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ABSTRACT

The main subject of this dissertation is the theory of type structures in epis-
temic game theory. The three, closely linked chapters are an investigation to the
fundamental question of the representation of belief hierarchies in strategic envi-

ronments.

On the Existence of a Universal Type Space

Abstract

In this paper we present a generalization of Brandenburger and Dekel
(1993)’s construction of the universal type space assuming that (i) the un-
derlying space of nature states is a Hausdorff topological space, and (ii)
players’ hierarchical beliefs are Radon probability measures. Our construc-
tion scheme is compared to the contruction already given in Mertens and
Zamir (1985), and we show that the two approaches lead to an equivalent
epistemic characterization of the universal type space.

JEL Classification: C70, D80, D&2.

Keywords: Hierachies of Beliefs, Type spaces, Epistemic Game Theory.

Ambiguous Types and Possibility Structures

Abstract



In this paper, we present the construction of a space of states of the
world and the corresponding type structure describing all the uncertainty
facing each player in a strategic environment. The construction employs a
hierarchy of multiple beliefs, rather than a single belief as in the standard
Harsanyi’s model. Under very mild restrictions on the players’ beliefs and
parameter spaces, we provide a sufficiently general framework which includes
Ahn’s (2007) space of hierarchies of ambiguous beliefs as a special case,
and we identify epistemically the universal Harsanyi’s type structure as a
substructure. We also show the existence of a universal, complete possibility
structure for any space of basic uncertainty, and discuss connections among
different existing constructions of type structures.

JEL Classification: C70, D80, D&2.

Keywords: Hierarchies of beliefs, ambiguity, type structures.

Which Hierarchies of Beliefs Belong to the Universal Type Structure?

Abstract

This paper introduces the notion of strong coherence for hierarchies of
beliefs in games, and shows that, in a measure-theoretic setup, the universal
type structure constructed in Heifetz and Samet (1998) consists of all hierar-
chies of beliefs displaying strong coherence and common certainty of strong
coherence. Additionally, it establishes the existence of a canonical measure-
theoretic isomorphism, and shows that strong coherence corresponds to the
classical notion of coherence used in topological settings as in Brandenburger

and Dekel (1993).
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Chapter 1

On the existence of a universal type

space

1.1 Introduction

Games with incomplete information describe strategic environments where some payoff-relevant
states are not common knowledge among the players. Harsanyi [28] points out that, in princi-
ple, the Bayesian analysis of every game with incomplete information should require a model in
which each player is endowed with an infinite belief hierarchy: a belief about the payoff-relevant
states (i.e., a first order belief), a belief about other players’ beliefs about the payoff-relevant
states (i.e., a second order belief), and so on. Taking this observation into account, Harsanyi
introduces the notion of type spaces, the elements of which are simply called types, as a par-
simonious model to represent the belief hierarchies. Each element of a player’s type space
is associated with a probability measure defined over the product of the payoff-relevant state
space and the type spaces of her opponents. As is shown in [30], such a probability measure
summarizes all the mutual certainties and uncertainties of the players, and each belief hierarchy
induced by a player’s type is coherent, in the sense that the marginals of higher-level beliefs
coincide with the corresponding lower-level beliefs. However, Harsanyi’s proposal of using type
spaces as a model of interactive beliefs in games leaves open the opposite question: how can a
type space be built from coherent belief hierarchies?

Two schemes coexist in game theory literature for modelling belief hierarchies as types.



The first construction scheme, introduced by Mertens and Zamir [44] (MZ), uses the concept of
projective limit for showing that every coherent belief hierarchy of a player admits a unique limit
extension to a probability measure over the payoff-relevant state space and the other players’
coherent hierarchies. It turns out that the space Tj;z of all coherent belief hierarchies is a
universal type space. That is, T)sz is a type space on its own right, and every conceivable type
space can be embedded in Tz in a manner preserving the structure of higher order beliefs. The
second construction scheme, developed by Brandenburger and Dekel [17] (BD), relies instead
on identifying the universal type space with the largest subset Tp of belief hierarchies which,
in their terminology, satisfies common knowledge of coherence. Both kinds of constructions are
based on topological assumptions on the payoff-relevant state space, namely, compact Hausdorff
in MZ and Polish (i.e., complete separable metric) in BD.

In this paper, we extend the BD-like construction of the universal type space to more general,
topological cases. Specifically, we show that the analysis can be carried out under the following
assumptions: (i) the payoff-relevant state space is Hausdorff, and (ii) higher order beliefs are
described by Radon probability measures. Two reasons motivate this study. First, as we shall
point out formally in Section 1.3, the existence of a BD universal type space makes implicit use
of a compactness assumption for the payoff-relevant state space. Since BD require only that the
underlying space be Polish, this poses the question as to whether a universal type space can be
built from hierarchies of beliefs without any reference to compactness. This question is not new.
Mertens, Sorin and Zamir [43] and Heifetz [29] have already provided a generalization of the
MZ approach under various other topological assumptions. However, the main disadvantage of
their hierarchic construction via projective limit is that it is not explicit about the epistemic
characterization of the universal type space, namely, common knowledge of coherence. This
leads to the second motivation of this paper, that is, how MZ and BD construction schemes
relate to each other.

Our main result (Proposition 2) fills this gaps and sheds light on the relationship between
the aforementioned approaches. The strategy of the proof (see Section 1.4) is the following.
Since, as we shall carefully explain, the BD approach does not suffice alone to formally prove
the existence of a universal type space in absence of compactness (that is, Tgp may be empty),

we start by defining an appropriate, projective sequence of sets of coherent belief hierarchies.



We show that this sequence has a non-empty projective limit, by appealing to a well known
theorem of Bourbaki ([15]). Finally, a simple proof by induction shows that this projective limit
set satisfies common knowledge of coherence, and it is maximal in the sense that every other
set of hierarchies displaying common knowledge of coherence is contained in it.

Viewed from a slightly different angle, the main contribution of this paper establishes the
formal equivalence of the spaces Thsz and Tgp.' Indeed, the method of the proof of Proposition
2 relies on an adaptation of the one in MZ, with the remarkable difference that our method
allows for a wider variety of structural assumptions on the parameter space and probability
measures. This result has two important implications. First, it shows that the construction
scheme by projective sequences of probability spaces, although not explicit about the notion of
common knowledge of coherence, is necessary to formally prove the existence of a universal type
space. Second, the generality of the proof allows to widen some BD-like constructions of "set
theoretic" type spaces to a large extent. For instance, a more general version of the universal
type space for possibility models in Mariotti, Meier and Piccione ([42]) can be provided along
the main lines of the proof scheme outlined here, as we will show in Chapter II.

This paper is organized as follows. Section 1.2 contains some preliminary definitions and
mathematical results. Section 1.3 presents the construction of the universal space. The proof
of the main result (Proposition 2) is the subject of Section 1.4. Finally, Section 1.5 concludes
with some remarks concernig the relationship between our framework and related constructions
of types. Omitted proofs are collected in the appendix, which contains further matematical

definitions and results needed for Section 1.4.

1.2 Preliminaries and notation

For any non-empty topological space X, let B(X) denote its Borel o-field and P(X) the set
of all Borel o-additive probability measures on B(X). A Radon probability measure on X is a
measure p € P(X), such that for every A € B(X) and every ¢ > 0, there exists a compact set
K C A such that u (A\K) < e. Denote by A (X) the space of Radon probability measures on
X. If D is a non-empty, Borel subset of X, define A (D) ={p e A(X)|u(D)=1}.

!To the best of our knowledge, the current paper should be the first one which presents a proof on the epistemic
equivalence between the spaces Tarz and Tep. As is shown in Section 1.4, this is far from being immediate.



The set A (X)) is endowed with the narrow topology, which is defined as the coarsest topology
on A (X) for which all the maps p — [y fdu from A (X) into R are lower semi-continuous, as
f varies in the set of all bounded, lower semi-continuous functions on X.? As a subbasic system

of neighborhoods, this topology assigns to each uy € A (X) the sets of the form

V (o6 f) = {,u € A(X) / fdu > / fdug — €, f is lower semi-continuous, € > O} .
X X

For a non-empty set O C X, let 1o denote the charactheristic function on O, i.e., 1o (z) = 1
if x € O, and 1¢p (z) = 0 otherwise. Since every charactheristic function on an open subset of
X is lower semi-continuous, the narrow topology on A (X) can be defined by means of the base

generated by all sets of the form
V(pg;e,1o) ={p € A(X)|u(O) > g (0O) —e, O C X open, € > 0}.

For an overview of the Radon measures and the narrow topology, see Topsoe [57] and Schwartz

[54]. The following lemma collects some properties we shall repeatedly make use of.

