = (Gig, Gag, ..., Gng). Consequently the second level hypergame is represented by
H? = (Hy, Hy, ..., Hy). The reasoning can be continued for higher level hypergames.
A third level hypergame would occur in the case, where some player erroneously
perceive another players misperception, which is again recognised by other players.
The third level hypergame will be represented by H> = (H?, H3, ..., H2). In the case of
two players with i = A, B a first level hypergame is characterised by H = (G4, Gg).
A third level hypergame will have the form

B = (2, H2) — Haa Hpa| _ ) (Gaaa Gpaa) (Gapa Ggpa)
AR Hap Hgp (Gaas Ggas) (Gaps Ggss)

The equilibria of a first level hypergame depend on the stability of each player’s
strategies within their individual games. The set of equilibria is defined by those
strategy profiles that are stable according the the individual perception given by the
individual stabilities in H = (G4, Gg), i.e. by the strategy profiles stable both in V44
and Vpp. Suppose both players erroneously believe that the other player most prefers
none of them in prison and least prefers both to be imprisoned. The game that A
believes to be playing is given by G4 = (Vaa, Vea) = ({1,0,3,2},{0,2,1,3}) and
B’s game will be given by Gg = (Vap, Vap) = ({0,1,2,3},{2,0,3,1}). The stabili-
ties are derived for each game individually. They are, as well as solution to the first
level hypergame, represented in table The stabilities for V45 and Vg4 are not
written down specifically, since they are irrelevant for determining the set of equi-
libria of the first level hypergame. They are only of importance, when checking for
eventual simultaneous stability. In this game, however, none of the strategy profiles

is simultaneously stable.

If both players believe the other player to be more altruist, the only possible equi-
librium will be strategy profile 3. A switch to the non-cooperative strategy is not
sanctioned by a sequential switch of the other player. In the case of higher order
hypergames and a two player game, the analysis of higher level hypergames can be
reduced to the examination of the two games on the top left and bottom right on the
main diagonal of the hypergame matrix (for an example see, Hipel & Fraser, 1983 Ch.
3 & 4). The two games are sufficient to determine the final set of equilibria in the
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Table 4.2.c: Solution to the Prisoner’s Dilemma Hypergame

Stability Analysis
| equilibrium [ x[x][E]|x]
Stability rju|r|u
Vaa | Preference Order || 1 |0 | 3| 2
DP 1 3
Preference Order || 0 | 2 | 1 | 3
Vap | DP 0 1
Preference Order | 0 | 1|2 | 3
Vga | DP 0 2
Stability rju|r|u
Vg | Preference Order |2 | 0| 3 | 1
DP 2 3

higher level hypergame, independent of the order of the underlying hypergame@
The higher level hypergame then breaks down into a first level hypergame with
H = (Gaaa.., Gpgg...), as the other matrix elements are of no importance. Only stra-
tegy profiles that are stable both in V444 and Vppp.. form elements of the set of equi-
libria. This is a direct consequence from the simple fact that H = (Gaaa.., Ggps...)
represents the game that each player believes to be playing respectively@

18 An analysis of the other games is only necessary, if it is of interest what individuals believe about
the outcome of their hypergame, i.e. their analysis along the various levels of misperception in the
higher level hypergame. If individual perceptions about the equilibria in their game is irrelevant,
the analysis can be substantially simplified.

19Nevertheless, Hipel & Fraser’s analysis can be even further refined, if these individual games are
of interest. Consider another approach: First analyse all zero level games of the original n-th level
game. Each zero level game (there will be 2", with r being the order of the hypergame; but games
of higher order than three are unlikely to occur) will result in a set of possible equilibria. These
equilibria will define the strategy that a player will choose and hence, will determine the set of
equilibria for the next higher level hypergame. The next-level equilibria are determined in the
same way that new equilibria are derived, if testing for simultaneous stability (equation[4.2.2). The
equilibria obtained should be checked, if it is stable according to the underlying stabilities for both
players in the corresponding hypergame (i.e. the top left and bottom right elements). An example
will make the idea clear: Assume a second order hypergame of a game as in matrix given by
some arbitrary pay-off configuration, and for simplicity that there is only one equilibrium for each
zero level hypergames. Assume them to be Gy4 = 2, G4 = 1, Gap = 1, and Gpp = 2. Hence,
A assumes that the game without erroneous play would end up in equilibrium 2, but that B will
perceive the game to end up in equilibrium 1. B believes the inverse. Consequently, hypergame
H 4 will lead to equilibrium 0 - player A chooses not confess in accordance with equilibrium 2, he
expects the same for B in accordance with equilibrium 1, the result being equilibrium 0 ((not confess,
not confess). The same reasoning will lead to equilibrium 3 ((confess, confess) for Hg, which player
B believes to be playing. Accordingly, equilibria 0 and 3 will lead to H? = 2 ((not confess, confess).
Hence, 2 will define the hypergame’s equilibrium. Both approaches will probably lead to identical
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4.2.2 Dynamic Analysis

The approach presented so far is purely static, yet most conflicts are dynamic pro-
cesses. It is necessary to adapt the approach to explain and model the dynamics of
repeated games. Fortunately the static analysis is the first of two steps to derive a
transition matrix and to represent the game as a Markov chain. The dynamic analysis
also has a significance that goes beyond the original purpose intended by Hipel &
Fraser: It is, nonetheless, also instructive to understand the reasoning of players that
led to the stability of the equilibria in one-shot games under the assumptions of CA.

There are two motives that form the basis for the application of the Conflict Analy-
sis approach to one-shot games, first, an empathic rationality of players, or second, an
evolutionary incapacity of players to rationalise the singularity of such games. The
tirst supposes that players have the potential to comprehend, experience and pre-
dict the feelings of other players that determine their strategic choice. Empathy is
thus clearly distinct from sympathy and is not identical with the concept of identifi-
cation. The second relies on a possible explanation of why individuals are observed
to choose non-rational actions in single shot games. Caused by the rare occurrence
of non-repeated interactions, evolution did not prepare us for one-shot games, thus
creating a lack of apt heuristics for interactions that occur as a single incident. The
discussion of both assumptions and the theoretical implications are postponed to sec-
tion 4.5/ on page[15§]

The interpretation of the transition matrix of the Markov chain is therefore twofold.
The transition matrix enables us to see how a game evolves in each period, if Conflict
Analysis is applied to repeated interactions. It also shows the reasoning of players in
a one-shot game, if players exhibit an empathic rationality or apply a repeated game
solution heuristic.

Consider a game with f possible strategy profiles, let state X;_; be defined by the
probability distribution of the strategy profiles in time t — 1 with dimension f x 1.
The state transition of such a game can be characterised as the discrete time Markov
process X; = TX;_1, where T is the transition matrix of dimension f x f that des-
cribes the transition probability of moving from strategy profile x to y. X; defines
the state in t and has the same dimension as Xt_lﬂ Consequently a repeated game

results (as in this example, since G44 = Gpp = 2), but should they not, the intersection of the two
sets of possible equilibria obtained can provide a refinement.

20Notice that a Markov process is generally represented in the transposed form. Evidently, this has
only an effect on the way the transition occurs. Instead of row defining the current and column the
subsequent state in the transition matrix, the inverse holds for the representation chosen here.
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I' = (S1t,Sat e Sut; Uy, Uy, .., Upe) played in successive time periods t = 1,2,...,n
can be represented, given initial distribution (status quo state) X, as

Xy =T X,

if T is time homogeneous. As a first step, one transition matrix for each player must be
derived. In a second step, the final transition matrix T of I' will result from combining

the individual transition matrices T;.

In the following I will return to the Prisoner’s Dilemma to illustrate the way, in
which the transition matrix is derived, but also to show how the transition matrix
illustrates the reasoning of empathic rationality in one-shot games. Given the prefe-
rence order of the strategy profiles like in table and based on the DPs for each
strategy profile (see table the individual transition matrices will look as follows:

01 2 3 01 2 3
0/1 0 0 O 0/1 0 0 O
110 1 0 O 110 0 0 O

Ty= and Tg=
210 0 0 O 210 0 1 O
3\0 0 1 1 3\0 1 0 1

For illustrative simplicity, the decimal code of each strategy profile has been written
on top and on the side to represent their corresponding position in the transition
matrix. Generally strategy profiles are ordered according to the relative value of their
decimal code. Each column in both matrices corresponds to the strategy profile in the
last period t — 1. A row defines the strategy profile in t and its value the transition
probability. Consequently, the sum of all values in one column equals to 1. It should
be clear that all stable strategy profiles can be found with value 1 on the main diagonal
and the off-diagonal position is determined by the most preferred non-sanctioned DP
(if a profile possesses more than 1 DP). The final transition matrix T is defined by the
strategy profiles that occur if both players have chosen their best response strategy. T
can be derived from T4 and Tp via an equation similar to equationm

X
qg=)Y 0i—(x—1)4, 424
i=1

where { is the new equilibrium value, and 4, ¢;, and x are defined as above. Applying
the individual transition matrices to equation determines the final transition
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matrix for game I' as@

1000

T = 0000 4.2.5
0 00O
0111

The absorbing states (i.e. the set of equilibria) are obviously defined by a 1 on the
main diagonal. Given any initial condition, in which both players disbelieve in mu-
tual non-confession, i.e. assign probability 0 to strategy profile 0, the single equili-
brium of the dynamic game is strategy profile 3 with certainty for all X; and t > 1.

The transition matrix shows the empathic reasoning of players participating in the
one-shot Prisoner’s Dilemma. We know that if a player believes the other to choose
defect, he will also defect. This is defined by a transition of 1 and 2 to 3. In addition, if
a player expects that the other player believes that he defects, both will defect. Since
he knows that the other player’s best response to the belief that he defects is to defect,
his own best response is also to defect, represented by T?. The same logic applies to
reasoning of higher order in a similar way. The stabilities are thus defined by the limit
distribution of the transition matrix. Since T = ngrfm T! in the Prisoner’s Dilemma,
the cooperative equilibrium will only occur if both players initially expect the other
to cooperate. If one player is expected to defect, the game will result in the defective
equilibrium.

Consider that there are two types of players. One player type has the self-regarding
preferences as in table on page for As and B;. The other player type are al-
truist cooperators with preference order P(A,) = {0,1,3,2} and P(B,) = {0,2,3,1}.
Consequently the possible types of interactions lead to four different games (between
two altruists, two self-regarding players, one altruist and one self-regarding and the
inverse, though mixed type games are identical, since preference order is “symme-
tric”). In the case, where simultaneous stability is considered, all games can be re-
presented by a transition matrix identical to T defined in matrix W Hence, we
obtain, independent of the player type configuration, that if player i and j meet

2 Applying equationgives for0: 0+0—-0=0,for1: 14+3—-1=3,for2: 3+2—2 = 3, for 3:
3+3-3=3.

22This result gives an interesting basis for discussion: According to the theory described here, it is
irrelevant, whether an individual is self-regarding or altruist in the PD.
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1000
0000 . , . o
T = 000 0 for any i and j. Assume that the proportion of altruists in the po-
0111
pulation is p, = 0.62 and the proportion of self-regarding individuals is

ps = 1 — p, = 0.38. Hence, the probability that two altruists interact is paz = (0.3844,
for two self-regarding individuals p,? = 0.1444, and for two different types to meet
2pappy = 2 x 0.2356. Consequently, without sure knowledge on the other player type,
only 38% of the individuals will cooperate (Xo = (pa2, PsPa, PaPb, pbz)T). This is iden-
tical to what Kiyonari, Tanida and Yamagishi (2000) found. If the second player is
told that the first will always cooperate, a positive probability can be assigned only to
equilibria 0 and 2. In this case 62% will cooperate (Xo = (pa, 0, pp, O)T), which again
corresponds to the result found by Kiyonari et al.

4.2.3 A short Excursion to the Stag Hunt Game

The dynamic analysis also shows an interesting property of the Conflict Analysis
approach: Given the original pay-off matrix on page definea >c>d > b
and a + b < d + c. The original Prisoner’s Dilemma turns into a Stag-Hunt game,
i.e the special type of coordination game, in which one equilibrium defined by (not
confess, not confess) pay-off dominates the risk dominant equilibrium determined by
(confess, confess). The game based on Rousseau’s parable in the “Discourse on the
Origin and Foundations of Inequality among Men” is another illustrative example
for the underlying rationality of the Conflict Analysis approach. The quantification
of a hare or stag seems difficult, yet obviously hunting a stag is more risky than a
hare. Conflict Analysis can incorporate the risk issue without the need to quantify in
relative terms the pay-off value of both animals.

Define the strategies Hunt Stag =0 and Hunt Hare =1, since the symmetric game
consists of two mutually exclusive actions for each player. The Pareto dominant equi-
librium has thus decimal code 0, the risk dominant equilibrium decimal code 3, and
mixed outcomes are assigned to decimal code 1 for (stag, hare) and to decimal code 2
for (hare, stag).

In the static analysis presented in table two equilibria exist, since Nash equi-
libria are always rationally stable for all players. The interior mixed equilibrium is
neglected since Conflict Analysis only regards pure strategies, owing to the lack of

quantification. At the first impression, the static representation has no more explana-
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Table 4.2.d: Static Solution to the Stag Hunt

Stability Analysis
| equilibrium |E|[x|E]|x|
Stability r|d|r|u
Player A | Preference Order | 0 | 1 | 3 | 2
DP 0 3
Stability r|d|r|u
Player B | Preference Order | 0 | 2 | 3 | 1
DP 0 3

tory power than the standard approach. Yet, in the mixed strategy profile, where a
player chooses hare and the opponent stag, a switch towards the Pareto optimum is
simultaneously sanctioned. A look at the transition matrices will make the effect of
simultaneous stability more obvious. From table we obtain:

1000 1000 1000
0100 0000 0000
Ty = , T = =T= 4.2.6
0000 0010 0000
0011 0101 0111

The final transition matrix in shows that simultaneous stability captures the
effect of risk dominance, though not in the strict sense of a + b < d + c. Since Conflict
Analysis is based on an ordinal ranking of the equilibria and no pay-off values are
assigned, an aggregation of these values per se is impossible. The final transition
matrix shows that the pay-off dominant equilibrium requires each player to place a
high probability on the event that the other player is hunting the stag. If he assigns
equal probability to all events, he will finally hunt the hare, as the risk dominant
equilibrium occurs in 75% of the time according to his priors. This effect is caused
by the relation ¢ > b. Any coordination game with two pure Nash equilibria and
¢ > b will show the same dynamics. Hence, game a > ¢ > d > b is equivalent to
a>d>c>bP

When comparing to the Prisoner’s Dilemma, it becomes obvious that both games
are dynamically equivalent. The stability of outcome 0 in the PD occurs, however,

2We can already observe the ¢ > b relation in chapter 2, appendix B (see also Nowak, 2006). If players
base their decisions only on their last play, thus setting m = 2 in chapter 2 equation 2.B.11., it turns
out that evolutionary selection favours the equilibrium that offers the higher pay-off in the case of
miscoordination, i.e. which is defined by the strategy granting pay-off value c, instead of b.
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through the sequential sanction of the defective strategy. In the stag hunt, a switch
towards the cooperative strategy (from 1 to O for player A and from 2 to O for player
B) is sanctioned by the fear the other player might switch, i.e. by a simultaneous
sanction. This captures exactly the risk argument in the standard approach. Empirical
evidence (Schmidt et al., 2003; Cooper et al., 1992; Van Huyck et al.,1990,) shows that
individuals play the Prisoner’s Dilemma similar to the Stag Hunt. Notice, however,
that the empirical tests observe interactions after presenting a pay-off matrix to their
subjects. In real world scenarios such quantification is often infeasible. The Conflict
Analysis approach can nevertheless indirectly incorporate the pay-off effect (e.g. the
role of the optimisation premium in Battalio et al., 2001). Both, the degree of strong
altruism and the pay-off associated to each strategy profile, affect the probabilities of
a player’s own choice and his expectation about the other player’s choice, thereby

determining the initial status quo distribution in Xj.

4.3 Dilemmas and Paradoxes

The following section analyses the capacity of the Conflict Analysis approach to solve
games that pose a challenge for classical game theory The games analysed here are
the Traveller’s Dilemma, the surprise test, and the Newcomb’s Paradox. Though the
sequential stability criterion resembles classical backward induction, this section will
also show that the obtained results display no similarities.