Lemma 1 Let X be a non-empty topological space, and D a non-empty subset of X. The

following statements hold true.

1. If X is Hausdorff, so is A (X).
2. A(X) is compact if and only if X is compact.
3. If X is Polish, then A (X) = P(X). Furthermore, A (X) is also Polish.

4. If X is Hausdorff and D is closed, then A (D) is closed.

Proof. For Claim 1, see [54], Proposition 2, p. 371, or [57], Theorem 11.2. Claim 2 is a
consequence of the Hahn Banach Theorem and Riesz Representation Theorem; see [54], p. 379,
and the notes to §11 in Topsoe [57], p. 76. For the first part of Claim 3, see [12], Theorem

7.1.7., while for the second part, see [2], Theorem 15.15. To prove the fourth claim, remark

?The narrow topology was first introduced by Topsoe [57] under the name "weak topology". The terminology
adopted in this Chapter is that of Schwartz [54]. In the language of probability theory, the term "weak topology"
usually refers to the weak* topology as defined in the current Chapter.



that the narrow topology is also the weakest topology on A (X) for which the map p— | < hdp
is upper semicontinuous whenever h is upper semicontinuous. Since D is closed, 1p is upper
semicontinuous. Thus by definition of the narrow topology, the map p — [ 1pdu = p (D)
is upper semicontinuous and therefore A (D) is narrowly closed. Trivially A (D) is non-empty
and convex. W

According to Lemma 1, if X is a non-empty Hausdorff topological space, then A (X) is non-
empty: since any singleton is compact in a Hausdorff space, A (X) contains all the probability
measures concentrated on a finite or countable number of points. Let ¢ : X — A (X) be the
function which maps each = € X to its Dirac measure § (). Clearly, ¢ (X) C A (X) and the
function ¢ is a homeomorphism onto its image.

For any non-empty, topological space X, the weak* topology on A (X) is the coarsest topol-
ogy for which the map p — [y ¢dp from A (X) into R is continuous, as ¢ varies in the set of
all bounded, continuous functions on X. By definition, the weak™® topology is coarser than the
narrow topology on A (X)), and it is not be appropriate for an arbitrary Hausdorff space X since
there might not exist sufficiently many continuous functions on it. Indeed, if A (X) is endowed
with the weak™ topology, Lemma 1.(1) does not hold; see appendix 1.6.2 for an example. The
following result identifies the topological structure of the base space X for which the narrow

topology and the weak™ topology on A (X) are equivalent (for a proof, see [57], Theorem 8.1).

Lemma 2 If X is a completely regular space (e.g., compact Hausdorff or Polish), the narrow

topology on A (X) coincides with the weak* topology on A (X).

Let X and Y be arbitrary measure spaces, and for any measurable f : X — Y, let
Ly : A(X) — P(Y) denote the image measure on Y induced by f, defined by Lf (u) [E] =
p(f~1(E)) for any p € A(X) and any Borel set E C Y. It is easy to check that L is well
defined, i.e., L; (1) € P (Y) for any p € A (X). However, we have the following result:

Lemma 3 Let X, Y be Hausdorff topological spaces and f : X — Y be continuous. Then Ly

is a continuous function from A (X) into A(Y). Furthermore,
(i) if f is injective, so is Lf;
(it) if f is surjective and open, then Ly is surjective;

8



Proof. We first show that L;(u) € A(Y) for any € A(X). Let F be a Borel subset of Y.
By continuity of f, f~1(F) is a Borel subset of X. Thus, for any ¢ > 0 there exists a compact
C C f7'(F) such that p (f~* (F)\C) < . Since f is continuous, the set K = f(C) is compact,
hence C C f~(K). Using the fact that f~1 (F N K) = (f~1 (F))~(f 1 (K)) C (f' (F))\C,

we get

Li(w)[F\K] = p(fH(F\K))
< u(fTHI)NC) <&

To show continuity, let h be a bounded, lower semi-continuous function on Y. Clearly, the
composition h o f is a bounded, lower semi-continuous function on X. Assume that u € A (X)
belongs to the (sub-basic) neighborhood V' (pg;€;ho f) of g € A(X). Then [y (ho f)du >
[x (ho f)dug—e, and by the Change of Variables Theorem ([2], Theorem 13.46) [y, hdL¢(p) >
Jy hdL (1) — €, hence Ly(11) belongs to the neighborhood V (Ly(pg); €5 h) of Li(pg) € A(Y).

(i) Let f be injective, and suppose Lf(uy) = Lf(pg) for puy, po € A(X). Then, for every

compact set K C X,

p(K) = Ly () [f (K)]
= Ly (po) [f (K]

= po (K),

where the first equality follows from the fact that f is an injection. The result p; = py follows
from the definition of Radon probability measure.

(ii) Since f is surjective, there exists (by the Axiom of Choice) an injective, right inverse
function g : Y — X such that f o g = Idy, where Idy denotes the identity on Y. We claim
that g is continuous. First remark f is an open, continuous surjection: this implies that each
subset O of Y is open if and only if f~!(0O) is an open subset of X. Let A be an non-empty,
open subset of X. Thus A = f~! (B) for some non-empty B C Y, B open. To prove that g is



continuous it suffices to show that g=! (A) is open. But this follows, since

g A) = (¢tof (B

= (fo9) ' (B)
= (Idy)™(B)
= B.

It follows from the previous steps of the proof that the function £, : A(Y) — A (X) is well
defined, continuous and injective. For an arbitrary v € A (Y'), define p = L4 (v). The function

p— Lg(p) is such that

for all A € B(Y'). In other words, L (1) = v. Since v is arbitrary, the conclusion follows. m
Given a countable product space [, .y X» where N is the set of natural numbers, we write
Projx,, as the canonical projection from [],.nXn to Xy, for each m € N. For any I,m € N
satisfying | < m, we write Pr;,, as the coordinate projection from H;nzl X into ngl X;. We
consider any product, finite or countable, of topological spaces as a topological space with the
product topology. If X and Y are arbitrary Hausforff topological spaces, then the marginal
measure of 4 € A(X x Y') on X is defined as margxpt = Lproj, (1), which is, by Lemma 3.(ii),

a continuous function from A (X x Y) onto A (X).

1.3 The model

Fix a two-player set I; given a player ¢ € I, we denote by —i the other player in I. Let S be
a non-empty space describing payoff-relevant states that each player is uncertain about. The

space S is called parameter space. The following assumption will be mantained throughout the

paper.

Assumption 1 S is a Hausdorff topological space.

10



Since each player ¢ € I is uncertain about the realization of the payoff-relevant state, she
must have a prior (probability distribution) on the parameter space S; such a prior is called
first order belief. However, a first order belief does not exaust all the uncertainty faced by each
player: player i realises that player —¢ has a first order belief on S as well, and this prior is
unknown to her. Consequently, player i’s second order belief is a probability distribution over
S and the space of —i’s first order beliefs. Continuing in this fashion, each player is completely
characterized by an infinite hierarchy of beliefs.

We impose the following restriction on belief hierarchies of the players.

Assumption 2 Players’ hierarchical beliefs are described by Radon probability measures.

[e.e]

Formally, for each ¢ € I define inductively the sequence of spaces {le}n:() by
Xp=5, (1.3.1)
Xig =X, "xA(X;);n>0. (1.3.2)

An element t; 11 €A (XﬁL) is a (n + 1)-order belief; one can easily show that, according to our

notation,

n
X =Xox [Ja&x).
=0

The set of all possible, infinite belief hierarchies for player ¢ is Tg =12, A (X}l) A type is an
infinite belief hierarchy, and is denoted by ' = ( ¢, ) Lemma 1 implies that for all n > 0,
Xpy1 and A (Xfl) are Hausdorff spaces. It follows that T¢, endowed with the product topology,

is also Hausdorff. An analogous conclusion holds if the parameter space S is assumed to be

Polish or compact.

Definition 1 A type t' € Té 18 coherent if and only if, for any n > 1,
margy i (tho 1) =t

The coherence condition simply requires that different level of beliefs assign the same prob-

ability to the same event. The space of all coherent types for player i € I is denoted by

11



Note that since there is a common uncertainty space S, the sets Tg and Tli are the copies
of the same sets Ty and T}, respectively. Therefore, from now on, we drop the superscript 7 (or

—1) for notational simplicity where no confusion results.
Lemma 4 T3 is a closed subset of Tj.

Proof. Let (t*) = (t{,t3,...) be a net in 77 converging in the product topology to ¢t =
(t1,t2,...), that is, t& — t,, with respect to the narrow topology, for any n > 1. We have to show
that t € T, i.e., margx, ,(tnt+1) = tn for any n > 1. By Lemma 1.(3), margx, , = ﬁPrOan—l is
a continuous function, hence for all n > 1, ¢y — t,, implies margx, _, (t5 ;) —margy, _,(tn41),
which proves the claim. m

The following proposition generalizes its counterpart in BD under weaker topological as-
sumptions. It establishes that each coherent type of a player can be equivalently described as
a single belief about the parameter space and the space of (coherent or not) belief hierarchies

of her opponent.

Proposition 1 There exists a homeomorphism f : Ty — A (S x Tpy) such that

Vn > 0, margx, [f ((tl,tg, ))] = PrOjA(Xn) ((tl,tg, )) .

This result is an immediate consequence of the following lemma, whose proof is contained

in the appendix (see also Theorem 2).

Lemma 5 Let {Z,},2, be a collection of Hausdorff spaces, and let

Uy € A(Zy X oo X Zp—1), Y > 1, and
D = (/1'17#27 ) " ! : (133)
margZOX...XZn,gun = Hp—1; vn 2 2

Then there exists a homeomorphism f: D — A(I[>" o Zyn) such that

n > 17 margZox.,.XZn_g [f ((/1’17“2’ ))] = Hp—1-

12



Proof of Proposition 1. Let Zy = Xo=5,Vn >1, Z, = A(X,—1). By Lemma 1, each
Z,, is Hausdorff, and so is A (T[22, Zn) = A (S x Tp) with the product topology. The space T}
corresponds to the space D in (1.3.3). The result follows immediately from Lemma 5. =

Although the coherence condition rules out the possibility that higher order beliefs contra-
dict each other, it does not exauste all the uncertainty faced by each player. Proposition 1
states that player i’s type induces a belief over —i’s types, but it does not exclude hierarchies
such that i believes that —i’s beliefs are not coherent (recall that f (t) € A (S x Tp)). That is,
1’s type does not induce a belief over —i’s beliefs over i’s type. The intended interpretation is
the following: if player i’s belief hierarchies are represented by f (¢), then she is coherent, but
she does not know that her opponent is. It follows that a type completely encodes all possible
beliefs (including beliefs over beliefs over types) if it satisfies common knowledge of coherence.?

Formally, we say that player i, endowed with type ¢, knows event E € B (S x Tp) if f (t) €
A (E). Define inductively the following sets:

Tpr1 = {tET1|f(t)EA(SXTk)},k21,

T = ﬂk21Tk-

The set T x T is the space of pair of types which display coherence and common knowledge of
coherence.

It is easy to check (use Lemma 1 and Lemma 4, and then proceed by induction) that
{Ti}ps1 = {f (A (S x T—1)) },-, is a sequence of non-empty, nested closed sets. This raises
the question: is T non-empty? In general, a decreasing sequence of non-empty sets may have an
empty intersection. But in the particular case this sequence of sets is in a compact space, the
intersection is non-empty.? Neverthless, the following result shows that 7" is non-empty even if
the compactness assumption does not hold, and 7' is a universal type space, i.e., a Harsanyi type
space which is both terminal and complete (Siniscalchi, [55]). That is, T' embeds all other type

spaces as a belief-closed subsets, and at same time, every subjective belief on T is associated

3In general, the term "knowledge" refers to justified true belief that comes from logical deduction. It is
therefore conceptually different from probability one belief ("certainty"). For expositional ease, we adopt the
same terminology as in BD.

YA similar drawback is also faced by Mariotti, Meier and Piccione [42] in their BD-like construction of a
universal possibility model. This problem motivates their choice of assuming a compact parameter space.

13



with a type. The product space Q2 =S x T x T is called Universal Belief Space, and it is the

space of all possible states of the world.

Proposition 2 T is non-empty. Moreover, the restriction of f to T induces a homeomorphism

g: T —A(SXT).

A simple proof of Proposition 2 could be provided along the lines of that one in BD, assuming

that T is non-empty. In this case, simply observe

T = Nperf " (A(S x Th1))

= (1A (S x Ti-1)),

and since Ng>1A (S X Tp—1) = A (S x (Mg>1T%-1)),”> and f is onto, then f(T) = A (S x T),
which implies the existence of the desired homeomorphism. Clearly, without the compactness
assumption on S, this proof is far from being complete. It follows that a general proof of
Proposition 2 must be carried out in a completely different fashion, as shown in the following

section.

1.4 Proof of Proposition 2

For each player i € I, let ©) = S, T{ = A (@6), and for all n > 1,

e, = 65x T,

i = { (e th thin) € Th < A(O)) s marge,  thir =t}

The space O, is player i’s domain of uncertainty of level n + 1: it consists of the parameter
space and what player —i believes about the payoff-relevant state, what player —i believes
about what player ¢ believes about the payoff-relevant state,..., and so on, up lo level n. The

set Y?_; consists of (n+ 1)-tuples of coherent beliefs over O, ...,0. Furthermore, not only

f u € Ne>1A (S X Ti—1), then p(S x Th—1) = u(S X (Nk>1Tk—1)) = 1, because a countable intersection
of probability one events as probability one, hence p € A (S X (Ng>1Tk—1)). Conversely, suppose that p €
A(S X (ﬁk21Tk—1))~ Since (mk21Tk—1) C Tk-1, it follows that A(S X (mk21Tk—1)) - A(S X Tk_l), thus JIRS
A (S X Ti_1) for each k > 1, i.e., p € N1 A (S X Th—1).
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that each i’s beliefs are coherent but she also considers only coherent beliefs of —i (only those
are in support of her beliefs). This implies that, compared to the system of spaces defined by
(1.3.1)-(1.3.2), the two sequences of spaces, {T%} and {@ﬁl}, are such that
0, C X, T S [[A (X)), vn>0.
1=0
Foreachi€ I,n > 1, let ﬂ%7n+1 : T! 1 — Y& denote the projection on the factor spaces of the

sequence {T}}. The projection afl_l?n : O — ©F _, satisfies

] —
Pry n=1

<Id@6;7r_i ) n>2

n—1n

n—1n

Clearly, O'%_Ln is the restriction of Pr;_lm : X! — X! _; to the subspace ©F. The following

Lemma implies that this restriction is also onto ©F_;.5
Lemma 6 For alln > 1, 7'(';7”_’_1 : YTh o — YL is onto.

n

Proof. Forevery (ti,...,t,) € T}, wehave to findat!,,, € A (O%) such that (¢i,...,t}, ¢} 1) €

T;H, ie., rnau‘g@il_lz‘,fprl = LU%_M ( %H) = t! . That is, any coherent n-level hierarchy can be
extended to a coherent (n + 1)-level hierarchy.

For n = 1, define ¥} : ©) — O = O} x A (6;") by
Wi (s) = (Idoy (5),07 (5))

for s € S. The function ¥! is continuous, hence, by Lemma 3, Lyi A (©)) — A (©Y) is also
continuous and well defined. For each t € A (0}), Lyi (t}) represents player i’s second order
belief according to which she thinks: (i) the parameter s € S is governed by the probability

distribution ¢, and (ii) player —i is certain that some s € A occurred, for some A € B(S).

SMertens and Zamir ([44], Proposition 2.10) provide a related result for belief spaces (cf. [44], Definition 2.2).
Their method of the proof relies on the Hahn-Banach and Riesz representation theorems, which cannot work in
the present case as the compactness property for the spaces under consideration is lacking. Our proof applies a
technique which generalizes the one used by Heifetz ([29])
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Indeed,

marge; Ly; (1) (B) = Ly (1) ((Prf)’l)_l (B))

for all B € B(S), as required. Hence, 7rzi72 is onto.
Suppose that, for each i € I, for k = 1,...,n—1, we have already found a continuous function
\If}C : }‘;71 — 92 such that margei_lﬁq,i (tﬁg) = t?w which implies that W?‘C’k+1 and a};’kﬂ are

onto. Define \IIZH : @2 — @ZH by

bt (8, (7)) = (s, (tfi, R c%;i(t,;i))) ,

which is continuous since, by the induction hypothesis, ¥, is continuous and hence, by Lemma
3, E\I’;i is also continuous. It is easy to check that 0’,’;7,&1 o \IJ};_H = Id@?;' So the measure
E‘I’ZH ( 2+1) €A (@};_H) is the required extension of t2+1’ since for all £ € B (@};),
marge; Lyi | (1) (B) = Lug, (tir) ((0hisr) ™ (B))
. . -1 . -1
= 2+1 ((\P}c—&—l) ° (Ui,kﬂ) (E)>

= 2+1 (E).