The original definition of sequential stability and thus instability implies that a
player refrains from all strategy switches that never lead to a strictly preferred stra-
tegy profile with certainty. Players do not bear the costs of switching, if it does not
offer a benefit. This assumption, however, seems too strong. Assume that a player
switches to a new strategy, if he knows that the subsequent switch of other players

to their better response strategy will not lead to a less preferred outcome, but that

24The more common games, such as the battle of sexes and the chicken / hawk-dove game, have not
been analysed in detail, since differences between solutions of standard game theory and those of
Conflict Analysis approach are only minor. Conflict Analysis defines an additional equilibrium
(both swerve) in the chicken game, if we observe that simultaneous switch may occur. This result
is reasonable, but unlikely. If the chicken game is perceived as a sequential game, simultaneous sta-
bility does not apply. This exactly illustrates why the application of simultaneous stability requires
an a priori justification based the rules of the game. In “The Battle of Sexes” all four outcomes
are stable. The mixed are again stable owing to a potential simultaneous switch. This is the case,
in which both players wait at different locations. Both players stick to their strategy and keep on
waiting, hoping their counterpart is changing place, as both players fear that changing place might
occur at the same time, bearing only the costs of moving without the benefit from coordination.
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there exists at least one potential better response strategy of another player that leads
to a strictly preferred outcome. This means that a player will not switch if it leads
him to a not strictly preferred outcome with certainty, but he will choose to do so
whenever he has a chance to improve his situation without the risk to worsen it. This
requires a stronger condition for sequential stability and weaker condition for insta-
bility with respect to the original definition by Hipel & Fraser. Define g4 = (5;,5_;),
and o € U; " (g),if O(0) <; O(q):

Assumption 1. A player will never switch to a strategy that leads to an equally preferred
strategy profile with certainty or a less preferred strategy profile with positive probability. He
will, however, change his strategy if a change does not lead to a less preferred strategy profile
with certainty and there exists at least one viable response strategy of another player that
defines a strictly preferred outcome, i.e. for some q = (5;,5_;):

Sequential stability: 0 (p) NU; "~ (q) # D, forany j #i,or

af (p) N (U (9) UUF 9)) =2, V] # i; both Vis}  p = (s},5-1) € u (q)

]

Instability: 3p € u;" (q) : & (p) NU;~(q) = O Vj # i and there exists at least one
)

Sk (sF, 8% 5-i—k) € U (q) Na) (p), fork # iand some st € S;: p = (s},5.1) € u;" (q)
where (s, 8,5_;_) defines the new strategy profile after a switch of a player k other
than i to his better response strategy given p. Furthermore, the original definition of
Hipel & Fraser assumes that an equally preferred strategy profile is not regarded as a
valid DP, meaning that a player will not switch to a strategy not defined by a strictly
preferred strategy profile (see also footnote[§ on page [128).

The following section thus has the aim to illustrate; first, the results that Conflict
Analysis obtains for the given normal form games; second, the eventual issue that
arise through the relaxation in assumption |1, and third, the difference in the predic-
ted equilibria if either or not equally preferred strategy profiles qualify as DP’s. (In
the following analysis of the games the results that would be obtained, if equally
preferred strategy profiles qualify as such, are indicated in brackets.)

4.3.1 Traveller’'s Dilemma

The Traveller’s Dilemma by Basu (1994) tells the story of two antiquarians, who
bought the same object but did not preserve the receipts. On the flight home, the
airline smashes both objects, and the antiquarians ask for a refund. Thus, they are as-
ked independently by the airline manager to state the amount (in integral numbers)
they paid, constrained by a minimum amount of 2$. In the case, where they report
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different amounts, they are compensated by the lower amount stated. In addition, the
one, who reported the lower amount, will receive 2§ less (as a punishment for having
lied), which will be given to the other as a bonus. If both state the same amount, none
will be rewarded nor punished. Backward induction tells us that both players should
state 2%, independently of the value of the duty paid. This can be seen from matrix
which represents the game for 2% to 5%. (2,2) is the only stable Nash equilibrium.

by by by bs
a (2,2 40 4,0 4,0
o3| 0,4 3,3 51 51
asl 0,4 1,5 4,4 6,2
as\0,4 1,5 2,6 5,5

In the following the game will be analysed by using the Conflict Analysis approach.
Table shows the encoding of the 16 possible strategy profiles into decimal code
in the same way as has been done in the previous section.

Table 4.3.e: Strategy profile Matrix

Travelers’ Dilemma: Decimal Coding
0
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Consequently, the preference order P; for player i is gives as follows, where a bar
indicates equal preference, i.e. the player assigns equal preference to all strategy pro-
files under the same line:

Py = (132, 66,130,136,33,65,68,129,34,17,72,36,40,18, 20, 24)
Pp = (72, 36, 40,136, 18, 20, 26, 68,34, 17,132, 66,130, 33,65,129)

4.3.2

The game has been analysed in table on page DP of equal preference
are written in brackets. In this analysis all strategy profiles that include a pay-off at
least equal to the Nash equilibrium pay-off for both players are stable. The set of
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equilibria is defined by E = (17,34, 68,136,72,132). The last two are stable, if equally
preferred strategy profiles are not considered to be valid DP’S@ To see why this is
the case assume that the strategy profile is defined by (7t — 1; i), for T > 5, i.e. player
1 declares the value 7t — 1, and player 2 the value 7r. The second player can improve
by switching to a value w* € (m — 2, —4) (for values of r < 5 the lower bound
of 7t* is 2), granting him a pay-off of 7 +2 > 7 — 3. This would, however, entail
a switch of the first player to a value that is even lower. Hence, the second player
cannot win by deviating@ In a situation given by strategy profile (7 — 2;7) and
7T > 6 the second player has again an incentive to underbid the first player with a
strategy naming the value 7** € (7t — 3, T — 5). Yet, owing to the subsequent switch
of the first player, he cannot augment his pay-off and will therefore not switch. In
this situation also the first player has an incentive to switch his strategy by declaring
7t — 1, which is deterred by the second player’s potential switch. The same reasoning
applies to larger differences as long as both players obtain at least a value of 2. Below
this value a player has an incentive to switch to the Nash strategy that cannot be
deterred. If the number of strategies is k, i.e. there are k different amounts that can
be stated, the limit distribution of the transition matrix assigns probability 2(2’(;#
to the Nash equilibrium (2,2) (see transition matrix on page [166). The other
equilibria are played with probability k_12

Then why is it more intuitive to state a value higher than 2? A possible explanation
is that the game possesses two focal points that are assigned higher probability. It is
likely that individuals assume with high probability that their counterpart chooses
either the correct amount paid or the maximum possible value. The pay-offs also ne-
glect loss-aversion, which a player will experience when stating a low value. Yet, the
Traveller’s dilemma illustrates a drawback of the Conflict Analysis approach. Its ap-

plication to normal form games may result in a large number of potential equilibria.

21f equally preferred strategy profiles are considered as DP’s, the strategy profiles inside the brackets
destabilise both 72 and 132. To see this consider strategy profile 72. A change to 65 leads to 17,
which is equally preferred. It may also lead to 33 and 129, both are preferred to 72 by player A.
Following Assumption [I|implies that A will choose 65, since this will eventually make him better
off without a chance to diminish his expected pay-off. Similarly player B will switch from 132 to
20. Hence, if equally preferred outcomes are considered as valid DP’s only strategy profiles that
offer a pay-off higher than the Nash equilibrium to both players and the Nash equilibrium itself
will be equilibria of the game.

26The question that the reader might pose at this point is: Why is the player that acts as second (player
1in the example) supposed to switch strategy as he himself will also fear a subsequent switch of the
other player (the first mover, i.e. player 2), i.e. how credible is the subsequent strategy switch? The
answer is connected to the discussion of the “Metagame Fallacy” and the “Newcomb’s Paradox”.
The correlation and the answer to this question will be examined in section 4.5
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4.3.2 The Surprise Test

The Surprise Test is a game, in which a teacher announces to his student(s) that he
will write a surprise exam on one day of the following week. Since the exam cannot
be written on Friday, because it should not be a surprise any more, this day can be eli-
minated. Backward induction will then cancel each day of the following week as the
student always rejects the last possible day in the remaining list. Finally the student
will be sure that no exam will be written the next week and will be surprised, when it
happens on one day of the week. Backward induction is no sensible reasoning, since
the student ignores that whenever he eliminated one day, the teacher has an incentive
to switch to that day@ The Conflict Analysis approach takes account of this fact.

If we consider only a week of four days, the coding in table can be used to
represent each possible strategy profile. Consider A the teacher and B the student.
The subscripts illustrate the days ordered calendrically. Version 1 in table shows
a possible pay-off structure. The teacher strictly prefers all strategy profiles, in which
the exam is scheduled for a different date than the student expected. The inverse
holds true for the student.

Table 4.3.f: Strategy profile Matrix

Surprise Test: pay-offs for Version 1 and 2
17 33 65 129 18 34 66 130 20 36 68 132 24 40 72 136
1 0,1 1,0 1,0 1,0 1,0 0,1 1,0 1,0 1,0 1,0 0,1 1,0 1,0 1,0 1,0 0,1
2: 15 0,0 0,0 0,0 24 15 0,0 0,0 33 24 15 0,0 42 3,3 24 15

Conflict Analysis (see table on page defines every strategy profile as an
equilibrium and thus potential outcome of the game. The symmetric strategy profiles
will be unrealistically defined as unstable only if equally preferred strategy profiles
serve as DP’s. Any date can be chosen by the teacher and the student will randomly
choose one day to study for the exam.

Consider a variant of the preference order as given in version 2 in table In
this version the student least prefers all strategy profiles, in which he studied too late.
He prefers most the situations, in which he correctly predicted the exact date of the
surprise exam. His preference is diminishing in the number of days he studied before
the actual date of the exam. Simply assume that he has to revise each evening in order

not to forget what he has studied a day before. The teacher prefers the student to

27 Assume the student has eliminated Friday from his list of strategy profiles and disregards this day.
When contemplating about deleting Thursday the student should realize that he has to consider
Friday once more, since this day is now again an option for the teacher as a surprise date.
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revise as often as possible, and has no interest in the student’s failure, which occurs
if he studied too late. Pay-offs are as in table [£.3.12 and the solution is given in the
lower part of table on page

The set of equilibria is defined by E = (18,36,68,136). Since both are uncertain,
to which strategy the other player adheres, the student will learn for any day of the
week and the teacher will schedule the exam either on Tuesday, Wednesday or Thurs-
day (remember that in the example the school week is only 4 days long). Strategy
profiles 17 and 34 are equilibria in the original definition of Hipel & Fraser, but are
destabilised by 40 and 24, respectively, if assumption[l|applies. In this version of the
Surprise Exam assumption [I|thus creates a theoretical problem, absent in the original
definition of sequential stability and instability@

4.3.3 Newcomb’s Paradox

This paradox (Nozick, 1969) has been widely discussed in the various social sciences as
well as philosophy. It will turn out in the discussion in section 4.5/ that the Newcomb
Paradox plays a crucial role in understanding the theory behind the Conflict Analysis
approach. The game defines a situation, in which one player B has the choice between
taking one or two boxes. A second, omniscient player A chooses the value of the first
box a priori to player B’s choice. The first box may contain either 1.000.000$ or will be
empty. The omniscient player will only put one million dollar into the first box, if the
other player only chooses this box but neglects the second, which contains 1.000$. The
pay-off structure is presented in matrix and only indicated for the first player,
since the pay-offs of the omniscient player are not required.

punish  not punish

take both [ 1.000  1.001.000
take one 0 1.000.000

According to Newcomb, this paradox illustrates a conflict between domination of
strategies and maximisation of expected pay-off. Conflict Analysis defines both stra-

tegies for the first player and the corresponding strategic choice of the omniscient

21f the student knows that the teacher will follow a strategy defined by the equilibrium set, he anti-
cipates that the teacher will not write on Monday and he will consequently not study for this day.
The teacher will conjecture this and will not schedule for Tuesday and again the student will not
study for this day. Finally, only the equilibrium set £ = (68,136) should remain.
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player as possible equilibria. Table shows the analysis of the game.

Table 4.3.g: Solution to the Newcomb’s Paradox

Strategy profiles
Player A | take both 0101
Player B | punish 0/0(1]1
| Decimal Code (0/1]2]3]
Stability Analysis
| equilibrium [x|E|E]|x|
Stability s|r|u
Player A | Preference Order |1 | 0| 3 | 2
DP 1 3
Stability r{rjiuju
Player B | Preference Order | 0 | 3 | 1 | 2
DP 310

Assume that the omniscient player strictly prefers not to punish the other player.
Classical game theory will define the Nash equilibrium as (take both, not punish). So
does Conflict Analysis (see table/4.3.h).

Table 4.3.h: Alternative Version of the Newcomb’s Paradox - B prefers never to punish

Stability Analysis

’ equilibrium H E \ X \ X \ X ‘
Stability riujr|u

Player A | Preference Order || 1 | 0 | 3 | 2
DP 1 3

Stability rirjulu

Player B | Preference Order || 0 | 1 | 3 | 2
DP 110

On the contrary, Metagame Theory predicts strategy profile (take one, not punish)
as the unintuitive equilibrium, but weakly dominant equilibrium; see table (for
a formal introduction to Metagame Theory refer to subsection in the appendix).
This shows that Conflict Analysis and Metagame Theory do not necessarily deter-
mine the same strategy profiles as equilibria, and provides an example that Conflict
Analysis eliminates some of the deficiencies, for which the Metagame framework has

been criticized.
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Table 4.3.i: Metagame Solution to the alternative version of the Newcomb’s Para-
dox: B - one box; b - both boxes; p - punish; np - not punish, suppo-
sing 7o(p,B) = 1,m,(p,b) = 2,m(np,b) = 3,m,(np,B) = 4, where
7, (s) defines the pay-off of the omniscient player under strategy profile
s. Though there are many stable equilibria, (b,B,b,b;p,np) weakly domi-
nates the others, implying equilibrium (np, B).

PP p.np np,p np,np
b,b,b,b [1.000,2 1.000,2 1.00.1000,3* | 1.00.1000,3*
Bbbb [ 01 1.000,2 1.00.1000,3* | 1.00.1000,3*
b,B,b,b [ 1.000,2 | 1.000.000,4* | 1.00.1000,3 | 1.00.1000,3
b,b,Bb | 1.000,2 1.000,2 0,1 1.00.1000,3%
b,bb,B [ 1.000,2 1.000,2 1.00.1000,3 | 1.000.000,4
BBbb [ 0,1 | 1.000.000,4* | 1.00.1000,3 | 1.00.1000,3
BbBb [ 01 1.000,2 0,1 1.00.1000,3%
BbbB [ 01 1.000,2 1.00.1000,3 | 1.000.000,4
b,B,B,b [ 1.000,2 | 1.000.000,4 0,1 1.00.1000,3
b,B,b,B [ 1.000,2 | 1.000.000,4% | 1.00.1000,3 | 1.000.000,4
b,b,B,B [ 1.000,2 1.000,2 0,1 1.000.000,4
BBBb [ 0,1 | 1.000.000,4* 0,1 1.00.1000,3
B,Bb,B [ 0,1 | 1.000.000,4* | 1.00.1000,3 | 1.000.000,4
BbBB | 01 1.000,2 0,1 1.000.000,4
b,B,B,B [ 1.000,2 | 1.000.000,4 0,1 1.000.000,4
B,BBB [ 0,1 | 1.000.0004% 0,1 1.000.000,4

4.4 Sequential Games

In this section, the Conflict Analysis approach is applied to extensive form games. It
follows the same structure as the previous section. Though, to my knowledge, Hipel
& Fraser have only applied the Conflict Analysis approach to normal form games,
it turns out that the approach can cope quite well in finding a solution, since it is
able to refine the equilibrium set in a similar way as the local best response criterion
(LBR) presented by Herbert Gintis (2009), which displays advantages over traditional
refinement criteria@ In this section I have thus chosen games from Gintis (Chapter
Ch. 9, 2009) to illustrate that Conflict Analysis is also a powerful tool to effectively
solve sequential games. For notational simplicity and to avoid redundancies, the
solution will only be given in the special game form, with whom the reader should
be acquainted after having read the earlier sections. Assumption [1]still applies.
Owing to the sequentiality of all games, first, simultaneous stability is inapplicable
and second, the first mover can choose an equilibrium as long as it is defined by an

unambiguous path. Preplay conjectures are conducted by players according to the

Psuch as subgame perfect, perfect Bayesian, sequential and proper equilibria

SEBASTIAN ILLE



CHAPTER 4. THE THEORY OF CONFLICT ANALYSIS:
A Review of the Approach by Keith W. Hipel & Niall M. Fraser

rationalities underlying the Conflict Analysis approach, and players will only choose
strategies according to an equilibrium profile. This reasoning leads to the following

additional assumption that is applied in this section:

Assumption 2. In a sequential game, if the strategy profile granting highest pay-off to the
first-mover, in the set of equilibria, is defined by a unique path in the reduced game tree, such
that no player is ambiguous about the position of his decision node at the time of his decision,
then it determines the outcome of the game. The reduced game tree is thereby solely defined
by the paths of the strategy profiles in the equilibrium set.

Table 4.4j: Incredible Threats

Strategy profile set:
Choice Alice | R | 0 1 1
Choice Bob r| @ | 0 1
Decimal 0 1 3
pay-off 1,500 121

Solution:

| equilibrium | E* |

0,0 2,1
Table 4.4.k: 1. Game

E
stabilities | r r
A. preference | 3 | 0

DP

stabilities | r r

B. preference | 0 | 3
DP

Wlrocl|lol—lall X

The outcome of each game will be indicated by an E*. The solution to the first
game and its extensive form is shown in table Notice that @ means that the
player has no choice at that node. Hence @ can take both value 1 and 0, but pay-
offs are identical (in order to keep notation as easy as possible, I thus reduced the
strategy profile set, where it did not effect the identification of equilibria). The set of
possible equilibria for the first game, represented in table[4.4and figure is given
by E = {0,3}. Each equilibrium defines an unambiguous paths, separated by Alice’s
initial strategy choice. Alice will act in accordance with the path defined by strategy
profile 3, which ranks higher than 0 according to her preference order, and Bob will
also choose according to 3. The result is identical to LBR.

CoONFLICT THEORY - A GAME THEORETIC ANALYSIS
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The second game is shown again to the right in
extensive form, and its solution is given in the next
table The bar indicates the set of equally pre-
ferred strategy profiles. Strategy profiles that are equally
preferred can be interpreted as mutual DPs or not.
Following the discussion in the previous section (see
assumption|I)in section[4.3), it is assumed that a stra-
tegy profile will only be a viable DP as long as a
switch to this strategy profile results in a preferred

-2,0

Alice A 0.2

L1 -1-1 2.1

Figure 4.4.A: 2. Game

outcome with positive probability. Like in the previous section, the stabilities occur-
ring if equally preferred strategy profiles qualify as DP’s, are indicated by the bra-
ckets. Since Bob cannot improve the outcome by switching from 9 to 1 or vice versa,
a strategy switch will not happen through assumption|l} The consideration of weak

or strict preference for DPs is of no importance for the equilibrium set of this game.

Table 4.4.1: Picking the Sequential equilibrium I

Strategy profile set:

Choice Alice | A | 1 1 0 0 0 0
B| O 0 1 1 0 0
c| O 0 0 0 1 1
ChoiceBob | a | 0 1 0 1 0 1
Decimal 1 9 2 10 | 4 12
pay-off 0202 |-1-1]21|-20]| 11
Solution:

equilibrium ‘ E* ‘ X ‘ E ‘ X ‘ X(x) ‘ X(x) ‘
stabilities | r | u r [ul u u
A. preference | 10 | 12 1 9 2 4
DP 10 10 | 1 1
12 2
stabilities | r(s) \ r(s) r \ r u u
B. preference | 1 9 |10 12 | 4 2
DP | (9) \ (1) \ 12 | 10
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Hence E = {1,10}. Given the set of equilibria,
both 1 and 10 define unique paths, since Bob knows

for sure whether or not he is on the path defined

by 1 or 10, depending on whether he can choose

a strategy or not. If Alice plays according to her

most preferred equilibrium 10, Bob knows he can

choose and takes strategy a, leading to 10, which is
identical to the result predicted by LBR.

The third game is again illustrated in extensive

form to the right in figure [4.4/and in table A

switch of Bob from 2 to 10 will not improve his outcome with positive probability, as

Alice A

2,22

Figure 4.4.B: 3. Game

1,0,0

0,0,0 0,0,0 0,0,1

no player has a DP to a preferred strategy profile. A switch from 10 to 2 can trigger a

subsequent change of Carole to 18. By switching, Bob can attain a preferred outcome

with positive probability. The set of equilibria is given by E = {1,18}, each defining a

unique path. Whenever Bob and Carole are free to choose, they will take the strategy

defined by 18. Hence, Alice will initially choose strategy B, as predicted by LBR.

Table 4.4.m: Picking the Sequential equilibrium II

Strategy profile set:
Choice Alice | A 1 0 0 0 0 0 0
B| O 1 1 1 1 0 0
c| 0 0 0 0 0 1 1
Choice Bob a| © 0 1 0 1 0 1
Choice Carole | V | @ 0 0 1 1 %) @
Decimal 1 2 10 18 26 4 12
pay-off 0010001001222/ 000|010 | 00,0
Solution:
’ equilibrium ‘ E* ‘ E* ‘ X ‘ X ‘ X X ‘ X ‘
stabilities r r u(u) \ u(u) \ u(u) \ u \ u
A. preference | 18 1 2 1 10 | 26 | 4 | 12
DP 1 1 1 1 1
4 | 12) | (12
stabilities r r r \ r/(s) \ r/(u) \ u \ u
B. preference | 18 4 1121 10 | 26 | 12
DP \ (10) \ (2) \ 18 \ 4
stabilities T r r ‘ u ‘ s/(s) ‘ T ‘ T
C. preference | 18 10 11212 | 41 12
op| [ | [®f1w][ [ |

CoONFLICT THEORY - A GAME THEORETIC ANALYSIS
OF SOCIAL CONFLICT, NORMS AND CONVENTIONS



4.4. SEQUENTIAL GAMES

The following game, named after Reinhard Selten, is shown below and the solu-
tion is given in table The game is analysed in the same way as the previous

Figure 4.4.C: 4. Game - Selten’s Horse
Alice A Bob a

3,3,0

444 1,1, 550 222

games. Again a strategy profile serves as a DP, only if a switch to this strategy profile
results in a preferred outcome with positive probability and never in a less prefer-
red outcome. Notice that a switch of Bob from strategy a to d, or the inverse, is only
theoretical if Alice chooses D, since a node, where Bob’s choice matters is reached
with zero probability. Nevertheless, the notion of subgame-perfection moves along
the same line and shows that also nodes of non-positive probability matter. The ma-
trix in thus includes 8 strategy profiles. Following the previous assumption, 0
is rationally or sequentially stable for Bob. In the case, where Bob should choose the
equally preferred strategy profile 2, his change would result in 2 with certainty, which
is not strictly preferred to 0. Yet, a switch from 2 to 0 entails a switch of Alice to 1,
which is strictly preferred by Bob. He will thus have an incentive to change strategies
if an equally preferred strategy profile serves as DP. The same argumentation holds
for Carole with respect to 3 and 7. A switch by Carole from 7 to 3 will eventually
lead to 2 or 1, one is strictly preferred the other is equally preferred. Hence, strategy
profile 7 should be unstable for Carole. The equilibrium set is defined by E = (0,2,7)
or E = (0); the latter is the case if equally preferred strategy profiles qualify as DP’s.
In both cases, whenever Carole can choose, she will take strategy A, and whenever
Bob has an option to choose, he will select a. Thus, Alice will opt for D and the fi-
nal outcome is (4,4,4), which is identical to what is predicted by LBR, though only
strategy profile 2 satisfies the criterion.

The last game, denoted as the Spence Signalling Model, is shown in extensive form
in figure and its solution in table In this game we add Nature as a player,
choosing low ability worker (L) with probability 1/3 and high quality worker (H)
with probability with probability 2/3. Bob can observe Alice’s strategy choice whe-
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Table 4.4.n: Selten’s Horse

Strategy profile set:
Choice Alice | A 0 1 0 1 0 1 0 1
Choice Bob a 0 0 1 1 0 0 1 1
Choice Carole | p 0 0 0 0 1 1 1 1
Decimal 0 1 2 3 4 5 6 7
pay-off 4441550 | 444 (330|111 (222| 111 | 33,0
Solution:
] equilibrium \ X \ E* \ E*(x) \ X \ E(x) \ X \ X \ X ‘
stabilities r S \ T u(u) \ r r \ u(u)
A. preference | 1 01 2 3 17 5 4 1 6
DP 1] 2 | 5 [ 7
stabilities r | r/(s) \ r/(u) S \ r u(u) | r/(u) \ r/(u)
B. preference | 1 01 2 3 17 5 4 1 6
DP @ | © 1 7 © | &
stabilities r r r S u(u) u r/(s) | r/(u)
C. preference 01 2 5 4 1 6 11317
DP \ 0 | 2 5 1 0 | G

ther (Y) or not (N) she invests in education. Bob can then choose whether he pays her
as a skilled (S) or unskilled (U) worker. Yet, choices by Nature entail mixed equili-

Figure 4.4.D: 5. Spence Signalling Model

2, 10> Alice 4%12,10
18,5

/

Bob l'

U @145

14,5 7 :
20,10 Alice SN920,10

brium strategies, which the Conflict Analysis approach is unable to predict. It could
be assumed that Bob and Alice play two different games and assume that they are
placed either in game (L) or (H) with probability 1/3 or 2/3, respectively. This as-
sumption is, however, unnecessary for the representation, since Nature’s choice al-
ready defines two separate sets of strategy profiles.
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Table 4.4.0: Spence Signalling Model

Strategy profile set:
Choice Nature | H 0 1 0 1 0 1 0 1
Choice Alice N 0 0 1 1 0 0 1 1
Choice Bob S 0 0 0 0 1 1 1 1
Decimal 0 1 2 3 4 5 6 7
pay-off 2,10 | 14,5 | 12,10 | 145 85 |20,10 | 18,5 | 20,10
Solution:
’ equilibrium \ E \ E \ X \ X \ X \ E \ X \ X ‘
stabilities | r/(s) \ r/(s) r r/(u) \ r/(u) r u u
A. preference 517 6 113 4 0
DP| (7) | (5 G [ O® 6 2
stabilities r \ r \ r \ r u \ u \ u \ u
B. preference or21517 1 131 416
DP \ \ \ 5 [ 7 o] 2

A switch of Alice from 5 to 7 (or the inverse) does not result in a strictly preferred
strategy profile, whereas a shift from 1 to 3 (or the inverse) does. Independently of
the strict or weak preference assumption for DPs, the equilibrium set is defined by
E = (2,5,7). The equilibria do not define a unique path, since Bob cannot observe
Nature’s choice. The equilibrium set implies that Alice will never invest in education,
if she is a low quality worker. If she is a high quality worker, she will either invest
or not. Similarly, Bob will always assign a skilled job to Alice, if she invested in
education, but Bob might assign unskilled workers both to skilled and unskilled jobs.
We obtain something similar to a semi-pooling equilibrium, where any combination
of 5,S (assign all workers to skilled jobs) and S,U (assign educated workers to skilled
jobs and uneducated workers to unskilled jobs) is best response for Bob. Bob will
play S,S/U (assign educated worker to skilled jobs and uneducated worker both to
skilled and unskilled jobs). Alice’s best response is Y/N,N (if high quality worker,
both educate and not educate; if low quality worker, never educate), similar to LBR,
where the best response of Alice to S,U is Y,N (invest in education if high level worker
and not if low level worker) and to S,S it is N,N (never invest). Both (N,N;S,S) and
(Y,N;S,U) fulfill the LBR criterion. Since no player knows for sure, to which best
response the other player adheres, we can also assume that (Y,N;S,S) and (N,N;S,U)
occur, which is captured by the equilibrium set obtained by the Conflict Analysis
approach.
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4.5 Critique and the Metagame Fallacy

We have seen that this approach has several advantages with respect to classical game
theory. It has the capacity to find equilibria not predicted as such by other approaches,
but which, however, appear intuitive. Though it increases the set of potential equili-
bria, I have described a means to discriminate between equilibria in sequential games.
The approach can handle larger strategy and player sets. Conflict Analysis has also
strong advantages over other similar approaches, such as the “Theory of Moves” by
Brams (Brams, 1993, Brams & Mattli, 1992)@ It allows to model situations of misper-
ception via Hypergames. Overall it appears more adapted to real-world scenarios.

The ability to predict additional equilibria required the introduction of two addi-
tional stability criteria. This comes at a price. In sequential games the stability of a
strategy choice, based on the sequential stability criterion, is rational for consistent
preferences as defined in the preference ordering, if it is applied backwards towards
the root node of the game tree. A player conjectures, which strategy a subsequent
player will choose according to his own strategy choices. Players are aware that each
player considers the sequence of strategy choices of earlier players and chooses the
strategy that is best response to the strategies chosen before. Upon this anticipative
conjecture each player chooses his best response. Apparently, a problem, because of
the additional stability criterion, does not occur. An issue eventually arises in sequen-
tial games with incomplete information and if sequential stability is applied forwards
in the direction of the terminal node. A player is bound by the various strategic op-
tions of his predecessors, since he knows that a previous player has already made his
decision and cannot re-evaluate at a later stage. Hence, a switch ex post cannot occur.
A similar issue applies to one-shot games. Conflict Analysis seems to suffer from what
has been termed “Metagame Fallacy”. The section discusses this issue and illustrates
why the reasoning behind the Metagame Fallacy is illegitimate.

The Prisoner’s Dilemma has been chosen deliberately as an introductory example
in section since it is also the game which best illustrates the Metagame Fallacy.
The analysis of the PD has shown that there exists a stable cooperative equilibrium.
The argument of the Metagame Fallacy goes as follows: If each player is convinced
that his counterpart cooperates, he can still improve by defection. Thus a game of
second order reasoning is created by each player that is isomorphic to the original

3Theory of Moves requires a strict ordinality of preferences and the solution in normal form games
depends on the initial strategy profile, at which the solution algorithm starts. The greatest draw-
back with respect the Conflict Analysis is that the algorithm is only applicable to 2 x 2 games.
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game. The fallacy, it seems, lies in the assumption that mutual rationality implies
symmetric behaviour. Yet, this is obviously not the case and cooperation cannot be a
rational strategic choice.

The argument misses an important point. Obviously, a pre-commitment of a player
to a strategy will never be credible as long as other players are not entirely convinced
that he will stick to his commitment and, further, that the player is also sure that
the other players will do the same (see Binmore, p. 179, 1994)@ Yet, it is not a pre-
commitment that stabilises the cooperative equilibrium, but the empathic knowledge
of the other player’s strategy. This creates a correlation between the strategic choice of
each player that the Metagame Fallacy argument neglects. Each player believes that
his choice of the defective strategy will impact the probability, with which the other
player chooses this strategy. Hence, a player’s choice to cooperate is consistent with
this belief and rational. If p is the probability that a player 1 and 2’s strategy choice are
correlated, and using the pay-offs as in pay-off matrix on page the following
condition must hold to induce a player to choose the cooperative strategy:

pa+(1—p)b>pd+(1—p)c
b

p>a—d—|—c—b

Since by definition of a PD, a4 > d and ¢ > b, the probability stays within the unit
interval. If, in fact, all players have a high level of empathy, such that p = 1, the PD
turns into a Twins game (see Binmore 1994 & 1998 for more details).

C D
Clana
D d,d

which is indeed a symmetric Newcomb Paradox. Dominance tells both players that
they should defect, but this would only entail a pay-off of d, since both perfectly
predict the other player’s choice. Maximisation of pay-offs tells them to cooperate.
Empathy is surely a strong assumption. Yet, even Binmore frequently emphasises
the importance of empathy: “Homo economicus must be empathic to some degree. By

31i.e. one has to assume that both players make a kind of a priori commitment, similar to a categorical

imperative that dictates each player to choose the cooperative strategy. This leads to the question
of free choice of players. Any player abiding by the axioms of rationality cannot, however, be
assumed to have a free will a posteriori; since his choice is predetermined by the rules of the game.
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this I mean that his experience of other people must be sufficiently rich that he can
put himself in their shoes to see things from their point of view. Otherwise, he would
not be able to predict their behavior, and hence would be unable to compute an op-
timal response.” (Binmore, 1994, p. 28) If a player believes he is empathic, then it is
rational to assume that other players are also empathic. Furthermore, notice that this
approach has found the defective equilibrium also to be stable, and that the coope-
rative equilibrium requires both players to predict that their counterpart cooperates.
A look at the joint transition matrix T shows that if individuals initially assign equal
probability to all strategies, the defective strategy profile will occur with a probability
of %. The cooperative strategy profile will only arise with probability }1, since it re-
quires that a player believes the other player to be choosing the cooperative strategy.
Furthermore “empathic errors” can occur in this approach. A hypergame, where in-
dividuals do not trust their counterpart, will result in the defective equilibrium with
certainty. The assumption of empathy alone thus does not pose an issue. Yet, this
assumption is only partly sufficient to maintain the cooperative equilibrium.