The families {T?, W%}n+1 }n21 and {©!_, afklyn}n21 are projective sequences of non-empty
Hausdorff spaces and surjective bonding maps (in fact, projections); hence, by Theorem 1 in

Appendix 6.1, their projective limits, lim {Tﬁl, Tri%n‘i‘l}nZl and lim {@%_1, U%—Ln}nzl’ are non-
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empty. Next, define

T = {(#,th.) € TY|(H, o tl) € Th, Y > 1},

eF = Sx7T

By Lemma 4, Y* is a closed subset of T7; furthermore both YT¢ and ©! can be identified as
the projective limits of the sequences { T, Tril’"“‘l}nZl and {©_,, O-il_l:”}nzl’ respectively, as

stated in the following

Claim 1 T' and ©" are homeomorphic to lim {Tn’wnmﬂ}nzl and lim {er_,, J”_L"}nzl’ re-

spectively.

The proof of Claim 1 is contained in Appendix 1.6.4.

Note that there is a common uncertainty space S, hence the sets © and Y? are the copies
of the same sets © and T, respectively. As in Section 1.3, if no confusion may arise, we omit
the superscript 7 (or —i). We show now how the set T can be identified with 7.

First notice that, for every (t1,%2,...) € Y the structure ({@n}n21 Atntnsts {0n7"+1}n21)

is a projective sequence of Radon probability measures such that, for all n > 1,

Lo'n,n+1 (tn+1) = tTL

Denote by @, the projection from O to ©,,. According to Theorem 2 in Appendix 6.1, for every
(t1,t2,...) € T there exists a unique Radon probability measure t € A (©) = A (S x T) such

that, for all n > 1,

In other words, there exists a bijective map g : T — A (S x T) such that, for every hierarchy
(tl,tg, ) e,

margg (g (t1,t2,...)) = tn.

The map g can be taken as the restriction of f : 77 — A (S x Tp) to Y, since f satisfies
the required properties. Indeed, we show that T = T. First remark that T is closed in 77 by
coherence of beliefs (Lemma 4), hence, by Lemma 1, A (S x T) is a closed subset of A (S x T7).
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The homeomorphism f of Proposition 1 yields f (Y) C A (S x Tp); however, f(Y) = g(T) =
A(SxT)CA(SxT), hence Y C f~1(A(S x T1)) = Tz. Assume, by way of induction, that
Y C Ty Since f(T) = A(SxT) C A(SxTy), we get T C fHA(S xTy)) = Tpyr- It
follows that ¥ C Ty, for all & > 1, hence T C T" = Ni>1T}. Since the sequence {Tk}k21 is

decreasing, T = T, as required.

1.5 Concluding remarks

1.5.1 On the role of Assumptions 1 and 2

The main technical tool for the construction of a universal type space from coherent belief
hierarchies is Lemma 5. Assumptions 1 and 2 are crucial for this result to hold. Assumption
2 is automatically satisfied in BD by Lemma 1.(3), while is not stated directly in MZ, where
the players’ beliefs are described by general Borel probability measures. Specifically, the MZ
framework is based on the incorrect claim that P(X) is compact whenever X is compact ([44],
p. 357). A counterexample given by Dieudonné (see [12], Example 7.1.3) shows that even on a
compact Hausdorff space a Borel probability measure may fail to be Radon; and Lemma 1.(2)
states that, for X to be compact, the compactness of A (X) is necessary. This implies that

Assumption 2 cannot be dispensed with in MZ framework.

1.5.2 Topologies on the space of probability measures

Blau [8] introduced another topology on the space of positive measures (not necessarily Radon)
on a given set which is stronger than the narrow topology. Let X be a topological space.
Let Mx be the space of all positive measures on X. Blau’s topology on Mx is the topology

generated by sub-basic neighborhoods of the form

O (p0; 0, €) == {p € Mx|p(0) > 1o (O) — e and |1 (X) — g (X)| <€},

where O is an open subset of X and € > 0. Consider the space M} of finite, positive Radon
measures equipped with Blau’s topology (clearly, M% C My). The main result proved by Blau

is that if X is normal, the weak™ topology on MY% coincides with Blau’s topology. This result
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is stated in [29] in terms of the inherited topological structure on A (X). It is worth noting
that, even if Blau’s topology is finer than the narrow topology, their subspace topologies on
A (X) € MY coincide. Theorem 5* in Heifetz [29] should be replaced by Lemma 2 in Section
2, which establishes the correct equivalence between the weak™ topology (and hence the narrow
topology) and Blau’s topology in terms of the weaker assumption of complete regularity for the

topological space X.7

1.5.3 Borel structures on A (X)

The crucial feature of the narrow topology is that it leads to inheritance of the Hausdorff
property from X to A (X). The first justification for the choice of the narrow topology is
pragmatic, that is, it meets the conditions of Lemma 5, which delivers our main result. However,
an additional perspective on the narrow topology may be provided by considering the Borel
structure it generates on the space A (X). For this, we recall the notion of belief operators (cf.
[46]): for an event (measurable set) E C S x T, let BY (E) be the event "player i of type ¢’
believes that the probability of F is at least p", i.e.,

BY(E)={(s,t7) eSxT " :g(t")(E)>p}.

()

As each set of the form BY (E) represents the object of beliefs of player —i, it must be mea-
surable. To satisfy this requirement, the space A (X) must be endowed with the o-field X5 (x)
generated by all sets of the form

0" (E) ={ne A(X):u(E) > p}

where E is a (Borel) measurable subset of X and 0 < p < 1. Lemma 24 in Chapter III
states that, if X is a Hausdorff space and A (X) is endowed with the narrow topology, then
Yax) = B(A(X)). This result does not hold if A (X) is endowed with the weak™ topology:
in this case, the example in Appendix 6.2. shows that B(A (X)) might be the trivial o-field,

hence B(A (X)) € Xa(x)- In this sense, the narrow topology on A (X) is the "right" topology

"Recall that a normal topological space is also completely regular, but not vice versa.
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for every hierarchic construction of types under the assumptions formulated in this paper.

1.5.4 The measure-theoretic case

The Radon property of Borel probability measures ensures the o-additivity of the limit measure
in projective sequences of measure spaces. Heifetz and Samet [31] construct a parameter space
S, satisfying Assumption 1, and a coherent hierarchy of beliefs of a player that has no o-additive
coherent extension over S and the coherent hierarchies of her opponent. This counterexample
is based on a classical result of Andersen and Jessen (see [12], Example 7.7.3), which shows that
the Radon property of Borel probability measures cannot be omitted in generalized versions
of Kolmogorov’s extension theorem (like Theorem 2 in the Appendix). In the general case in
which the parameter space S is measurable, Heifetz and Samet [30] offer a construction of the
universal type space in a different fashion. They distiguish the universal type space from the set
of coherent hierarchies, and, by their counterexample in [31], they conclude that the former is in
general a proper subset of the latter. In Chapter III, we shall provide a full characterization of
the hierarchies of beliefs containted in Heifetz and Samet’s type space. Such hierarchies satisfy
a simple refinement of the notion of coherence, which we call strong coherence. Proposition 13
in Chapter III shows that the coherent hierarchies of beliefs considered in the current Chapter

are also strongly coherent.

1.6 Appendix

1.6.1 Summary of projective limit theory

In this appendix, we provide some of the background definitions and results from the theory of
projective limit spaces, that are necessary to present the proof of Lemma 5 and the results in
Section 4. For a more thorough treatment see [22] or [50]. As it is costumary, we denote by N
the set of natural numbers.

A projective sequence is a family {Y,,, fman}m,nEN of spaces Y;, and functions f,,, , : Y, — Y,

such that:

e for each n € N, Y,, is non-empty topological space;
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e for any m,n € N satisfying m < n, fp, is continuous;

® finp = fmno fnp for any m,n,p € N satisfying m < n < p, and f,, = Idy, for every

n € N.

The spaces Y, are called coordinate (or factor) spaces and the maps fy, ,, are called bonding
maps. Given a projective sequence {Y;,, frmn}

denoted by lim {Yy,, fimn}

the projective limit of {Yn, frmn}

m,neN? m,neN?

mnchy 15 defined as

@{Yn, fm:n}m,neN = {{yn} € H Yo |ym = fmn (yn), for each m,n € Ns.t. m < n} .

neN

For each [ € N, the map f; : lim {Y,,, fm’"}m,nEN — Y] is the restriction of the projection map
Projy; : [[en Yo — Y1 to im {Ys, finn},, nen- Clearly, for any m,n € N such that m < n, the
maps f,, and f,, satisfy the equality f,, = fmm o o

The projective limit liLn{Yn, fm,n}m,neN inherits the subspace topology as a subset of the

product [ ],y Y. It is known (see [22], Proposition 2.5.1) that if {Y},, fin} N 18 a projective

m,ne

sequence of Hausdorff spaces Y;, then its projective limit, 1&1 {Yo, fran} is a closed subset

m,neN’

of the Cartesian product [], .y Ya-
The next Theorem, a special case of Proposition 5, p. 198, of Bourbaki [15], provides a

sufficient condition for a projective limit to be non-empty.