Before I explain the crux it is necessary to stress again an important point. At first
glance Conflict Analysis seems similar to the approaches using other regarding pre-
terences. One might think that the Conflict Analysis approach merely substitutes
sympathy by empathy to explain the stability of the cooperative strategy profile. No-
tice, however, that this form of empathy is immanent in the structure of the Conflict
Analysis approach, whereas assuming other-regarding preferences is a change of the
game itself. Conflict Analysis takes an entirely different approach by changing the
way games are analysed, but keeping the way the problem was originally formula-
ted. In the Conflict Analysis approach preferences are identical to the original speci-
fication of the PD. Players are entirely self-referential and only maximise their own
pay-offs. It has to be stressed that the stability of the cooperative equilibrium occurs
only through the expectations about the consequences a change of strategy will have
on the own pay-off. Other pay-offs are only considered in order to anticipate other
players’ strategy choices. Other regarding preferences, on the contrary, expand the
assumptions on preferences beyond the original specification of the model. Strictly
speaking, the necessity to introduce other regarding preferences into the PD is a sign
that the game has been misspecified and the underlying game is in fact no PD. An ex
post change of preferences creates degrees of freedom that might render the solution

of games completely arbitrary@ Other-regarding preferences are therefore clearly

32The issue, it seems, results from an understanding of pay-offs as a sole welfare measure, such as

CONFLICT THEORY - A GAME THEORETIC ANALYSIS
OF SOCIAL CONFLICT, NORMS AND CONVENTIONS



4.5. CRITIQUE AND THE METAGAME FALLACY

distinct from the preference orderings in Conflict Analysis.

In order to induce individuals to cooperate, it is insufficient that they anticipates
correctly the choice of the other player with a probability of at least p. Mutual co-
operation requires not only that a player believes that the counterpart correctly anti-
cipates his choice to cooperate, but also that he believes the other to believe the same,
and so on (common knowledge). The cooperative equilibrium in the PD thus de-
mands a “common knowledge of empathic rationality”@ The commonality of know-
ledge is obviously a very restrictive assumption, the issue is, however, not unique
to Contflict Analysis In addition, the assumption that individuals anticipate other
action’s with high probability is a second disputable assumption.

As a last argument, in order to vindicate the approach and to weaken the magni-
tude of the problem raised in the last paragraph, I emphasize that this line of argu-

ment does not hold for repeated or pseudo one-shot gameﬂ (as has been illustrated

money, years etc. This is caused by the sometimes improper definition of the underlying game.
The pay-off type is often not specified, since “[g]lame theorists [...] understand the notion of a
pay-off in a sophisticated way that makes it tautologous that players act as though maximizing
their pay-offs. Such a sophisticated view makes it hard to measure pay-offs in real-life games, but
its advantage in keeping the logic straight is overwhelming.”(Binmore, 1994, p.98) The inadmissi-
bility to apply a utility function ex post becomes especially obvious for games that are defined as
I = (5,52,...,Sy; Uy, Uy, ..., Uy), where U; defines player i’s utility function, and the elements of
the pay-off matrix define utility pay-offs. For games defined as such, the ex post transformation
of pay-offs by applying utility functions, implies that the original utilities are put into utility func-
tions to define new utilities (-the same line of argument applies to pay-offs as incremental fitness).
Even for a general game of the form I' = (51, Sy, ..., Sy; 711, 72, ..., 7T, ), however, such a transforma-
tion by utility functions is inapplicable. A sophisticated interpretation of pay-offs implies that they
already include the contextual essence, i.e. all the information necessary to solve a game. In addi-
tion, the equivalence of games that are derived from positive affine transformations of the pay-off
matrices is no longer maintained if pay-offs are transformable ex post. A sufficiently large positive
affine transformation of the pay-offs will thus not necessarily maintain the preference relations and
strategic choice will be incongruent with the original game. General claims about the Prisoner’s
dilemma, stag hunt, battles of sexes, or chicken game etc. are infeasible. In contrast, Conflict Ana-
lysis has only limited degrees of freedom as equilibria are strictly defined by the preference relation
of the original specification and the three stability criteria. In conclusion, whenever it is observed
that players do not choose the strict dominant strategy, the only valid deduction in the context of
standard Game Theory is that the PD is an incorrect representation of the real interaction.

3In fact, the condition is slightly weaker. Mutual cooperation does not require that individuals pos-
sess the necessary level of empathy to predict other’s strategy choices, but that they believe that
others do and further that others believe they do.

3Neither common knowledge, nor mutual knowledge of conjectures cannot be supposed per se. This
is, however, a prerequisite for a rational Nash equilibrium (see Aumann & Brandenburger, 1995).

3This is the case in a version of the PD by Wagner, 1983, where both prisoners have friends in the
District Attorney’s office, who inform them about whether or not the other has confessed. The
game is sequential, but there exists no definite first and second mover. The game only ends with
certainty, when both confessed (i.e. when one player confessed, since the best reply strategy for the
other player is also to confess).
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at the beginning of this section), but for one-shot games. According to Larry Samuel-
son and Andrew Postlewaite such games are an unrealistic representation of life (see
Mailath, 1998). In fact, the argument that individuals play Nash equilibria seems to
hinge on the assumption of the repetitiveness of games@ Thus, there is doubt whe-
ther individuals really apply the rationality of one-shot games to the PD. If rational
behaviour is explained as a result of an evolutionary selection procesﬂ it is dubious
whether one-shot games regularly occurred in the historical context that shaped our
behaviour. The empirical data shows that both equilibria predicted by Conflict Ana-
lysis are entirely plausible. Individuals apply heuristics (Page, 2007), such as the
believe that others will able to predict ones choice, or the believe in a poetic justice of
fate, ultimately leading to a strategy choice predicted by Conflict Analysis@

4.6 Conclusion

This chapter has developed and illustrated a game theoretic approach that provides
an interesting alternative to model interactions. This approach offers undeniable ad-

vantages over other standard approaches: It can handle larger (non-quantitative)

36 According to Mailath, 1998, a Nash equilibrium requires mutual knowledge of what other players
do, i.e. knowledge, which can only be derived either by preplay communication, self-fulfilling pro-
phecy (what Mailath describes here as self-fulfilling prophecy might be more familiar by the term
“Common Knowledge of Logic”, see Gintis, 2009, for a critical discussion), focal points, or lear-
ning. Laboratory experiments have shown that preplay does not necessarily prevent coordination
failures (Cooper et al. 1992), even more so in those cases, where a player benefits from a specific
strategy choice of the other player irrespective of his own choice. Such a case is the Stag Hunt game
with preference order a > ¢ > d > b for pay-off matrix on page The argument of self-
fulfilling prophecy assumes that if a theory to uniquely predict outcomes is universally known,
it will determine the Nash equilibria, i.e. the theory is consistent with the theory used by other
individuals. First, the underlying logic is circular: The theory is correct if it is self-fulfilling, and
thus if adapted by all agents, who believe it to be correct. Second, it requires a link between what
an agent is expected to do and what he does, and further what he assumes others to do. Experi-
ments indicate that individuals do not believe that others respond to pay-offs in symmetric games
in the same way as they do (Van Huyck et al.,1990). This does not contradict mutual rationality, but
shows that people do not assume that a unique way to predict behaviours exist. Further, seldom a
unique “obvious” strategy exists in a game, which defines a focal point. Efficiency, egality, justice,
risk are all different approaches of such “obvious” play. Finally, learning requires that (almost)
identical games are played repetitively. Thus, the theoretical argument against the Conflict Ana-
lysis approach under the classical rationality paradigm is not substantive as it, in fact, applies to a
game type, which cast already scepticism on the feasibility of Nash equilibria.

7see Bowles & Choi (2007), Gintis (2009), Gintis et al. (2005), Robson(1996a, 1996b)

38See the German and English idiom: “You always meet twice.” Under the condition that a game is
played repetitively the rationality of Conflict Analysis does not seem far-fetched. A first version
of the article sketched in Chapter 5, section 3.1. shows that an easy learning algorithm enforces
behaviour that approaches a reasoning similar to Conflict Analysis.
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strategy and/or player sets more easily. It incorporates the higher order reasoning
of Metagame theory and allows to model higher level hypergames. It can therefore
explain the existence of equilibria not captured by the Nash concept, but which are
frequently observed in real-world interactions. It can be efficiently applied to sequen-
tial games to discriminate between equilibria. It does not require a transition from a
perceivable preference order to a cardinal description of preferences, nor the strict
transitivity of preferences.

Conflict Analysis is, however, not as elegant as standard game theoretic approaches,
when it comes to two player interactions with limited strategy sets. The addition
of two supplementary stability criteria exhibits drawbacks in the axiomatic founda-
tion of this approach and its theoretic basis is by far not as rigorously developed as
the “pure” Nash approach. Furthermore, it is also restrictive in some assumptions.
Players are required to exhibit a certain level of empathy that enables them to predict
others choices, as well as the common knowledge of this capacity. Alternatively they
are assumed to misinterpret one-shot games as repeated games. Though players are
supposed to enjoy a higher order reasoning that allows them to anticipate the reac-
tion of others to their strategy choice, they are not supposed to deliberately choose
a non-best response that makes them immediately worse off if others do not change
their strategy, but could improve the outcome to their favour after eventual strategy
switches of other players. This is obviously an assumption to keep the approach
tractable, but one might wish for the possibility of such “tactical” choice. Further-
more, though the approach handles most games quite well, the determination of
mixed equilibria represents an issue, owing to the structure of the Conflict Analy-
sis approach and the absence of specific pay-offs. Yet, this last issue only presents a
drawback for the small minority of games that possess quantifiable pay-offs.

Overall Conflict Analysis is an attractive approach, especially, when applied to re-
peated games. It should not be regarded as an alternative to standard game theory
or even as its substitute. It should be more considered as an alternative in perspec-
tive. Conflict Analysis is meant as a positive approach that illustrates an argument of
why certain equilibria are frequently observable that are indeed not Nash equilibria.
This approach is embedded in the spirit of theoretical pluralism, and an eventual
step forward in redefining the theoretical development in game theory. It should
complement with other alternative attempts and its methodology should thus pro-
vide sources for new conceptions that can enrich game theory and offer new starting

points for future research.
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CHAPTER 4. THE THEORY OF CONFLICT ANALYSIS:
A Review of the Approach by Keith W. Hipel & Niall M. Fraser

4.A The Fundamentals of Metagame Analysis

This section will illustrate the basic principles of the Metagame Theory. Most of the
basic argument is equivalent to standard game theory. Yet, the higher order reasoning
necessitates to depart from standard definitions at various points.

In a game G let there be a set of players N with playeri = 1,2, ..., n and let there be
also an individual set of strategies S; for each player, so that each individual strategy
is denoted by s; € S;. The entire set of strategy profiles is represented by S = S; X
Sy X .. X Sy. A strategy profile of a game G in period t is then defined by s; € S,
where s; = (514,52, ..., 5nt) € S. For each player i there exists a preference function U;,
which orders (not necessarily completely) the set of strategy profiles S. Consequently
game G can be defined as G = (51, Sy, ..., Sp; U, Uy, ..., Uy).

A metagame kG is derived from the underlying game G in the following way: Re-
place the strategy set of player k by a new set of strategies F. Each element f € F
is a function that defines a response strategy to each possible strategy profile s_k@
The preference functions for the new game are denoted as Ul'. of player i in kG. Conse-
quently, the metagame is defined as kG = (51, Sy, ..., Sx_1, F, Sk + 1, ..., Sy; LI;, U;, . LI,;)
Since the set of strategy profiles of kG is defined by the the Cartesian product F x S_j,
we obtain a strategy profile g = (f,s_; € F x S_;). An rth level metagame L is then
represented by L = kjky...k;G. Let there be an operator  that transforms any strategy
profile of an rth level metagame L to a strategy profile of the lower (r-1) level meta-
game, such that B(f,sn_x) = (f(sn—k),sn—k) and B'(f,sn—k) = (sk, sn—k) = 4[]

For each strategy profile g, let S be divided into two subsets, where U."(g) denotes
the set of strategy profiles that are strictly preferred by player i to strategy profile g
and where U; (g) includes all the strategy profiles that are not strictly preferred by
player i to 4. Hence, for any given strategy profile 5_; by all players other than i, the
set of strategy profiles that can be obtained by a unilateral strategy switch of player
i is given by z;(q) = (s;,5_;). An individually attainable dominant profile p with
respect to ¢ is then defined as p € u;"(q) = z;(q) N U;" (q)ﬂ That means that a player
i can improve on the current strategy profile ¢ = (5;,5_;) given strategy profile 5_; by

3 Assume a game with two players and 4 strategies each. F is then a set of 4* = 256 functions, where
each f is defined by four response strategies, one for each strategy of the other player.

40Suppose that both players have strategies (1)p, (d)own, (left and (r)ight. For 1G let there by an
f = (u/u/d/d), meaning that player 1 plays strategy up as a response to both up and down, and
down as a response to both left and right. A strategy profile p = (u/u/d/d,l) in 1G can than be
transformed to a strategy profile in G, since p(u/u/d/d, 1) = (f(1),1) = (d,1).

1 An alternative formulation is 3s; : (s;,5_;) € U;" () such that p € {(s;,5_;) : (s;,5_;) € U; () }.

CONFLICT THEORY - A GAME THEORETIC ANALYSIS
OF SOCIAL CONFLICT, NORMS AND CONVENTIONS



4.A. THE FUNDAMENTALS OF METAGAME ANALYSIS

choosing a strategy s* to strategy profile p = (s},5_;). Notice that it follows from the
paragraph above that the preferences in G determine the preferences in L, i.e. in the
case, where g is strictly preferred to another strategy profile p: p € Ul._/ (q) & Bp €
u; (B@) {7

A strategy profile g = (5;,5_;) is rational for any player i, if §; is the best response
strategy to 5_1. Hence, the set of rational strategy profiles for player i is given by
R; = {q|Vs;, (si,s_i) € U; (q)}. The metarational strategy profile for G can then be
derived from the underlying metagame L by applying p r-times to the set of rational
strategy profiles R. Let R;(L) denote the set of metarational strategy profiles for G,
then B'R;(L) = R;(L). Similarly the set of equilibria E(L) for a metagame L, which
is the set of strategy profiles rational for all players in L, connects to the set of equi-
libria for game G via g and B'E;(L) = E;(L)[| The general set of rational strategy
profiles R for player i is then given by the union of all rth level metagames and thus
Ry = U, R(Lj) UR;(G).

On the basis of the “Characterization Theorem” by Howard (1971), the determina-
tion of the general set of rational strategy profiles does not necessitate the analysis of
the infinite metagame tree, but only a three step analysis. The first step is to check
for the absence of unilaterally attainable dominant profiles p = (s;,5_;), such that
Bsi ¢ (si,5-;) € U;"(q). In this case g is metarational. A symmetric metarational outcome
is defined if for all such better response strategies s} other players possess a strategy
that garantees a new strategy profile not preferred by the particluar player under
analysis. Hence, it must hold Js_;Vs} : (sf,s_;) € U; (q). A general metarational out-
come occurs if the player under analysis has again a response strategy to improve to a
preferred strategy profile. A cycle may evolve and the play can continue indefinitely,
which is assumed to be strictly less preferred to g (similar to a deadlock point, see Bin-
more, 1998). A strategy profile g therefore has to be finally checked for the absence of
such an infinite cycle; fs;Vs_; : (s;,5_;) € U:"(g). If this is the case, ¢ is metarational.
Thus, if a strategy profile g is metarational for player i, it is also stable for player i
and the set of stable strategy profiles for all players defines the set of equilibria of the
general (n-th level) metagame.

“2(u/u/d/d,l) generates the same outcome as (d,!) and thus preference orders with respect to each
must be identical.