Theorem 1 Let{Y,, fmn} be a projective sequence of topological spaces Y, and surjective

m,neN

bonding maps fmn. Then, if Y = @{Yn, St the map f, : Y — Y, is surjective for

m,neN’

each n € N, and Y is non-empty provided that none of the Y, ’s is empty.

As a corollary of this theorem, it can be proved that if each bonding map fp,, is the

coordinate projection, then the projective limit space, lim {Yy, fimn} can be identified

m,neN?
(homeomorphically) with the Cartesian product [, cx Yn-
For each n € N, let u,, be a Radon probability measure on the Hausdorff space Y;,. The

family {Yi, fmn, iy} nen 18 @ projective sequence of Radon probability measures if

o {Y,, fmv"}m,neN is a projective sequence of Hausdorff spaces Y,;
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® piy = Ly, . (), for any m,n € N such that m < n.

The structure {Y, s u}n N 18 called measure projective limit of the projective sequence of

Radon probability measures {Yy, fim.n; fn }y nen if

o V = lim{Y,, fm:n}m,n€N7 and f,, 1 Y — Y, satisfies f,, = fmno f, for any m,n € N

such that m < n.

e 1 is a Radon probability measure (called projective limit measure) on Y such that

Ly (u) = p,, for any n € N.
The next theorem, a generalization of Kolmogorov’s extension theorem (see [14], pag.53-54),

will be used extensively in the proofs of Lemma 1 and Proposition 2.

Theorem 2 Let {Y,,, fmn, fin} be a projective sequence of Radon probability measures.

m,neN

Then the measure projective limit {Y, ?n,,u} exists and p is a unique Radon probability

neN

measure.

1.6.2 A counterexample to Lemma 1 with the weak* topology

Here we provide an example which shows that the weak* topology can be strictly weaker the
the narrow topology on A (X), even if X is a Hausdorff topological space.

Let X = {(x,y) : y >0, z,y € Q}, and endow it with the irrational slope topology (see [56],
Example 75). Thus X is a Hausdorff, non-regular topological space and is also a Lusin space.
Every real valued continuous function on X is constant, so the weak* star topology on A (X)
is simply the trivial topology {0, A (X)}, hence non-Hausdorff. On the other hand, by Lemma
1.(1) A (X) is Hausdorff if it is endowed with the narrow topology. Thus, the weak® topology

is strictly weaker than the narrow topology on A (X).

1.6.3 Proof of Lemma 5

For pedagological purposes, it is worth denoting inductively the sequence {Z,,}.7 , of Hausdorff

spaces as follows: 21 = Zp and for all m > 1, Q41 = H?io Zi = Qup X Zy,. For any n > m,

22



denote by Pry, ,, the coordinate projection from €, onto Qy,, i.e., Pryp (20, ..o, Zm—1, -, 2n—1) =

(205 .-y Zm—1). The set D in (1.3.3) equivalently can be expressed as

[e.e]
D= {(Ul,vg, ) S HA (Ql) Vi+1 © Pr;il_,’_l = Vj, Vi > 1 } .
i=1
For all ¢ > 1, denote by p; : D — A (€);) the coordinate projections, i.e., p; (v1,ve,...) = v;. It
follows from the construction that for every (vi,ve,...) € D, <{Qn} Avnt APt ,) N
- m,ne

is a projective sequence of Radon probability measures. According to the definition, the pro-

jective limit of {2, }, .y subject to the projections {Pr,, »}, ., is given by

lim®, = { ((20) . (20, 21) ) € [ @ (2050 2n-1) =
neN Prpn+1 (205 -5 2n—1) , 2n) , VR € N

thus Pry, : im(}, — €, is the corresponding projection on the coordinate {1,. Since each

Prp,n, m < n, is a coordinate projection, it follows from standard arguments (see [49] pp.

116-117 or [50], p. 416) that lim}, is non-empty and it can be identified (homeomorphically)

with the Cartesian product Q = [[>°, Z;, so that there is no need to distinguish between these

two spaces.

Having done these preparations we proceed now to prove the existence of a homeomorphism
f:D — A(Q), where A () is endowed with the narrow topology and D inherits the subspace
topology as a subset of the product []725 A ().

Let h : A(2) — D be the map which associates with every v € A () a point (v1,v2,...)
in D, namely v — [hy, (v)],cy = [Lpr, (V)],en- It follows from Theorem 1 that to every array
(v1,v2,...) € D there corresponds a unique Radon probability measure v € A (2) such that for
all n € N the marginal of v on £, is v,. Thus h is bijective. We now show that A is an open
map, i.e., if U is open in A (Q2), then h (U) is open in D. Since h is injective, it suffices to show
h (U) is open whenever U is a subbasic open set. Pick vg € A (§2). A subbasic neighborhood of

v is a set of the form

V (vo;€,10) ={v e A(Q) |v(C) > v (C) — €},
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where C is an open subset of Q and € > 0. Every open set C C Q = [[>° ; Z, has the form
C = U2 Pr; ! (G,) where Gy, € Q,, = 12y Zi is open for all n and Pr;;! (G,,) increases (see,

e.g., [52]). Hence there exists a [ € NU{0} such that v (C’\Prf1 (G1)) < 5. The subbasic set
W (Ug; €, 1Prf1(GZ)> = {U €eA(Q)|v (Prl_1 (Gl)) > vy (P]rl_1 (Gl)) - 6}
is contained in V (vg; €, 1), since for every v € W (vg; €, 1Prf1(Gl)>

v (C)—v(C) = [vo(C)—o (Prl_1 (G1)] + [vo (Prl_1 (Gy)) — v (Prl_1 (G1)]
+ v (Pr; 1 (G))) —v (O]

< £y
— € — — — €.
5 2

Consequently it suffices to show / (W (UO; € ]-Prl—l(Gl)>> is open in D. To this end, note that
hy (v) (G1) = Lpy, (v) (G;) and

Wi (i (vo) ;€ 1c,) = {Lpr, (v) € A () [Lpy, (v) (G1) > Lpr, (vo) (G1) — €}

is a subbasic open neighborhood of Lp;, (vg) € A (€2;). This implies

h (W (vo; €, 1Prf1(Gz)>) =t (Wi (hi (vo) 56, 16,))

is a subbasic open neighborhood of (Lpy, (v0)),cny € D. Thus h is an open bijection, hence a

homeomorphism. To conclude the proof, define f = h~!.

1.6.4 Proof of Claim 1

The proof follows the ideas of Rao [49], pp. 177-118.

By definition, lim {re, Wﬁmﬂ }n21 is a closed subset of [ [~ Ti and 7t : lim {rs, Wfl’nﬂ }n21 —
Y, is the restriction of the natural projection Projy: : [[>1 Ti — Y to lim {Y%, 7l }n21.
Clearly, for any m,n € N such that m < n, the maps 7%, and 7! satisfy the equality

) %

- i
T = Tnn © Ty

Let g5 : T* — Y. be the restriction to T* of the projection map from [];°, A (X]) to

24



%
m,n*

H?;OI A (X;) Then for m,n € N satisfying m < n, we have g = ﬂ'in,n o g since gimn =m

Now we wish to find a function v : T* — lim { P}, ! such that 78 0¥ = gt.
it

Ry -

Since g, (t4,5,...) = (ti,...,t},), we need to show that (7, ov) (¢},th,...) = (¢, ..., t}). Let
v Y — liﬂl{ﬁwﬂa,nﬂ}nx be the map defined as v () = (74 (-), 75 (-),...). Since each
7t () is continuous and onto (according to Lemma 6), so is ©. It remains to show that v is
injective. Take t%,t!, € Y? such that v (ti) =0 (ti*) It is immediate to check that ¢! = %, in
that each finite subset of ¢i is the same as that of ¢, (i.e., all the coordinates of ¢, are equal to

those of ti,).
To prove the second statement, first remark that [],-; el = SN x [L>1 Y¢, where SN

n n?

denotes the set of all sequences on S. Denote by 6" = ( L 05, ) each element of [[,~; ©!. By

definition

e s | oo Con) = (Hogimtin) @)

lim {@i = . ‘
o S = (s (877, n 1)) = 67,

)
n—1y On—l,n}n21

therefore lim {er_,, a%an}nZl = Diag (SN) x lim {T;i,wz7n+1}n21, where Diag (SV) is the
set of all constant sequences on S. Since Diag (SN) is homeomorphic to S, the result follows

from the homeomorphism between lim {r," W%:”+1}n21 and Y.
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Chapter 2

Ambiguous types and possibility

structures

2.1 Introduction

Type structures, initially introduced by Harsanyi [28] and eventually formalized by Mertens
and Zamir [44], are the predominant models to describe interactive uncertainty in strategic
environments. The benefit of type structures is that they allow the modeller to describe the
agents’ hierarchies of beliefs by a single probability measure, without sacrificing the generality
of game theoretic analysis. The present paper is concerned with the problem of representing
interactive beliefs in games where each player is endowed with multiple priors over the set
of payoff-relevant states, instead of a unique probability measure as in the standard Harsanyi
framework.