#3Suppose that(u/u/d/d,l) is rational for both players, then (d, I) is meta-rational for both players and
the equilibrium of the underlying game G.
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4.B Tables

Table 4.B.p: Dynamics of the Traveller’s Dilemma - Individual Transition Matrices
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CHAPTER 4. THE THEORY OF CONFLICT ANALYSIS

Table 4.B.r: Static Analysis Surprise Test - double lines indicate the frontiers of each set of equally preferred strategy
profiles, DPs by equally preferred strategy profiles are written in brackets
Solution of Version 1
overall E(E) E(E) E®E) E®E) E®E) E®E) EE) EE) EE) EE EE) EE) | Ex) Ex) E(x EX
stability
stability r(s) r(s) r(s) r(s) r(s) r(s) r(s) r(s) r(s) r(s) r(s) r(s) s(u)  s(u) s(u) s(u)
for A
As prefe- || 33 65 129 18 66 130 20 36 132 24 40 72 17 34 68 136
rences
DPs (36) (66) (130) (20) (65) (129) (18) (33) (129) (18) (33) (65 |18 33 65 129
(40) (72) (132) (24) (72) (132) (24) (40) (130) (20) (36) (66) |20 36 66 130
24 40 72 132
stability r r r r s(s) s(s) s(s) s(s) s(s) s(s) s(s) s(s) s(s) s(s) s(s) s(s)
for B
Bs prefe- || 17 34 68 136 33 65 129 18 66 130 20 36 132 24 40 72
rences
DPs 17 17 17 34 34 34 68 68 68 136 136 136
(65) (33) (33) (66) (18) (18 (36) (20) (20) (40) (24) (24)
(129) (129) (65) (130) (130) (66) (132) (132) (36) (72) (72)  (40)

Solution of Version 2

overall X X X X E E X X E E x(x)  x(x)  x(x)  x(x) x(x) x(x)
stability

stability r s r r s s u u r s u u u u u u
for A

As prefe- || 24 20 40 72 18 36 17 34 136 68 33 65 129 66 130 132
rences

DPs 24 24 40 24 40 72 40 72 136 72 136 136
20 20 36 36 68 (130) 68 (129) (129)
18 34 (66)  (132) (65)  (132) (130)
stability r r r r s s u u u u u u u u u u
for B

Bs prefe- || 17 34 136 68 18 36 72 20 40 24 33 65 129 66 130 132
rences
DPs 34 68 136 | 68 136 | 136 | 17 17 17 34 34 68
36 72 72 65) (33 (33 18 18 36
40 (129) (129) (65) (130) (66) (28)
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Repetition is the reality and
the seriousness of life.

Sgren Aabye Kierkegaard(1813-1855)

The Dynamics of Conflict Analysis

The Conflict Analysis approach by Hipel and Fraser (1984) is well
equipped to model repeated games. Players are assumed to posses a
sequential reasoning that allows them to ( not necessarily correctly) an-
ticipate the reaction of other players to their strategies. An individual’s
best response strategy is thus defined based on this projection, adding
additional stability conditions to strategic choice and increasing the set
of potential equilibria beyond pure Nash equilibria. Yet, the original
Conflict Analysis approach lacks the ability to genuinely model dyna-
mic repeated games, in which past play defines the condition for future
interactions. This chapter will illustrate how the original model can
be adapted to include endogenous individual preferences that are de-
fined by the strategic choice of players during past play, allowing to
model the reciprocal connection between preferential change and best
response play in repeated games. A dummy game serves as an exem-
plar and helps to visualise the results obtained from this extension.




Introduction

Conflict Analysis is an alternative approach that assumes the capacity of players to
extrapolate the reactions of other players to their strategic choices. The sequential
reasoning renders it interesting for the analysis and modelisation of repeated games.
Chapter 4 has illustrated and critically analysed the underlying assumptions, and ob-
tained results by focusing on a static analysis. In the context of repeated games, the
approach presented so far is insufficient to effectively model the dynamics of strate-
gic choice over a sequence of interactions. This chapter concentrates on the dynamic
analysis of games and expands the initial attempt of Hipel & Fraser (Ch. 14, 1984).

The basic assumptions of the Conflict Analysis approach are briefly reviewed in
the following. For a more detailed explanation refer to Chapter 4. Given an n-person
non-cooperative game defined by G = (51, Sy, ..., Sp; Uy, Uy, ..., Uy ), with player set
N = (1,2,3,..,n), and S; being individual i’s strategy set and S = xS§; being the
set of strategy profiles. Let there be an individual preference function U; for each
i € N that ranks the strategy profiles according to the individual’s preferences over
the associated outcomes by assigning all strategy profiles s = (s1,52,...,5,) € S to
one of two subsets with respect to any underlying strategy profile g4 = (§i/§—i)E|

p € Ui (q), iff O(p)

=i 0(q)
p € U; (q),iff O(p) =i

(q)

with Uf (q) NU; (q) = @and U} (q) UU; (q) = S,, and O(g) the outcome associated
to g. Denote a strategy profiles that can be obtained by a unilateral strategy switch, i.e.

O
O

a switch of player i given the strategies of all players other than i, by z;(q) = (s;,5_;),
with any s; € S;. Given the set Z;(g) of all strategy profiles that can be obtained by a
unilateral switch of 7, the set of “dominant profiles” for g is then defined as

DP: u; (q) = Zi(q) N U (g),Vs; € S; 5.0.2

In other words, a dominant profile with respect to g is defined by the strategy profile
of a unilateral switch of player i to a better response strategy given strategies 5_; of all

players other than i.

IPreferences are assumed to be complete and transitive, though the last assumption is not strictly
necessary for the approach, see Chapter 4 for details.
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Two forms of stability of a player’s strategy choice can occur. If a better response
strategy is absent, a player is already playing his best response strategy and the un-
derlying strategy profile is termed rationally stable for player i.

Rational Stability: u;" (5;,5_;) = @,Vs; € S;

Furthermore, the switch to a better response strategy can entail a probable sub-
sequent switch of another player j to his better response strategy, given the new stra-
tegy profile after the switch of player i. This may lead to an outcome, not strictly pre-
ferred by player i to the outcome defined by the strategy profile from which player
i originally switched. Thus, player i refrains from unilaterally choosing this better
response strategy. In that case the strategy switch is sequentially sanctioned and the
strategy does not qualify as a viable better response strategy. If all better response
strategies are sequentially sanctioned, the current strategy is best response and the
underlying strategy profile is termed sequentially stable for player i. For any player j
define ﬁ;r(p) = Zi(p) N U;“(p) as the set of DPs for player j to player i's dominant

profile p for g,

Se uential stability: A]' (P - (S?/S—i)) N uz (q - (Sils—i)) ?é @,
q u 5.04
\V/S;’k : p = (51'1571') c ui (Q) ﬂ)ldfm ﬂ”yj 7 l

If a strategy is neither rational nor sequential stable for player i, i.e. neither condition
nor condition hold, it is unstableE| Define the underlying strategy profile
as unstable for player i. A strategy profile that consists only of components that are
best response strategies, i.e. a strategy profile that is stable for all players, is considered
stable, and defines the game’s potential equilibrium. Whether the individual strate-
gies in the profile are sequentially or rationally stable, is irrelevant. Notice, however,
that only a strategy profile, in which each component is rationally stable, is a Nash
equilibrium.

In the following I will apply the Conflict Analysis approach to a fictitious game,
in which two groups with conflicting interests interact. The game will serve as an
exemplar to illustrate how the approach is able to model the interaction dynamics of
a repeated game. Beginning with the static analysis of the game that constitutes the
basis of the dynamic analysis, the approach is extended step by step to provide a more

2Simultaneous stability is of no interest in this context, as this chapter will focus solely on repeated
games that are played sequentially.
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sophisticated description and analysis of the underlying game. Focus will be placed
on the dynamic representation. Starting out with a constant time-homogeneous tran-
sition matrix, the matrix is changed as such that it is able to model the transitions
between various preference orders. Subsequently, the model is transformed into a
more realistic dynamic process, where each state defines the interaction basis for the
subsequent state, yet with an exogenously determined transition between preference
orders. In a last step, the preference orders are directly determined by the strategy
distribution of past play, thus previous states both define subsequent states and the

rate of transition between preference orders.

5.1 A fictitious Game of Social Conflict

Assume a game with two groups of players C4 and Cp. Further assume that the be-
haviour of the two conflicting parties can be described by the collective action of all
players in each group. This implies that we are not interested in individual decision
and the subtle processes inside a group but the aggregate joint actionﬂ The game is
thus assumed to be sufficiently defined by I' = (S 44, Spt; U s, Upt), where S;; defines
the strategy set and U;; the preference order for player group i, giveni = A, B, at time
t. Suppose both groups have to repeatedly renew a contract (e.g. on the relative mo-
netary pay-off for the joint production of a good, on working conditions or on laws
governing the mutual co-existence). Assume that group B is the proposing group that
offers a contract and that group A has to decided whether or not to accept. The model
is general enough to be interpreted as an abstract representation of a conflict on va-
rious social levels, ranging from an interaction between two classic social classes (the
working class vs. the capitalists) over the conflict inside a single company (advisory
board vs. board of directors) down to the individual level.

Suppose that A has only a very limited action set It can choose whether or not
to fulfil B’s contract and whether or not to actively demand a change in the (social)
contract (e.g. by revolting or striking). B has a larger action set. First, B decides

3Notice that this is not equivalent to modelling macroeconomic behaviour on the basis of a represen-
tative agent. In this game, no assumptions on the individual preferences and actions exist, i.e. it
is not supposed that any action of the group necessarily coincides with individual strategy choice,
similar to the negligence of neural processes in the standard economic explanation of individual
choices. The model does not start out in a micro level to explain macro dynamics, but assump-
tions are made on the same level as the general results, thereby evading problems of super- or
sub-additivity.

4In order to simplify notation I will speak, in the following, of A or B, instead of group A or group B.
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about the relative share it offers, i.e. how much the contract should benefit itself at
the cost of A’s benefit. For simplicity consider this only as the choice between a non-
exploitative and an exploitative offer. Second, B considers, whether or not it demands
the certification of the terms of the contract, so that group A is legally obliged to fulfil
its part of the contract. Third and last, B has to choose whether or not to threaten with
drastic additional sanctions, should A not abide to the terms of the contract, in order
to pressure A to sign and fulfil the contract. Hence, A can choose between 4 actions
(considering that inaction is an action), and B between 6. Consequently, there exist 4
pure strategies for A and 8 pure strategies for B leading to 2° = 32 possible strategy
profiles.

To fulfil the contract and to demand a change of the terms is mutually exclusive,
as is the inverse. Hence, both the action of fulfilling the contract and of not deman-
ding a change can be represented as a single action, as can be the contrary, resulting
in 2% = 16 possible strategy profiles. For notational simplicity the strategy sets can
be further reduced by neglecting strategy profiles that are defined by strictly domi-
nated strategiesﬂ These are the two strategies, in which B does not certify the terms
of the contract, but threatens A by sanctions (a literal incredible threat), namely (Ex-
ploitation, no Certification, Sanction) and (no Exploitation, no Certification, Sanction). Fur-
thermore, strategies that include the provision of a non-exploitative share of benefit
to group A, after it did not accept the contract, are also assumed strictly dominated.
This reduces the whole strategy profile set to 9 (=16-2—2-(4—1))E| Each binary represen-
tation of a strategy profile (where 1 implies that the action is taken and 0 that it is not)
in the strategy set can again be symbolised by a decimal code (see table[5.1.a).

The strategy profiles with value 3 and 7 define non-exploitative outcomes, in which
both groups have an incentive to abide to a contract that does not advantage one
group over another. Strategy profile 0, in contrast, implies the requirement of a
contractual change as none of the groups conforms to the terms of the initial contractﬂ

If there exists a bijective relation between strategy profile and outcome, an indivi-
dual’s preference over all outcomes determines a unique preference order of the set

of strategy profiles. An outcome is, however, not only defined by a strategy profile,

5This assumption requires that the strategies are strictly dominated under the assumption of sequen-
tial reasoning. The previous chapter has shown that the cooperative strategy in the Prisoner’s
Dilemma is indeed not strictly dominated, if the Conflict Analysis approach is applied.

%The last assumption of strict dominance excluded 22 strategy profiles, of which one has already been
excluded by the previous assumption.

70 can be interpreted for example as a period of social revolution or the complete renewal of labour
contracts in a company.
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Table 5.1.a: Strategy profile Set

A’s actions:

" Abide [o[T[T]0[1[1]0 1] 1]
B’s actions:

No Exploitation |0 |0 |1[0|0[1| 0| 0 | 1
Certification o(o(oj1{1y1({1/111
Sanction 0/0[{0j0jO0] 1|1 1
| Decimalcode [0[13[4[5|7|12|13] 15|

but depends on the external circumstances defined by the rules of the game. Fur-
ther, the preferential evaluation of an outcome is defined by the history of play of
the other players that can change the bargaining power, the information and belief a
player has (for example on the others bargaining power) and also the evaluation of
other players (other-regarding preferences). Thus, assume that an outcome is also de-
fined by the relative bargaining power of a groups and each utility / preference value
is affected by the sympathy for the other player group. Further suppose that these
change exogenously in time. (This assumption is relaxed later in section[5.2.2)

According to the value that is assigned to these variables, the strategy profile as-
sociated to an outcome and its underlying utility will change in the course of play.
So will the preference order. It is unnecessary to explicitly model these variables and
sufficient to implicitly incorporate them into the preference vector. Notice, howe-
ver, that the decimal number does not describe identical outcomes under different
assumptions of sympathy and bargaining power. A decimal number represents in-
deed identical strategy profiles, but outcomes are defined conditional on the value of
bargaining power and sympathy. When sympathy of one player group for another
player group decreases, strategy profiles that assign relatively higher utility to the
latter will offer less utility to the former and rank lower in the preference order. Bar-
gaining power will affect the feasibility and stability of certain actions (e.g. the effect
of strikes or the threat of a sanction). A change in bargaining power will thus alter
the relative preference for a strategy profileﬂ

For the first case assume that initially A prefers above all those strategy profiles, in
which B offers a non-exploitative contract. It is indifferent between strategy profile 7
and 3, and slightly dislikes the threat of sanctions. If B offers an exploitative contract

8 Arguably such a model leaves too much room for interpretation of exactly how a change in prefe-
rence order occurs. Yet, the abstract way, in which complex interactions are analysed, should leave
that room of interpretation.
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and does not certify the contract, A prefers not to abide to the terms of the contract.
If the contract is certified, A prefers the case of no sanction, since this implies lower
costs in the case, where A breaks the agreement. In the second case, A knows that
a non-exploitative contract is no longer feasible, since B has appropriated sufficient
market power. As a consequence, A loses sympathy for B, implying that A prefers
a change of the contract (e.g. by pressure of strike) above all and no certification or
threat of sanction.

The preference order ranks the strategy profiles according to the player’s prefe-
rence over the associated outcomes. The order is from left to right, placing the stra-
tegy profile that is associated to the most preferred outcome in the left most position.
All strategy profiles to the right are strictly less preferred, except if the profiles are
connected by a bar, indicating indifference. The preference order for A looks as in
table (grey implies that these strategy profiles are considered infeasible). In the
tirst preference order, the outcomes associated with 7 and 3 are equally preferred, and

the outcome associated to 12 is least preferred.

Table 5.1.b: Preference Vector I

Preference order of A
Start | 713 |1510|1| 5 (4|13 |12
End \ 0|4|12/1] 5 |13

The preference order of B is separated into three different cases. Like for A, the first
case represents the initial situation of the model. B prefers to offer a non-exploitative
contract. Certifying the contract beforehand is slightly preferred to just providing the
non-exploitative share to A without contractual certification. The threat of sanctio-
ning A is even less preferred, since B considers this unnecessary if A approves the
contract (both groups are aware of their mutual benevolence). The second case is the
situation, in which B gained in relative bargaining power. B believes that not fulfilling
the contract by A will have no fundamental repercussions, e.g. that A reacts only with
a limited violent aggression and the effect of strike is negligible. B also believes that
an a priori threat of sanction will push A to abide to the terms of the contract and
will limit the violence of A’s reaction. Hence, B prefers above all to exploit A and
always to threaten with a sanction to only certifying, which is again preferred to not
certifying. B prefers 12 to 15, since the possible loss from non-fulfilment is expected
to be lower than the expected loss from offering a non-exploitative contract. Since B
has an interest to maintain his status quo power, strategy profile 0 is least preferred.
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In the third stage, B is aware that A has no sympathy for B. If A does not abide to the
contract, the subsequent reaction (i.e. a violent general strike or a social revolution)
will question and endanger B’s status quo position, since A is likely to win the conflict.
Therefore B prefers all those strategy profiles, in which A fulfils the contract, and de-
sires most those, in which A is still exploited. In the case, where A does not intend
to abide to the terms of the contract, no certification is preferred to just certifying,
which is again preferred to threaten with sanctions. The idea is that B fears that the
violence of A’s reaction will depend on how much B abused his bargaining powerﬂ

Consequently B’s preference order is assumed as illustrated in table

Table 5.1.c: Preference Vector 11

Preference order of B

Start 7 13|15| 5 1113|1214 0
Intermediate || 13 |5 1 |12 |15 7 | 3 14| 0
End 13|51 |15 7|30 1(4]12

5.1.1 Stability Analysis without Mis-perception

It is required to carry out a static analysis of the game before proceeding to a dynamic
representation. Based on the given assumptions, 4 different games can be derived for
the static model. The first is the case, in which both parties have preferences given
by “start”. The second is defined by A’s preference order in “start” and B’s prefe-
rence order as in “intermediate”. This implies a situation, in which B has sufficient
bargaining power to exploit, but A has insufficient power to successfully demand a
change of the contract. Similarly, the next two stages are then given by preferences
“end-intermediate” and “end-end”. The solution of every static game is represented
for efficiency in the tabular form (for a detailed description of the derivation of this
form, refer to chapter 4). The first static game and its analysis are given in table
below.

The DPs are derived as described from condition The DPs below a certain
strategy profile are vertically ordered according to their position in the preference
vector, i.e. the highest DP is most preferred by this player group. Strategy profiles
lacking a DP are rationally stable according to condition A change from 1 to

9 A non-violent change of the contract is preferred to an act of violence that will cause additional costs
for B.
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Table 5.1.d: First static game

start-start
| overall stability JE [ x| x [ x[ x| x]x]x]x]
stability for A r \ r{r|{r|s|rju|r|u
A’s preferenceorder | 713 |15 0 | 1 | 5| 4 |13 |12
DPs \ 0 5 13
stability for B rfujujujufu|r|fu|u
B’s preferenceorder | 7 {3 |15 5 | 1 |13|12| 4 | O
DPs 7717177 12 | 12
3131313 4
15 15|15
515
1

0 of A, i.e. a switch from strategy Abide to not Abide given B’s strategy Exploitation,
no Certification, no Sanction, entails a subsequent shift of B to 12 or 4. Both are less
preferred than the outcome associated to the original strategy profile 1. Condition
is fulfilled for 1 and player A. A shift of A from 4 to 5 causes a subsequent shift
of B to 7, 3 or 15, of which all rank higher in the preference order. Neither condition

5.0.3| nor [5.0.4{ are satisfied for 4. In the same fashion the remaining stabilities are

calculated for A and B. In the first static game only strategy profile 7=(Abide; no
Exploitation,Certification) is stable for both groups. Hence, the contract is defined by a
fair cooperation. The solution to the second static game is shown in table

Table 5.1.e: Second static game

start-intermediate

| overall stability | x [ x[x | x[x][x]|x][E]x|

stability for A rlr|r|r][s|[r|s[r]u
A’s preference order | 713 |15 1 4 |13 |12
DPs \ 0 5 13
stability for B r{uju|lrjuf{uluju|u
B’s preferenceorder | 13| 5 |1 (12|15 7 | 3 | 4 | 0
DPs 13113 13113 (13 | 12|12
5 5155 4

1711

15| 15

7
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The stable equilibrium of the second game in table is defined by 13=(Abide; Ex-
ploitation, Certification, Sanction). Table describes the third static game, in which
A prefers a social change to the status quo situation, but B believes to have sufficient
bargaining power to prevent such a changem The equilibrium of the third game in
table is defined by 12=(Not Abide; Exploitation, Certification, Sanction). A asks for
a social change, but B is unwilling to give up his status quo position. The last game, in
which the probability of a successful social change is high, is depicted in table

Table 5.1.f: Third static game

end-intermediate
| overall stability | [ | [ x[x]E[x][x]x]
stability for A r{r|rjujuju
A’s preference order 0|4 /12|15 /|13
DPs 04|12
stability for B r{s|s|rjujujlujulu
B’s preferenceorder | 13| 5 | 1 (12|15 7 | 3 | 4 | 0
DPs 13113 13113 (13 |12 |12
5 5155 4
1711
15|15
7
Table 5.1.g: Fourth static game
end-end
| overall stability | | [EJE[ x| x[x][x] x|
stability for A r|ir|rjujulu
A’s preference order 04 |12{1|5]|13
DPs 01412
stability for B r{s|s|s|uju|rfulu
B’s preferenceorder |13 | 5 | 1 |15 7 | 3 |0 |4 |12
DPs 131131131313 0] 0
55|55 4
17111
15| 15
7

19Tn the game context, this period could be interpreted as an attempt of social turnover.
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The equilibrium is defined by 0=(Not Abide; Exploitation) or 15=(Abide, No Exploita-
tion, Certification, Sanction). The former is the situation, in which A and B do not reach
a mutual consent regarding their contract. The second defines a situation similar to
the previous game in table but B prefers to offer a non-exploitative contract
fearing the eventual repercussion. Based on the original interpretation of the game,
the strategy profile symbolised by 0 is regarded as a period, during which the social
or work contract is rewritten. Since A deems 15 infeasible, it will not choose action
Abide. The static model describes a player population moving through the following
states: (7 — 13 — 12 — 0).

5.1.2 Hypergames

Before developing the dynamic representation, the following short subsection will
consider a first level hypergame. This will be of interest, when the dynamic represen-
tation with state dependent transition probabilities will be developed. In comparison
with the results obtained here, the state dependent approach can dynamically model
hypergames Suppose that B overestimates the benevolence of A and its general
willingness to accept any contract. On the other hand, A wrongly estimates B’s bar-
gaining power and intentions. Both groups believe to be playing entirely different
games (see table[5.1.h), illustrating the situation, in which B believes to be still playing
“start-start”, and A to be playing “end-end”. The stabilities for the individual stra-
tegy profiles in the two games can be directly taken from the tables[5.1.d|and [5.1.g}
and are stated again in the upper half of table for simplicity. The equilibria of
this hypergame are given by the stabilities of each group according to its individual

game. This is represented in the lower part of the table. Consequently, in this case the
strategy profile would be either 7 or 12, unlike only 7 or 0 as expected by B or by A,
respectively. If A assumes 3,7, and 15 infeasible and will not choose action Abide, the
final and only equilibrium of the game is defined by 12.

5.1.3 Dynamic representation

Though the analysis of the game in its static form already indicates the possible equi-
libria that might occur during various stages of interaction, a dynamic representation,

which can be controlled to continuously move between the various preference orders,

This refers also to an n-level hypergame, since, as illustrated in Chapter 4, a hypergame of any level
can be represented by a first level hypergame.
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Table 5.1.h: First Level Hypergame: Mutual Mis-perception of the Game

“end-end” - A’s perception

stability for A r{r|r|jujujfu
A’s preference order 41121 1|5 |13
stability for B r{s|s|sjuju|r|uju
B’s preferenceorder |13 5| 1 |15|7 |3 | 0 | 4 |12
“start-start” - B’s perception

stability for A rfr[r|r]s|r[a]|r]u
A’s preferenceorder | 713 |15 0 |1 |5 | 4 |13 |12
stability for B rijujulujuju|r|ujfu
B’s preferenceorder | 7 |3 15| 5 |1 13|12 4 | 0

Combining A’s and B’s Stability
| overallstability || [ | [x|x|E]| x| x][ x|

stability for A r{rj{rjujujfu
As preference order 04121 |5 |13
stability for B rjujujujuju|r|ujfu
B’s preferenceorder | 7 |3 15| 5 |1 |13|12| 4 | O

is preferable. As a first step, the individual transition matrix for each group must be
derived on the basis of the static analysis. The individual transition matrices will be
used to form the transition matrix T for the entire game. A definition of the individual
transition matrices, solely on the basis of the initial (start-start) and the final (end-end)
game, should suffice as an example.

For a games with f strategy profiles, let a state X; be defined by the probability
distribution of the strategy profiles in time t with dimension f x 1, i.e. by a vector,
where each component indicates the likelihood of a strategy profile at time ¢ over the
entire set S. The Markov process is determined by

Xe =T X1,

and T is the transition matrix of dimension f x f that describes the transition proba-
bility of moving from strategy profile x in period t — 1 to y in . Under the condition
that the transition matrix T is time homogeneous the Markov process is defined by
X; = T* Xy. Two variants can be used as a basis to model preferential change:
Variant 1: As a first assumption, consider that players exogenously change their

expectations about the game they are playing. Since each individual transition matrix
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should reflect the preference order in both games, the original approach in Chapter 4
needs some adaptation. Define a “transition probability” a and <y. The first refers to
the preference order of A, the latter to preference order of B. Define the transition
probability for A in such a way that 1 — a gives the probability of being in a state
defined by game (start-start) and hence, « is the probability of being in state defined by
game (end-end). A continuum of states, defined by a specific value of the transition
probability, can be thus described, ranging from the stabilities of A as in start, start
(« = 0) to its stabilities as in end, end (« = 1). The transition probabilities hence enable
us to shift between the preference orders of each group. The transition matrix T4 for

group A is given in table

Table 5.1.i: Individual Transition Matrix with identical Perception

Transition Matrix for A
[ Jo] 1 [3[4] 5 [7[12] 13 [15]
i} 1 o 0|0 0 0 0 0 0
1 0|1« |0]0 0 0 0 0 0
3 0 0 110 0 0 0 0 0
4 0 0 011 n 0 0 0 0
5 0 0 00| 1a |0 0 0 0
7 0 0 01]0 0 1 0 0 0
12 || 0 0 01]0 0 0 o o 0
13 || 0 0 0|0 0 0| 1a |1a]| O
15 || 0 0 01]0 0 0 0 0 1

Though derivation of this matrix is intuitive, it is useful to look at the original

preference order and the stabilities of tables 5.1.d| and |5.1.g, shown again in table

For simplicity, it is generally assumed that a player switches to his most preferred

Table 5.1.j: Comparison Initial & Final Stage

Preference order of A at the initial and final stage

stability for A in initialstage | r |r | r |r|s| r |u| 1 | u
As preference order 713 |15/0|1|5|4]13|12
DPs \ 0 5 13
stability for A in final stage rir|irjuluju
A’s preference order 0|412|1]5 |13
DPs 04|12

non-sanctioned DP. In both games, strategy profiles 0, 3, 4, 7, and 15 are stable. Hence,
a value of 1 is written along the main diagonal for these strategy profiles. Strategy
profile 1 is stable in the initial game, but has a DP and therefore a transition to 0 in

CoONFLICT THEORY - A GAME THEORETIC ANALYSIS
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the final game. Thus, with probability 1 — &, A remains in strategy profile 1, with
probability « it switches to strategy profile 0. The same logic provides the rest of
the matrix for the remaining strategy profiles. In the same manner the transition
matrix Tp in table[5.1.Kfor B is derived, where 1 gives the transition probability from
the initial preference order to the one in the final state of the game. Hence, v = 0
describes B’s stabilities in (start, start) and v = 1 its stabilities in (end, end). Keep
in mind that a player can only switch to a non-sanctioned DP. The most preferred
non-sanctioned DP of B for 3 and 7 is 15.

Table 5.1.k: Individual Transition Matrix with identical Perception

Transition Matrix for B
[ [ o ] 1 7 3 [ 4 [ 5 [ 7 J127] 13715

0 04 0 0 ¥ 0 0 04 0 0
1 0 0% 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0
5 0 0 0 0 ¥ 0 0 0 0
7 0 1-9 | 1-9 0 1-9 | 1-9 0 1-9 | 1-9
12 1-7 0 0 1-v 0 0 1-v9 0 0
13 0 0 0 0 0 0 0 v 0
15 0 0 0 0 0% 0 0 ¥

Subsequently, these two matrices are combined into a single transition matrix T
(see table 5.1.I). The derivation of this matrix is more complicated than the deriva-
tion of the individual transition matrices. By looking at the transition matrix for A, it

Table 5.1.1: Final Transition Matrix

Combined Transition Matrix for the Game
[ [ 0o ] 1 E 1 [ 5 [ 7 ] 12 [ 13 [ 15 ]

0 04 v 0 v 0 0 oy 0 0
1 0 (1-a) 7y 0 (T-a) y 0 0 (1-a) y 0 0
3 0 0 0 0 0 0 0 0 0
4 0 a(l—1) 0 0 « 0 0 a (1-y) 0
5 0 0 0 0 (1-a) oy 0 0 0 0
7 0 (1-a) (1-y) | 1-7 0 (1-a) (A7) | 1-7 0 (1-a) (1-y) | 1-7
12 || 1-79 0 0 a (1-y) 0 0 a (1-) oy 0
13 0 0 0 (1-a) (1-) 0 0 (1-a) (1-y) (1-a) v 0
15 0 0 Y 0 0 Y 0 0 Y

can be seen that A stays at strategy profile 0 with certainty. Therefore group A will
choose (0, —, —, —)T with probability 1 B stays in 0 with probability y and switches
to 12 with probability 1-7y. Accordingly, group B is expected to choose (—,0,0, O)T or

12Remember that the strategy profile can also be written as a vector in binary code. Here A is only able
to change the first value of the vector. A slash indicates that the group cannot affect these values.
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(—,0,1,1)". The expected strategy profiles for the final transition matrix are given by
(0,0,0,0)" with probability 1 x -, and (0,0,1,1)” with probability 1 x (1 — 7). Stra-
tegy profile 12 stays with probability « in 12 and with probability (1 — a) switches to
13. Hence, A chooses to accept the contract with probability (1 — «) and not to with
probability a. B changes to strategy profile 0, i.e. it chooses (—,0, O,O)T, with pro-
bability v, and stays in 12, defined by (—,0,1, 1)T, with probability (1- 7). Hence,
strategy profile 12 is followed by 0 with probability « x 7, by 1 with probability
(1 — a) x 7, by 12 with probability & x (1 — ), and by 13 with probability
(1 —a) x (1 —). The calculation used to find the equilibria in the joint transition

matrix is simplified by the following equation:

j= ioi— (x —1)4, 5.1.2
i=1
where 7 defines the value of the new equilibrium, x the number of player groups
(here x = 2), and 0; the value of the DP of group i from strategy profile q given by
value 4.

Some transitions would lead to strictly dominated strategy profiles, which have
been ruled out before. Equation is thus inapplicable in these cases. Strategy
profile 1, for example, is followed by strategy profile (0,1, 1,0)" with probability
a % (1 — ). Yet, this strategy profile is considered infeasible. There is, however, a lo-
gical solution. The reason for ruling out strategy profiles (0,1, —, —) Tin the first place,
has been that if A does not abide, a strategy including a non-exploitative contract was
assumed strictly dominated. Hence, it is reasonable to suppose that the group will
cause the strategy profile to switch to (0,0,1, O)T, namely 4. Therefore the probabili-
ties are added to strategy profile 4

The two games and the transition between them can be represented by an adapted

13Though contrary to the initial assumption, it can be argued that B responds to A. In
that case, strategy profile 6 can be substituted by 7. The matrix then looks as:

Combined individual Transition Matrices of each group

0 1 3 4 5 7 12 13 15
0 0% oy 0 Ya 0 0 -y 0 0
1 0 (1-w) oy 0 (1-a) v 0 0 (1-a) v 0 0
3 0 0 0 0 0 0 0 0 0
4 0 0 0 0 ny 0 0 0 0
5 0 0 0 0 (1-a) y 0 0 0 0
7 0 (I-y) | 1-7 0 (I-y) | 1-v 0 -y | 1-7o
12 || 1-9 0 0 w (1-) 0 0 w (1-) -y 0
13 0 0 0 (1-a) (1-) 0 0 (1-a) (1-y) | (1-a) 7y 0
15 0 0 0% 0 0 ¥ 0 0 ¥

Simulations results are similar to what is obtained from applying transition matrix
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version of equation Each state is determined by a unique transition matrix T, g;
a variant of the original transition matrix T, given the unique values of the transition
probabilities a(f) and 7(t) in each period t. Hence, a state in period ¢ is defined
by X; = Tutc,ﬁXO' Notice that the transition probabilities disregard the probability a
player assigns to certain strategies in different states. Probabilities are only defined
by the composition of Xj. Equilibrium 15 is therefore observable, though it has been
exogenously assigned zero probability in the analysis, presented in table The
vector Xy, indicating the status quo, needs to be defined a priori for the simulation.
Strategy profile 0 is a reasonable assumption to describe a situation at the initial stage
of interaction. No form of contract has yet been offered. The player population could
also be considered at a turning point. Hence Xy = (1,0,0,0,0,0,0, O,O)T. Notice
that the initial vector can also describe a state with mixed strategy profiles, such as
Xé) = (0,0.5,0.5,0,0,0,0, O,O)T, implying society starting at strategy profile 1 and 3
with equal probability of 0.5.