The relevance of this problem arises naturally in strategic settings where each agent faces
ambiguity about the unknown features of the environment and\or the other agents’ choices. In
the context of individual decision making, the standard Bayesian framework is inappropriate to
distinguish between risky scenarios, where probabilities of all payoff-relevant events are available
to the decision maker, and ambiguous or uncertain scenarios, where information may be too
imprecise to be summarized by a single probability measure. The Ellsberg paradox and related
experimental findings provide evidence that agents may be averse to situations where a single

probability measure over the states of the world is not objectively known: a decision maker
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prefers a risky bet (a bet on events with known probabilities) to an ambiguous bet (a bet on
events with unknown probabilities), and his preferences cannot be be rationalized by a single
probabilistic belief. Motivated by this view, there is now a large literature on individual decision-
making under ambiguity, starting with the multiple-prior models of Gilboa and Schmeidler [26]
and Bewley [10] and the non-additive probability model of Schmeidler [53]. In the multiple-prior
models, agents use a set of probability measures rather than just a single probability measure
to determine the expected utility from actions.

If the distinction between risk and ambiguity is meaningful in a single person decision
making, it must also be meaningful in interactive decision environments, which involve the
delicate issue of hierarchies of beliefs. Consider agents who are uncertain about important
parameters of the environment. According to Harsanyi [28] approach, the source of uncertainty
can be summarized by an underlying state space, called the space of nature states or parameter
space, each element of which can be thought as a complete description of the players’ payoffs,
strategy sets and the like. (Such a parameter space would correspond to the set of states of the
world in a single person decision making.) The Harsanyi approach to uncertainty in games via
type structures provides a parsimonious representation of infinite hierarchies of beliefs within
the classical Bayesian framework of individual decision making. Each element of an agent’s
type structure, called simply type, is associated with a single subjective belief over the product
of the parameter space and the types of her opponents. The crucial aspect of a type structure
is that the probability measure associated with a type encodes an implicit description of the
agents’ hierarchies of beliefs. Indeed, the circularity feature of a type structure makes it possible
to specify, if necessary, the mutual beliefs of each agent about nature, about the other agents’
beliefs about nature, and so on, in a recursive way. Moreover, the hierarchy described by
a type is coherent, in the sense that the marginals of higher-order beliefs coincide with the
corresponding lower-order beliefs. The formalism of type structures suffers no loss of generality,
in that, as showed by Mertens and Zamir [44], the space of all coherent hierarchies of beliefs
arising from a fixed parameter space yields a universal type structure; that is, this structure
has the same circularity feature of a type structure, and more importantly, every other type
structure can be embedded into it in a unique belief-preserving way.

Nerverthless, the advantage of Harsanyi’s analysis of incomplete information games should
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not make us overlook some potential drawbacks of this approach. First, the notion of Harsanyi
type assumes that the uncertainty concerning payoff-relevant issues is reduced to risk, in the
sense that individual preferences are based on beliefs that are representable by a single proba-
bility measure; Machina and Schmeidler ([38], [39]) provide a thoughtful characterization of this
class of preferences and refer to them as probabilistically sophisticated. As already remarked,
such an assumption cannot capture some aspects of decision-making which can be attributed
ambiguity of the problem, e.g., the Ellsberg paradox. Second, and more importantly, this notion
of type requires more than just one single level of probabilistic sophistication. Even accepting
the postulate that each player has a precise evaluation (a single subjective belief) of his own
payoffs, Harsanyi’s notion of type requires that each player has a precise evaluation of the other
player’s evaluation of payoffs, a precise evaluation of the other player’s evaluation of his evalu-
ation of payoffs, and so forth. It might be well that an agent is probabilistically sophisticated
on payoff-relevant parameters, but unable to summarize her beliefs on the other agents’ beliefs
to a single probability. In other words, even though the uncertainty concerning payoff-relevant
issues were reduced to risk, the same procedure could be demanding for the uncertainty on
beliefs about how the other agents may think about each other.

To recap: if ambiguous beliefs are plausible in decision problems for a single agent, we believe
they are eminently more plausible in interactive settings with multiple agents. Following this
obervation, Ahn [1] builds a universal, set-theoretic type structure which allows for hierarchies
of ambiguity. Under the assumption that the parameter space is a compact metric space, he
constructs a model of interactive beliefs where each player is allowed to have a compact set
of multiple priors on all payoff-relevant events. In turn, each player is also allowed to have
multiple beliefs about the (possibly multiple) priors of the other player, and so on. He shows
if the players share common certainty of the internal consistency of their levels of ambiguous
beliefs, then a type for a player completely specifies her compact streams of beliefs on the
other’s type. A natural question arises as to whether the assumptions (i) compact parameter
space and (ii) compact sets of multiple belief hierarchies, can be dispensed with. Despite its
technical content, this question is important for some reasons.

In the context of standard type structures, the existence of a universal structure was first

proved by Mertens and Zamir [44] under the assumption that the parameter space is a compact
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Hausdorff space and all involved functions are continuous. Other versions of universal type
structures are provided by Brandenburger and Dekel [17], Heifetz [29] and Mertens, Sorin
and Zamir [43], under a variety of structural assumptions. The common feature of all these
constructions is completeness, a concept introduced by Brandenburger [16]: in words, a model
is complete if any belief about nature states and the hierarchies of the other players corresponds
to a hierarchy of beliefs, so that there is no loss of generality in representing player’s types by
hierarchies. However, Brandenburger [16] shows that, except in degenerate cases, any purely
set-theoretic type model of beliefs is necessarily incomplete in that it is always possible to
construct a belief that is not held by any type.

A result in a similar vein is obtained by Brandenburger and Keisler [18] in a quite general
model theoretic framework. They show that if a first order language is used to describe all the
relevant "events" then there cannot exist a complete structure. This negative result suggests
that a natural strategy to obtain a complete representation of agents’ interactive beliefs in set
theoretic models is to impose restrictions on the "richness" of the language used by the agents.
In this sense, the choice of a topology on the structure of the model turns out to be crucial
to decribe and represent such a language. Put differently, the main question of the current
paper is the following: which are the minimal topological restrictions on (sets of) beliefs to get
a complete, universal type structure?

In Chapter I we have shown the existence of a universal type structure a la Mertens and Za-
mir under general topological assumptions which covers all the aforementioned results. Specif-
ically, we show that the analysis can be carried out under the following assumptions: (i) the
payoff-relevant state space is Hausdorff, and (ii) higher order beliefs are Radon probability mea-
sures. In the current paper, we adopt a slight relaxation of assumption (ii), by assuming that
higher order beliefs are represented by a compact set of Radon probability measures. We then
show that there exists a complete, universal structure which allows for hierarchies of ambiguous
beliefs, thus including the results in [1] and Chapter I as special cases.

Our model relates to the existence of a universal possibility structure. A possibility structure
is a set-theoretic model of interactive beliefs in which a player knows either that a particular
statement is true or false, or knows that it may be true or false (hence, possible) but assigns

no probability to it. In a possibility structure, the beliefs of a player are represented by a
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possibility set consisting of all states regarded possible. Mariotti, Meier and Piccione [42]
(MMP, herafter) provide a Brandenburger-Dekel type foundations for possibility structures
that identifies an agent’s type with a hierarchy of possibility sets. We show (Section 2.5)
that a universal possibility structure can be identified as a special case of our set-up. The
existence of this possibility structure does not require the assumption of compactness for the
parameter space as in MMP, hence our framework provides the most general (that is, weakest)
restrictions on the agents’ language that must be imposed to obtain a universal, complete
possibility structure. We discuss this aspect in detail in Section 2.5.1, and we show how this
generalization can be achieved in Section 2.5.2.

We have already mentioned and discussed the literature more immediately related to the
present paper. Other relevant contributions on the foundations of games with ambiguity include
[20],[23] and [33]. A discussion of some of these papers is deferred to the concluding section.