Figure 5.1.A: Game with 2 Groups

60 80 100 - @0
A) B)

The simulation was conducted for transition probabilities a(t) = 7(t) = 155 Figure
5.1.AlA.) shows the probability of being in one of the nine possible strategy profiles
fort € (0,5) and t € (0,100). Table on page 203| provides the rounded proba-
bilities from the first period to the last, in steps of five periods, in order to interpret
the figure more easily. Though the two “intermediate games” (i.e. start-intermediate
and end-intermediate) were neglected, the dynamic representation already shows a
sequence that is alike to the static representation. The player population starts out
at 0; a point, where initial bargaining begins. It goes immediately to 12 and then
to 13 and finally stays at 7 for a longer time. It takes three periods for our player
population to reach the first (initially stable) equilibrium. Both groups reach a preli-
minary agreement on a non-exploitative contract. Strategy profile 15 grows steadily
until the middle of the simulation, whereas 7 slowly diminishes. Strategy profile 12

SEBASTIAN ILLE



CHAPTER 5. THE DYNAMICS OF CONFLICT ANALYSIS

lags behind and obtains a low maximum probability of 11% in period 80 of the si-
mulation. Finally at the end of the cycle, the society returns to strategy profile 0; a
social change or reform of the underlying Contract We thus obtain the sequence
7 — 15(— 12) — 0. Also notice that the dynamic representation includes first level
hypergames. The example of section 3.2 can be obtained for setting x = 1 and v = 0.
Since a higher level hypergame can be simplified to a first level hypergame as shown
above, the dynamic representation is able to incorporate all the properties developed
for the static game form. Evidently, in this case 7 and 12 are the only equilibria with
value 1 on the main diagonal.

Variant 2: The first variant considered the case, in which players believe that the
other players in the game update their preference order in an identical way@ Yet
previous play, information and expectation can have a different effect on the players’
preference orders. As a consequence, players perceive that they shift independently
their preference order. For the given example, we thus obtain 4 different games, ins-
tead of 2; the same as before, but in addition a game, in which A has preference order
“start” and B has preference order “end”, and a fourth that represents the inverted
case. Table[5.1.m|on page[189]illustrates the stabilities of these 4 games. Following the
same logic as variant 1, the first game with preference order “start-start” occurs with
probability (1 — a)(1 — B), the second defined by “end-end” with probability ap, the
third game defined by “start-end” with probability (1 — a)B, and the fourth defined
by “end-start” with probability a(1 — B).

Based on the transitions in table the individual transition matrix for A has
the shape as in table The transition probabilities are determined by the DPs
in table and the corresponding probability of the game, e.g 0 stays at 0 in all
4 games and thus transition occurs to 0 with probability 1, strategy profile 1 stays
in 1 only in the first game but shifts to 0 in the remaining three, thus transition
occurs to 1 with probability (1 — a)(1 — ), and to 0 with probability 1 — (1 — «)
(1 — B). In the same way the transition matrix for B is obtained and represented in
table The final transition matrix is obtain in the same way as before, i.e. by com-
bining the two individual transition matrices. Again the transition to strategy profile
6 can occur if equation is applied to calculate the final transitions. As in the ear-
lier variant, the transition probabilities have been attributed to strategy profile 4 (see

4 Notice that the rise of 15 occurs through the shift of B to its most preferred unsanctioned DP. If it
switches from 15 to 13, the dynamics should exactly replicate the results of the static analysis.This
assumption contradicts, however, the requirement that a player never chooses a sanctioned DP.

Be.g. if A has preferences as in start, it believes that B has also preferences as in start.
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Table 5.1.m: Reduced Stability Analysis- only most preferred unsanctioned DP is

shown

Preference order of A and B as in “start” P = (1 —a)(1 — B)

stability for A rlr|r|r[s|[r|uf[r]u
A preference order 713 |15 0 1|5 |4 13|12
DPs \ 5 13
stability for B rfujujluf{uflu|r|ju|u
B’s preferenceorder | 7 | 3 |15 5 | 1 |13|12| 4 | O
DPs 71717177 12 1 12
Preference order of A and B as in “end” P = a3

stability for A r|{r|r|r|r|{r|jujulu
A’s preference order 0|4 /12|15 /|13
DPs 04|12
stability for B r|{s|{s|s|{uflu|rjulu
B’s preferenceorder || 13| 5 | 1 |15| 7 | 3 | 0 | 4 |12
DPs 15 | 15 0|0

Pr. order of A as in “start” and B as in “end” P = (1 — «)8

stability for A r \ r|{r|r|lu|r|s|r|u
A’s preferenceorder | 713 | 15| 0 | 1 4 |13 |12
DPs \ 0 5 13
stability for B riujujluf{ulu|r|ulu
B’s preferenceorder || 13| 5 | 1 |15| 7 | 3 | 0 | 4 |12
DPs 1313|1313 |13 0|0

Pr. order of A as in “end” and B as in “start” P = a(1 — B)

stability for A r{r|r|r|r|{r|ujuju
A’s preference order 0|4 /12|15 /|13
DPs 04|12
stability for B riujujluf{ulu|r|ulu
B’s preferenceorder | 7 | 3 (15| 5 | 1 13|12 4 | O
DPs 7717177 12 | 12
table 5.1.p). A simulation as in variant 1, with

a(t) = y(t) = 15, is shown in figure B.) making it directly comparable to the
results of variant 1. Though the initial sequence is identical, as well as the most predo-
minant strategy profiles (i.e. 7 =violet and 0 =blue), transition occurs to 13 =green

and 12 =brown in the intermediate time periods. We obtain a transition that is akin
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Table 5.1.n: Individual Transition Matrix of A: correct perception

Transition Matrix for A
[ [o] 1 [3] 4 [ 5 [7][ 1213 [15]

0 1| 1-(1a)(T-y) | O 0 0 0 0 0 0
1 0 (1-a) (1-) 0 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0 0
4 0 0 0 | 1-(1-a) (1-y) o 0 0 0 0
5 0 0 0 (1-a) (1-y) (1-a) | O 0 0 0
7 0 0 0 0 0 1 0 0 0
12 || 0 0 0 0 0 0 o o 0
13 || 0 0 0 0 0 0| 1w |1a]| O
15 || 0 0 0 0 0 0 0 0 1

to the static analysis (7 (— 13) — 12 = 0).

Both variants suffer, however, from a decisive shortcoming. They model only a
“pseudo” dynamic process, since each state is independent of the previous states,
and does not add informational value to the static model, though the form of repre-
sentation is more efficient. Each state X; is defined by X; = T;IﬁXo, i.e. a state in
period t is solely determined by the initial state of the world X and its unique tran-
sition matrix T, g. Hence, states only differ in the variation of the transition matrix
and its exponent. Although, this approach allows to describe a transition between the
individual static games and hypergames, and offers the convenient determination of
a state without the requirement to calculate previous states, a true dynamic process is
defined by X; = T, gX; 1. This definition implies that each state defines the “playing
ground”, i.e. probability distribution of strategy profiles, at the beginning of the next
interaction period, based on which players define their best response strategies. Since
each state has a unique transition matrix, which shapes the path between states, it ob-
viously holds that T, g X; 1 #+ TD"; 5X0/ as T is not time homogeneous.

The following analysis is independent of which variant is chosen, since each of the

following extensions can be equivalently applied to any variant. Though variant 2

Table 5.1.0: Individual Transition Matrix of B: correct perception

Transition Matrix for B

[ JT o] 1 [ 3 [4] 5 [ 7 J12]13] 15 |
0 v 0 0 ¥ 0 0 0% 0 0
1 0 ay 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0
5 0 0 0 0 oy 0 0 0 0
7 0 1-y 1-y 0 1-y 1-y 0 1-y 1-y
12 || 1-y 0 0 1-y 0 0 1-y 0 0
13 0 | @)y | Q0)y | O | Qa)y | (T-a)y | O v | QGa)y
15 0 0 oy 0 0 ®y 0 0 oy
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5.2. INTERACTION BETWEEN THREE PARTIES WITH ENDOGENOUS
PREFERENCES

Table 5.1.p: Game Transition Matrix: correct perception

Final Transition Matrix

[ [ o] 1 [ 3 ] 4 [ 5 [ 7 [ 12 [ 13 ] 15
0 0 (1-(1-a) A-7)) a v 0 (1-(1-a) (1-7)) ¥ 0 0 ay 0 0
1 0 (1-a) 1-7) (& y) 0 (1-2) (1-7) v 0 0 (1-a) v 0 0
3 0 0 0 0 0 0 0 0 0
4 0 (1-(1-a) (1-7)) (1-7) 0 0 ae y +(1-7)) 0 0 a (1-y) 0
5 0 0 0 0 (1-a) & 7y 0 0 0 0
7 0 (1-2) (1-y) (1-7) 1-y 0 (1-2) (1-7) 1-y 0 (1-2) (1-7) 1-y
12 || 1y | (1-(1-a) (1-7)) (1-) ¥ 0 (1-(1-) (1-7)) (1-7) a (1-a) v 0 a (1-y) ay 0
1B 0 (1-a) (1-y) (1-a) v (1-a) v (1-2) (1-7) (1-7) (1-0) T-a)y | (L-a)y | (1) (1-7) (1-0) ¥ (1-2) ¥
15 0 0 oy 0 0 oy 0 0 oy

is more apt to model most dynamic interactions, variant 1 offers a less demanding
representation, rendering it more accessible to the reader. Consequently, variant 1 is

chosen for the subsequent analysis.

5.2 Interaction between three parties with endogenous

preferences

This section will take account of the issue raised in the previous section, but will
also add some complexity to the underlying group structure. The Conflict Analysis
approach has modelled the interaction of two distinct groups. Since the approach is
capable of modelling a larger number of player groups, the following subsection will
analyse a non-homogeneous group, i.e. it is assumed that the group A consists of two
sub-groups. One sub-group is still defined as A, the second sub-group is named C.
In game I' = (Say, Spt, Sct; Ua, Upt, Ucy), both sub-groups, C and A, have the same

relation towards B and decide, whether or not to abide to the rules of the contract.

5.2.1 Non-homogeneous group members

Since there are now three interacting groups, the strategy profile set increases cor-
respondingly with the added strategy set. Following the same logic in ruling out
strictly dominated strategies, i.e. strategy profiles ((0,—, 1, —, —)T, (-,0,1,—, —)T,
and (—,—,—,0, 1)T), there are 15 possible strategy profiles presented in table
The same reasoning for the preference order like in the previous section apply. The

previous decimal code for the strategy profiles is rewritten as:

[original valuenew value | 00,2 | 1-51,3 | 3+7 | 48,10 | 59,11 | 715 | 12524,26 | 13+25,27 | 1531 |
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Table 5.2.q: Strategy profile Set

A’s options:
| Abide [0J1]JoJ1]1Jo[1]JoJ1[J1JOJ1T[O][1]1]

C’s options:
[Abide [0JO[1]1[1][0[0[1 11001 ][1][1]

B’s options:

No Exploitation |0 O |0 |O|1|0|O0O| 0| O] 1 |0]|]O0|0]O0]1
Certification ojofojojoj|1fy1}j1|1{1}{1 11|11
Sanction ojojojofjo0jojojojojoj1j111]1]|1

| Decimalcode [0 [1[2[3[7[8[9[10[11[15][24[25]26][27]31]

Furthermore A and C are assumed, for simplicity, to have the same preference or-
der (since they have the same relation to B); the corresponding strategy profiles are
only mirrored according to the affected group. Hence, for example strategy profile 1
and 2 exchange places in the preference order of C with respect to A. Some additio-
nal assumptions are necessary for the asymmetric strategy profiles, in which A and
C choose a different strategy. Generally assume that group A and C prefer to take
identical decisions, and for the first preference order assume that both prefer to sign,
but not being the only group exploited. For the second preference order, suppose that
both favour refusing an exploitative contract at all costs. Hence, the preference order
for the three groups can be written as in table[5.2.1](since the focus lies on the dynamic
representation, only games “start-start-start” and “end-end-end” are of interest, thus

B’s “intermediate” preference order is neglected).

Table 5.2.r: Preference Vectors

Preference order of A
Start 15131 0|2 |3 |1[11]| 8 |9 [10|27 25|24 |26
End | 7 |15|31| 0| 8 |24 |2 |10|26| 1| 9 25| 3 |11 |27

N

Preference order of C
Start 15131 1] 0 1 3 (2111 8 [10| 9 |27 26|24 |25
End 7115|310 | 8 |24|1|9 |25]|2 |10|26| 3 |11 |27

N

Preference order of B
Start |15 | 7 |31 |11 | 3 | 27| 9110 \
End |27 |11 | 3 |31 |15 | 7 9110 \

—_
N

25126 | 24| 8 | O
25126 | 0 | 8 | 24

—_
N

The static solution, both of the initial game with the related preference order “start-
start-start” and the final game with preference order “end-end-end” is presented in
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5.2. INTERACTION BETWEEN THREE PARTIES WITH ENDOGENOUS
PREFERENCES

the table on page 204 The set of equilibria is defined by
E = (1,2,15) for the former game, and by E = (0,31) for the latter game. All equili-
bria are reasonable, but not equally likely. By using the same procedure as before and
based on the obtained stabilities, the individual transition matrices can be derived
as presented in table on page Combining the three individual transition
matrices results in the final transition matrix T in table on page

The structure of this matrix provides interesting information about the dynamics
of the underlying game. None of the strategy profiles is an absorbing state for all
values of «, B, and 7. Notice that the number of potential equilibria exceeds the five
equilibria that have already been determined in the static analysis. The original five
equilibria are, however, defined by the transition probability of a single groupm The
additional potential equilibria can only be stable if two or more groups jointly show
the necessary transition probability. If it is assumed that group A and C have similar
interests and, hence, approximately the same values for their transition probabilities,
the additional equilibria are defined by 3, 11,24, 27.

Running the model under the same conditions as before, yields the expected re-
sults. Yet, owing to the issue that has been raised in the previous subsection the simu-
lation will take account of the path dependency of each state, i.e. X; = T, X;_; (Where
T, is the short notation for T, g ). Since this requires the calculation of each state, I
programmed a loop in Mathematica that iterates the calculation process in each per-
iod. In addition, I assumed that transition probabilities do not change at the same rate
for all groups. For the example, the transition probabilities were defined as « t) =
0.5sin [52] + 0.5, B(t) = 0.5sin [£z2] + 0.5 and 7(t) = 0.5sin [t 100} +0. 5 The
simulation was run for 800 periods. The distribution of the strategy profiles from
t = 0 tot = 800 are presented in figure A.) (values are given in table on
page 207) and transition probabilities are illustrated below in B. )

The non-homogeneous model shows periods of cooperation, exploitation and conflict;
represented by the simplified sequence of predominant profiles: 15(red) — 24(green) —
0(blue) — 2(brown) — 15(red) — 24(green) — 0(blue) — 24(green) — 25(pink) —

16Group A determines the stability of 1, group C the stability of 2, and group B the stability of 0, 15
and 31.

17T have not chosen a nested simulation with linearly increasing and decreasing transition probabi-
lities, since Mathematica showed problems with nested function. A simulation of the form a(t):
a(t) = L fort € (0,100) U (200,300) U (400,500) and a(t) =1 — L for t € (100,200) U (300,400) U
(500, 600), where # is the upper bound of the corresponding interval was therefore impossible.

18This and all following figures use the same colour code: 0- Blue,1- LightBrown, 2-Brown, 3- LightO-
range, 7-Yellow, 8-Gray, 9-Cyan, 10-Magenta, 11-LightCyan, 15-Red, 24-Green, 25-Pink, 26-Purple,
27-Black, 31-Orange
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Figure 5.2.B: Game with 3 Groups:A.) shows the distribution for each state in t &
(0,800); B.) shows the corresponding values for a(t) (blue), B(t) (red),
and 7(t) (green).

1.0 -

9(cyan) — 15(red). This sequence shows that the group, which has a longer cycle
(i.e. group C), accepts the offered contract more quickly and is more prone to ex-
ploitation in the initial periods. Yet, the validity of these results is impaired by the
exogenous and entirely arbitrary definition of the transition probabilities, which do
not exhibit any underlying dependencies. A model that allows for more significant
results, requires to endogenise the transition variable. Hence assume that individuals
update their preference order based on their experience, when interacting with other
players. The strategies, which have been played in previous encounters, will directly
affect other-regarding preferences and the bargaining power in future interactions.

5.2.2 State Dependent Transition Probabilities

This section will thus address the issue of endogenising the state dependent individual
preference order. Until this point the transition probabilities have not been affected
by the outcomes of previous play, but have been defined by an arbitrary relation.
Yet, past play will actively influence a player’s affections towards another player and
the success and the gain from previous play will also determine future bargaining
power. An approach that takes account of the effect of past play on the current pre-
tference order of a player, is to define a direct relation between the frequency, with
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5.2. INTERACTION BETWEEN THREE PARTIES WITH ENDOGENOUS
PREFERENCES

which strategy profiles occur, and the transition probability Valuesm For the given
case of two different preference orders for an individual group, a higher value of
the transition probability illustrates that this group tends towards the second prefe-
rence order. Lower transition probabilities refer to the first preference order. Thus,
the value of each individual transition probability can be assumed to increase in the
case, where strategy profiles, which support the conditions underlying the second
preference vector of this group/player, occur with higher probability and frequency.
On the contrary, transition probability decreases if strategy profiles, which are likely
to “shift” individual preferences towards the first preference order, are played with
higher probability in the current play and appear more often.