This paper is organized as follows. Section 2.2 contains some preliminary definitions and
mathematical results which are necessary to present the construction of the universal type
structure. Section 2.3 presents the construction of the space of ambiguous belief hierarchies.
Section 2.4 discusses the implicit representation of type structures and relates the latter to the
space constructed in Section 2.3. Possibility structures are the subject of Section 2.5. Finally,
Section 2.6 concludes. Omitted proofs are collected in the appendix, which contains further

matematical definitions and results needed for Section 2.5.

2.2 Mathematical preliminaries and notation

2.2.1 Topologies for the space of Radon probability measures

For any non-empty topological space X, let B(X) denote its Borel o-field and P(X) the set
of all Borel o-additive probability measures on B(X). A Radon probability measure on X is a
measure p € P(X), such that for every A € B(X) and every ¢ > 0, there exists a compact set
K C A such that u (A\K) < e. Denote by A (X) the space of Radon probability measures on
X. If D is a non-empty, Borel subset of X, define A (D) ={p € A(X)|pu(D)=1}.

The set A (X) is endowed with the narrow topology, which is defined as the coarsest topology

on A (X) for which all the maps 1 — [ fdu from A (X) into R are lower semi-continuous, as
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f varies in the set of all bounded, lower semi-continuous functions on X. As a subbasic system

of neighborhoods, this topology assigns to each py € A (X) the sets of the form

V(g6 f) = {,u € A(X) / fdp > / fdug — €, f is lower semi-continuous, € > O} .
X X

It is known (cf. [57], Theorem 8.1 and Lemma 2 in Chapter I) that if X is a completely reqular
space (e.g., compact Hausdorff or Polish), the narrow topology on A (X) coincides with the
usual weak* topology on A (X).! For an overview of the Radon measures and the narrow
topology, see Topsoe [57] and Schwartz [54]. The following lemma, whose proof can be found

in Chapter I, collects some properties of the narrow topology we shall repeatedly make use of.

Lemma 7 Let X be a non-empty topological space, and D a non-empty subset of X. The

following statements hold true.

1. If X is Hausdorff, so is A (X).
2. A(X) is compact if and only if X is compact.
3. If X is Polish, then A(X) = P(X). Furthermore, A (X) is also Polish.

4. If X is Hausdorff and D is closed, then A (D) is closed.

Let 6 : X — A(X) be the function which maps each x € X to its Dirac measure 0 (z).
Thus §(X) € A(X) denotes the space of all Dirac probability measures on X. It is easy to

check that ¢ is a homeomorphism on its image.

2.2.2 Image measures and their properties

Let X and Y be arbitrary measure spaces, and for any measurable f : X — Y, let L; : A (X) —
P (Y) denote the image measure on Y induced by f, defined by Lf (p) [E] = p (f~! (E)) for
any p € A(X) and any Borel set E C Y. An easy check shows that £ is well defined, i.e.,
Ls(p)eP(Y) for any pp € A(X). However, we have the following result:

'For any non-empty, topological space X, the weak* topology on A (X) is the coarsest topology for which the
map pu — fX ¢dp from A (X) into R is continuous, as ¢ varies in the set of all bounded, continuous functions on
X.
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Lemma 8 Let X, Y be Hausdorff topological spaces and f : X — Y be continuous. Then Ly

is a continuous function from A (X) into A(Y). Furthermore,
(i) if f is injective, so is L¢;
(it) if f is surjective and open, then Ly is surjective;
(iii) if f is surjective, then Lrod =00 f;
(w) if Z is a Hausdorff space and g : Y — Z a continuous map, then Lyor = Lg o0 Ly.

Proof. We need to prove only point (iii), since (iv) is trivial and the remaining part is
proved in Chapter I. Let A be a Borel subset of Y. By continuity of f, the set f~1(A) is

measurable in X. Now

S(W)[A] = 6y [f(F1(A)]
= (60 f)(x) [fH(A)]
1 zef 1A
0  x¢f 4

where the first equality follows from the surjectivity of f. On the other hand

Ly @)[A] = (6) () [f(4)]
1 z € f71(A)
0 z¢f (A

which proves the claim. =

Unless otherwise stated, for a given countable product space ][, .y X where N is the set of
natural numbers, we write Projy,, as the canonical projection from [] X, to X,,, for each
m € N. For any [,m € N satisfying | < m, we write Pr;,, as the coordinate projection from
H;.":l X into Hé’:1 X;. We consider any product, finite or countable, of topological spaces as
a topological space with the product topology. If X and Y are arbitrary Hausforff topological
spaces, then the marginal measure of € A (X x Y) on X is defined as margxp = Lproj, (1),

which is, by the Lemma 8, a continuous and surjective function from A (X x Y) onto A (X).
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2.2.3 Hyperspaces of sets

For any topological space X, KX refers to the space of compact, non-empty subsets of X. The
space KX is endowed with the Vietoris topology Ty, which is defined as follows. Given £ C X,
we define these two subsets of KX:

E-={AcKX|ANE + 0o},

Et={AcKX|ACE}.

The Vietoris topology 7y on KX is the topology generated by subbasic sets of form V'~ and
W, where V and W are both open subsets of X. An equivalent formulation of the Vietoris

topology on KX is as follows (see [7], Lemma 1.2). Let (U;) ,, be a finite collection of

i=1,...,

open sets of X. The Vietoris topology 7y on K (X) is generated by basic neighborhoods of the

following form:
<U1, ,Un> = {A € ICX’A CUrUiand ANU; # @, i = 1,...,77,} .

That is, the collections of the form (Uy, ..., U,), with Uy, ..., U, open in X, form a basis for the
Vietoris topology 7 on KX.
Using just the definitions, it is easy to see that a net {A,} on KX converges to A € KX

with respect to 7y, written A, =% A, if and only the following are satisfied:

(a) (lower Vietoris convergence V) A, Yo A if for every open U C X, UN A # & implies
that U N A, # 9 eventually.

+
(b) (upper Vietoris convergence V1) A, Vo A if for every open U C X, A C U implies that

Ay C U eventually.

For future reference, the following lemma collects some useful properties of the Vietoris

topology on KX (for a proof, see [45] or [9]).
Lemma 9 Let X be a non-empty topological space. The following statements hold true.

1. X is Hausdorff if and only if KX is Hausdorff.
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2. X is (completely) regular if and only if KX is (completely) regular.
3. X is (locally) compact if and only if KX is (locally) compact.

4. X is metrizable if and only if KX is metrizable.

It is worth noting that if X is a compact metric space, the Vietoris topology on XX coincides
with the topology induced by the Hausdorff distance.

Since in the following we require that all topological spaces be Hausdorff, for each X there
is a natural injection e : X — KX taking z € X to its singleton {x}. Clearly e is a topological
embedding, and in the metric case an isometry. Observe that the Vietoris convergence on X
is compatible with the Hausdorff topology on X, that is, z, — « if and only if {z,} =% {z}
(i.e., e(xzq) — e(x)).

For a continuous function f : X — Y, define its extension fX : KX — KY by fF(A) =
F(A4) = {f(@)e € A}.

Lemma 10 Suppose that X and Y are Hausdorff topological spaces and f: X — Y is contin-
uous. Let Projx denote the natural projection from the product space X XY onto X. Then the

following statements hold true:

1. the induced map f* : KX — KY is continuous;

2. if f is surjective, then f* is surjective;

3. if f is injective, then fX is injective;

4. the induced map Proj§ K (X xY) — KX is continuous, surjective and open.

5. if Z is a Hausdorff space and g : Y — Z a continuous map, then (f o g)’C = fKogk.

The proof of the Lemma 10 is available in Appendix 2, while Section 2.8.2 contains some
remarks showing how Lemma 10.(4) (which turns out to be the main mathematical contribution

of this paper) provides a general result which covers analogous cases.
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2.3 Hierarchic construction of ambiguous beliefs

Fix a two-player set I;? given a player i € I, we denote by —i the other player in I. Let S be
a non-empty space describing payoff-relevant states that each player is uncertain about. The

space S is called parameter space. The following assumption will be mantained throughout the

paper.

Assumption 1 S is a Hausdorff topological space.

Since each player ¢ € I faces ambiguity or risk about the realization of the payoff-relevant
state, she is endowed with a set of priors (probability distributions) on the parameter space S;
such multiple priors are called first-order (ambiguous) beliefs. However, first-order beliefs do
not exaust all the uncertainty faced by each player: player ¢ realises that player —: has at least
one first-order belief on S as well, and this set of priors is unknown to her. Thus, player i’s
second-order beliefs are represented by a set of probability distributions over S and the space
of —i’s first-order beliefs. Continuing in this fashion, each player is completely characterized
by an infinite hierarchy of (ambiguous) beliefs.