Assume a finite number of f different strategy profiles, so that for §; € S, with
k = 1,...,f, a state X; is defined by a vector X; = (xl(t),x2(t),...,xf(t)), with
Z{Zl xi(t) = 1, where each x;(t) defines the probability, with which strategy pro-
file §x occurs in t. A transition probability ¢(t), with ¢(t) = a(t), B(t),v(t), can be
represented as a function of X;. Following the previous line of argument, define a
set of strategy profiles O, which consists of all the strategy profiles that increase the
transition probability ¢, since these are expected to lead to preferences as described
in the later preference order. Define further another set O, which consists of all the
strategy profiles that diminish the value of ¢, as they induce an individual preference
according to the first preference order, implying O;g NO, = @ and O;; uo, < S.
Hence, each individual transition probability can be represented as:

p(t) = @(t—1)+e; ) xj(t—1) — e, Y xu(t — 1), where
j 7

¢(t) isbound to ¢(t) € (0,1),and §; € O;; and 5, € O,

so that Y xj(f —1) + L x,(t —1) < 1. e and €, can be constant or stochastic va-

riables that define the impact of the relative occurrences of a strategy profiles on the

transitional change. The game with three groups will again serve as an example.

YNotice, however, that there lies an issue here. Strategy profiles determine outcomes based on the
current state, i.e. if the transition probability is high, the outcome that a player associates to a stra-
tegy profile is different from the one, he associates in the case of a low transition probability. Hence,
on the one hand, the effect of a strategy profile on the transition probability will be determined by
the current state. On the other hand, the relative frequency of the strategy profile defines the state.
We therefore obtain a circular relation. I will neglect this issue here, since I believe it to be only
of minor importance. The strategy profiles that either raise or lower the probability are simply
expected to do so under every state. A non-exploitative contract will generally lead to A’s and C’s
preferences as in “start-start-start”. Similarly an exploitative contract with a threat of sanction will
generally have the opposite effect.
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The assumptions on how to define the sets O;; and O,, for each transition proba-
bility are manifold and so are the resulting dynamics. The following results are only
meant as an illustrative example for the approach. The definition of O:g and O, are,
however, chosen in a plausible way with respect to the context of the game. Remem-
ber that the transition probability of A is given by «(t), those of C by B(t) and those of
B by 7(t). For simplicity assume as before that A and C have symmetric preferences.
Consequently, sets O, and Og, as well as sets O, and Op will have a similar struc-
ture. They will only differ in those strategy profiles, in which the strategic choices
of both groups are different. In such cases the strategy profiles are defined by the
mirror image of the corresponding profile for the other group (e.g. the strategy profile
denoted by 9 = (1,0,0,1, O)T in O corresponds to the strategy profile denoted by
10 = (0,1,0,1,0)T in 0p).

Assume that the sympathy for B is reduced in the case, where exploitative and
certified contracts occur with higher probability. In the case, where the exploitative
contract is not certified, A and C are not legally required to stick to their initial com-
mitment, and these contracts will thus have no effect on the transition probability.
An increase in sympathy for B arises only for non-exploitative contracts, where both
groups accept or refuselﬂ and where B does not threaten with a sanction in the case
of rejection.

The bargaining power of group B is weakened in all those cases, in which both A
and C refuse the contract, or in which one group refuses, though B has threatened
to sanction the group that does not accept. In these cases, B realises that a sanction
is no effective intimidation, thus re-evaluating its bargaining power. Congruently,
the bargaining power of B increases in those situation, in which A and C accept the
offered contract under any terms. Following this reasoning, the sets are defined as
follows: OF = (9,11,25,27), O; = (0,7,8,15) = Op, Of = (10,11,26,27), O =
(3,7,11,15,27,31), and O, = (0,8,24,25,26). Assume that €, and e;; are equal to
0.2, which implies that a complete transition from one preference order to the other
requires at least 5 interaction periods. Again letting Mathematica simulate the game
for 200 periods, shows the result as given in figure[5.2.C

The game is cyclic after about 10 periods. Non-exploitative contracts
15 = (1,1,1,1, O)T (red) occur at approximately 10-40%, exploitative contracts with
sanctions is accepted, 27 = (1,1,0,1, 1)T (black), with approximately 5-25% and re-
fused, 24 = (0,0,0,1, 1)T (green), with approximately 10-20% and no contracting,

2Collective rejection is considered as the requirement for re-negotiating the current contract.
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Figure 5.2.C: Dynamic Representation of Game with 3 Groups - constant e~ and €™

0.6

0.4

0=(0,0,0,0,0)T (blue), appears with approximately 0-12%.

The regularity, with which these strategy profiles occur does not represent a rea-
listic image of what we would expect the game to look like. The issue here is the
constant impact that strategy profiles / outcomes, have on the transition probability,
as well as the strict symmetry between group A and C. All three groups represent a
larger number of players. Since some players will react more violently to certain out-
comes than others, idiosyncratic reactions will add noise to the effect of outcomes on
the preference order. A similar argument holds for the assumption of strict symmetry
between both groups. The following simulation, however, only concentrates on the
first aspect. Both €, and e;g are assumed to be continuous and uniformly distributed
over 0 to 0.2 for all groups, thus having half the same expected value as in the pre-
, and e;g, the simulation has
been conducted in the same way as before. The result in figure shows a fairly
different and more intuitive result, but the general dynamics are maintained.

vious simulation. With the addition of added noise in e

Figure A.) illustrates the simulation for 3000 periods. Since most strategy profiles
only occur with very low frequency (on the average below 5%), I have reduced the
presentation to the predominant strategy profiles in figure namely O (blue), 15
(red), 24 (green), and 27 (black). Non-exploitative contracts still occur with highest
probability. In the stochastic case the exploitative contract with sanction is on average
more often rejected (represented by the green line) than accepted (represented by
the black line). The relative frequencies of all strategy profiles is better visualised in
tigure B.). The axis labelled s shows the strategy profiles, as they are simply ranked
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Figure 5.2.D: Dynamic Representation of Game with 3 Groups - €, €5 € (0,0.2): A.)
Simulation for 3000 periods, showing only predommant strategy pro-
files, B.) three dimensional representation- strategy profiles are ordered
according to their relative decimal code (from 1 to 15), C.) detailed view
of period 2400-2700 with all strategy profiles
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according to their position in the transition matrix TE| Notice that the colours do
not correspond with figure A.). The “combs” at position 1, 10,11,14, refer to strategy
profile 0,15,24 and 27, respectively. The highest elevation is at the blue ridge (15).
The simulation generated a sequence of periods, in which the exploitative contract
has been frequently refused by both A and C, though B has threatened with a sanction
(see Figure C.) ). Although it seems that a direct correlation between 15 (black) and
24 (green) exists, a look at the transition matrix on page shows that this
is not the case. Notice that 25 (pink) and 26(purple) occur more frequent. Looking
at the transition matrix on page shows that there are two large blocks of
highly connected strategy profiles. The first block is defined by 9, 10, 11, 15, the
second by 24, 25, 26. The second block is directly connected to the first by 27 and
the first to the second by 8. Consequently during this period, the game switched
from the first to the second block of highly correlated strategy profiles. This switch

21Position/Strategy Profile: 1/0,2/1,3/2,4/3,5/7,6/8,7/9,8/10,9/11,10/15,11/24,12/25,13/26,
14/27,15/31
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has occurred through a rise in all transition probabilities leading the system to 8 and
0. Both strategy profiles are an elements of O, . Hence, the subsequent slump in 7y
pushed the system towards 24. Due to high values of « and  and zero value of 7y the
system kept high probability values for this strategy profile, thus creating the short
period of “social discontentment”.

The values for e(‘; and €, and the composition of the sets O;; and O, leave much
room for further analysis. Different values of € and €, for the transition values
change the dynamics@ Different strategy profiles can be expected to have a different
degree of impact. This can be done by splitting O?PL and O, into various disjoint
subsets, and by assigning to each subset a different value of e;; and €, . In addition,
the robustness of the results can be tested for changes in the composition of O$ /=,
The strategy profiles, played in each period, can also be the outcome of a sequence of
negotiations. This can be simply included by defining X; = (T, )" X;_1, where the
exponent r simply defines the number of plays that determine the strategy outcome in
a given period, i.e. the number of interactions until a conclusion is reached@ In short,
there are many directions, in which the approach presented in this chapter can be
adapted to various purposes and requirements. Since these changes constitute only a
variation of equation [5.2.1} they will not be discussed in the scope of this chapter.

5.3 Possible Extension and Conclusion

5.3.1 Ideas for an Agent-based model

As Jason Potts (2000) illustrated, it is more reasonable to model on the basis of what
he called “a non-integral framework”. We should take account of the incomplete
links between agents, incomplete knowledge and necessity to explore technologies
and thus the endogeneity of preferences, as equivalent internal constructs to the un-
derlying technologies.

Technologies is synonymous with strategy sets in the context of game theory. An
extension of the presented approach should thus include the following: Strategy sets
as well as preferences should be able to evolve over time as players interact. Fur-

thermore, the form of inter-group and intra-group links between players should have

221t can be observed, for example, that a group, which exhibits a relatively low impact of the strategy
profiles on the transition probabilities, is more prone to exploitation than the other group.

2Think of  as the time span of a conference or congress, that determines a treaty or contract for the
future period, such as a climate summit or plant bargaining.
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significant impact on the dynamics of the entire system. Yet, if the effect of connec-
tions on the external level (between players and between groups on various levels of
aggregation) and on the internal level (in form of changing preferences and strategy
options) is accounted for, the model will be unsolvable in closed form. In addition, he-
terogeneous and boundedly rational agents make it inevitable to use non-arithmetic
modelling techniques and complex systems. Weakening the assumption in the descri-
bed way thus will make it necessary to model by means of agent-based simulations.

In this context the model has been extended in the following way (working paper
CEU —Complex Systems— 2009, in progress): The model acts on a macro basis (network
structure of interactions between agents, groups and classes) and on a micro basis that
evolves internally to the individual agent (preferences and resources). Each agent is
initially endowed with a constrained set of actions, which evolves over time. They
are primary unaware of the results caused by a specific action and also their possible
combination into more sophisticated strategies. Thus, new strategies are a function
both of previous combinations of actions on the basis of a currently existing action
set, and of previous interactions and experiences with other players. The strategy set
evolves according to endogenous search heuristics, which have the form of geneti-
cally evolving operators (Cross-Over, specification, point mutation - see for example
Dosi et al., 1999 & 2003 and Fagiolo et al., 2003).

Interactions takes place in pairs, matching is random. Strategies and counter-
strategies are played until an equilibrium is reached or cyclic behaviour occurs, pro-
viding only the fall-back position to each player. With each interaction, a player is
increasingly able to associate his and his counterpart’s strategies with an outcome,
and to form expectations about the sequence of strategies that will be played. Hence,
he becomes increasingly aware of his and the other agents’ strategy sets (i.e. re-
sources). Furthermore, preferences are incomplete, but adaptive. The pay-off, an
individual receives conditional on his chosen strategy, affects his future preference
order. Consequently, the evolution of his preference vector depends on past expe-
riences and chosen strategies. Since the same holds for his counterpart, an individual
cannot guess his partners preferences during early interaction periods. Hence all
players are initially unaware of the rules of the game, but understand them better
with each interaction. Furthermore, they are also able to learn new strategies and
associate outcomes by observing the interactions of their neighbours. A new mutant
action and its combination with other actions into a strategy can then spread locally
to the neighbours of the individual, who will use this strategy, if successful.
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5.3. POSSIBLE EXTENSION AND CONCLUSION

5.3.2 Conclusion

Since the rationality underlying the Conflict Analysis approach is grounded on a se-
quential reasoning of players, the approach is especially powerful if applied to games
that are repeated for an undefined time period, which is obviously the most predomi-
nant game type in real-world interactions. Yet, the original approach is very limited
in its ability to model and to illustrate the dynamics of such games.

This chapter targeted the issue by illustrating how the static solution form can be
redefined as a time inhomogeneous Markov chain. This approach offers thus a more
realistic representation of repeated games. The last state affects the future state in
two ways; directly via its composition but also by its impact on the players’ prefe-
rence order, allowing for endogenous preference changes. This impact can be flexibly
modelled and easily be adopted to a variety of repeated games. Its integration and
complementation with other approaches should provide a valuable source for future

research.
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Table 5.A.t: Static game - 3 groups

start-start-start

| overall stability I x[E[x[x[E[x]JE] x[x[x[x[x][x]x]x|

stability for A r|r|r|r|r|s|{s|r|r|s|lul|r|r|uj|u
A’s preferenceorder | 7 |15 (31| 0 | 2 | 3 |1 |11 | 8 | 9 | 10|27 |25 |24 |26
DPs 2|0 8 | 11 25| 27
stability for C r|r|r|r|r|s|s|r|r|s|u|r|r|ujfu
C’s preferenceorder | 7 |15 (31| 0 | 1 | 3 |2 |11 | 8 |10| 9 |27 |26 |24 |25
DPs 110 8 | 11 26 | 27
stability for B rfufJufufufJulr[r|s|[s[s|[s][r]ufu
B’s preferenceorder | 15| 7 |31 |11 | 3 |27 |9 110 112 | 25126 (24| 8 | O
DPs 15| 15|15 |15 | 15 9 10| 9 |10 24 | 24
777 |7 1|2 8

313131

11 | 11

3

end-end-end
‘ overall stability ‘ X | x ‘ E ‘ E ‘ X ‘ X ‘ X ‘ X ‘ X ‘ X ‘ X ‘ X | x | X ‘ X
stability for A r|r|r|r|r|r|r|r|r|lu|luju|ju|ujfu
A’s preferenceorder | 7 |15 (31| 0 | 8 |24 |2 |10|26| 1 | 9 |25| 3 |11 |27
DPs 0|8 |24]| 2 |10]26
stability for C r|r|r|r|r|r|r|r|r|lu|lujuju|jujfu
C’s preference order | 7 | 15 | 31 8 (24|19 |25 2 |10(26]| 3 |11 |27
DPs 0| 8|24 1|9 |25
stability for B r[s[s][sJufufr[r][s][s[s][s|[r]ufu
B’s preferenceorder |27 |11 | 3 |31 |15 | 7 [9 110 | 1 12 | 25126 | 0 | 8 |24
DPs 27 | 27 | 27 | 27 | 27 9 (10| 9 | 10 0] 0
111111 | 11 1] 2 8

31313

31 | 31

15

* no strategy DP is simultaneously sanctioned in both games
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Table 5.A.v: Game Transition Matrix

Final Transition Matrix for the Game - 3 groups

0 1 2 3 7 B [9 [ 10 [11 [ 15 24 25 26 27 31
0 ¥ o B aBy 0 ¥ 0 0 0 0 By 0 0 0 0
1 0 T« 0 (1—a)By 0 0 0 0 0 0 (1—a)By 0 0 0 0
2 0 0 T-8 | a(1—B)y 0 0 0 0 0 0 a1 - By 0 0 0 0
3 0 0 0 A—w)(1-pB)y 0 0 0 0 0 0 (1—a)(1—B)y 0 0 0 0
7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
8 0 0 0 ap(1—7) 0 0 ap ap ap 0 0 0 0 ap(1—7) 0
9 0 0 0 1—a)p1l—17) 0 0 1—a)B 1—a)B 1—a)B 0 0 0 0 T —a)B(1—7) 0
0 | 0 0 0 a(1-B)(1—7) 0 0 a(1— B) a(1— B) «(1—B) 0 0 0 0 a(1-B)(1—7) 0
1 | 0 0 0 0 0 0 (1—a)(1—B) (1—a)(1—B) I=«)T=B)y 0 0 0 0 0 0
1510 0 0 (I-a0)1-p)(I—-7) 1-v | 0 0 0 (I-a)1-p(I—-7) 1y 0 0 0 (I-a)1-p(I—-1) 1y
24 1—v 0 0 0 0 1—v 0 0 0 0 aB(l—1) «p «p By 0
25 | 0 0 0 0 0 0 0 0 0 0 [ ) (1—w)B [ (1—a)py 0
26 | 0 0 0 0 0 0 0 0 0 0 a(1-B)(1—7) a(1— B) a(1—B) o(1— By 0
27 [ 0 0 0 0 v 0 0 0 0 v (I-a)1I-p(I-7) (I-a)(1-p) (I—-a)(1-p) (IT—a)1-B)y 0
31 [ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 %
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