We impose the following restriction on belief hierarchies of the players.

Assumption 2 Players’ hierarchical beliefs are described by compact sets of Radon probability

measures.

Formally, for each ¢ € I define inductively the sequence of spaces {X}L}oo by

n=0

Xt =8, (2.3.1)

X =X,"xKA(X,;");n>0. (2.3.2)

n

2The analysis can be trivially extended to more than two players.
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An element Al = (A%, A}, ..., Al ,) € KA (X)) is a (n + 1)-order ambiguous belief; one can

n

easily show that, according to our notation,

n
=X x KA (x7).
=0

The set of all possible, infinite hierarchies of ambiguous beliefs for player i is H} = 2, KA (XTZL)
A hierarchy of beliefs B = (Zﬁ,fé, ) is unambiguous or probabilistically sophisticated if Zfl
is a singleton for every n. The space of unambiguous belief hierarchies is denoted FE. The
space HS is endowed with the product topology, thus, according to Lemma 7 and Lemma 9, is
a Hausdorff space. An analogous conclusion holds if the parameter space S is assumed to be
Polish or compact.

Recall that for any u;H e A (XT’L) =A (X;fl x A (X;_il)), the mapping margy —i
A(XE) — A (X;fl) is defined as margX;il,uﬁLH = EPrOjX;il (14 41). Thus, its extension
margﬁi1 : KA (X,’L) — A (X;ﬁl) is defined by

© , 4 . , . .
margx;il(A;rFl) = {margX;ill"L:7,+1‘lu;’1+l €Ay, A €KA (X;Lm)} .

Since Proj,—: is continuous and open (by definition of product topology), it follows from
n—1

Lemma 8 and Lemma 10 that margﬁ,i is surjective and continuous, for all n > 1.

n—1
Definition 2 A hierarchy of beliefs h* = ( LAY ) € Hé s coherent if and only if, for any
n>1,

. |
marg_ (Aly,) = A

This definition of coherence is a simple generalization of the notion of coherence as in [44] or
[17]; both notions coincide if each A’ is a singleton. As pointed out by Ahn [1], this definition
of coherence encodes two forms of consistency between different levels of hierarchical beliefs.
The first form of consistency - called "forward consistency" - is implied by the set containement
margg:- 1(Afl 41) € Al | which states that player ’s higher order beliefs can be supported only
by her lower level beliefs. The other form of consistency - called "backward consistency" - is
implied by the set containement marg’)cqi ) (AL, ) D A, which states that only elements in Af,

can be at service of some higher order beliefs.
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Note that since there is a common uncertainty space S, the sets Hé and FE are the copies
of the same sets Hy and Hy, respectively. Therefore, from now on, we drop the superscript 4
(or —i) for notational simplicity where no confusion results.

The space of all coherent hierarchies of beliefs is denoted by Hi. The space of unambiguos,

coherent hierarchies of beliefs is H; = Hy N Hg = {(A1, Aa,...) € Hy : |A,] =1, Vn > 1}.
Lemma 11 H; and H; are closed subsets of Hy. Moreover, Hy is homeomorphic to KH;.

Proof. Consider the set of ambiguous hierarchies for which the (n + 1)-order beliefs are

coherent, namely
Hy, = {(Al,Ag, ...) € Hy marg)K(n_l(AnH) = An}.

Since Hy = Ny2 1 Hyp, it is enough to show that Hi, is closed for any n > 1. Let {hk} =
(A%, A%, ..)) be a net in Hy, which converges to h* = (A}, A3,...). Since Hj, inherits the
product topology on Hy, this implies that A* — h* if and only if A7";+1 e Ay, for all n > 0.
We claim that h* € T7,, ie., marg§n71(A,*1+1) = A;. To this end, observe that the func-
tions nrlaur,g_{gk1 : KA (X,) — KA (X,,—1) and marg%A(Xnil) KA (X)) — KA(KA (Xp-1))
are continuous in the product topology according to Lemma 8 and Lemma 10. This implies
marg§n71(Aﬁ+1) —>marg§n71(A;*L+1), for all n > 0. By construction, maurg’)%h1 (AF ) = A% for
every k. Moreover, A¥ ¥ A* by definition of product topology. Hence, marg)’c(nil( 1) = A
To show that H is closed, recall that Hy = H; N Hy, thus it suffices to show that Hy is

closed. Consider the set of hierarchies whose the n-order beliefs are unambiguous, namely
Fom = {(Al,AQ, ) S H[) : |An| = 1} .

Since Hy = ﬁ%ozlﬁo,n, it only remains to prove that Fo,n is closed for all n > 1. To this end,
let {hk} = (A%, Ak ) be a net in Hy,, which converges to h* = (A}, A%, ...). This means that
the net {A,’j} converges, in the Vietoris topology, to Ay. To conclude the proof, we have to
show that A} is a singleton. Suppose, to the contrary, that |A%| > 1. The net {Alﬁl} can be
identified, by the topological embedding e : A (X;,—1) — KA (X,,—1), as a net in A (X,_1).
Thus {e~! (4%)} converges to e~! (4}), i.e., the net {e~! (A¥)} has more that one limit. This
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contradicts the Hausdorff property of the space A (X,,_1). Therefore, A} must be a singleton.

The existence of a homeomorphism between H; and K H; was already proved in [1], Propo-
sition 1, by using a compactness argument (the finite intersection property of a appropriately
controlled family of closed subsets). Here we provide a more general proof. The space H1 can be
naturally regarded as a subset of [[}25 A (X;,) under the identification (u,,),>; — {(Mn)nzl}-
We slightly abuse notation by denoting Proja(x,,_,) as the continuous projection from H onto
A(X,—1), and Proj’&Xn_l) as the corresponding extension. Let G = (G'n)n21 :KH, — H; be
the map defined by

(G () o1 = (Proix, _, (K))

n>1

where the n-th component satisfies

Go(K) = {Projacx, ) (B)[h e K}
= {margxn_lProjA(Xn) (E) ‘E € K}

= marg)’%ﬁl Gnt1 (K)

by coherence of beliefs. The map G is an open surjection: since Proja(x,,_,) is open and onto (by
definition of product topology), so is Projg( X0 1) (Lemma 10, claims (2) and (4)). We now show
that G is injective. Let K and K  be two compact subsets of H; such that G (K) = G (K/>
Fix an arbitrary h = (ttn)p>1 € K. Thus, for all n > 1, G, ({E}) =Proja(x,_1) (ﬁ) = U,
and since by assumption G (K) = G (K'), we have that G, (K) = G, <K/>, for all n > 1,
which implies u, € G, (K’) The set G ! (u,) = {(//1,//2,..) € Hy

M;z = un} is closed
(by continuity of G,) and the set K, = K N G;'(u,) is non-empty (and also compact).
Clearly Np>1G,t (1) = {h}, and if {, = py, then by coherence u,, = p,, for all m < n.
So (G;' (1)), is a decreasing sequence of closed subsets of Hy, and (Ky),~, is a family of
nested, closed subsets of K'with non-empty intersection: N,>1K, = K'n [ﬂnzngl (un)] =
{E}. Then (un)n21 € K'. This proves K C K . The proof of the reverse implication, K D K,
is analogous. So K = K ', which proves that G is injective. In summary, G is an open bijection,
hence a homeomorphism. =

The next lemma, a general version of Lemma 1 in [17], provides the main technical tool

for proving the existence of a canonical homeomorphism. It is a consequence of Theorem 4 in
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Appendix 1, and the reader is referred to Lemma 5 in Chapter I for a proof.

Lemma 12 Let {Z,},2, be a collection of Hausdorff spaces, and let

fin € A(Zo X ... X Zn—1), ¥n > 1, and
D= (Mlnuﬂv ) " i (233)
margZOXmXZn—Qun = Hn—1, vn > 2

Then there exists a homeomorphism f: D — A([[>"y Zy) such that

vn Z 1; margZoX...XZn,Q [f ((,ulalu% ))] = Up—1-

The next proposition states that a coherent hierarchy of beliefs for a player is equivalent to
a compact set of beliefs over the parameter space and the (not necessarily coherent) hierarchy

of beliefs of her opponent.

Proposition 3 There exists a homeomorphism f : Hy — KA (S x Hy) such that

Vn >0, marg’, [f (A1, Az, ...))] = Projga(x,) (A1, Az, ...)) .

Proof. Set Zy = Xy and, for any n > 1, Z, = KA (X,,—1). By Lemma 7 and Lemma
9, each Z, is Hausdorff, and so is [[,2, Zn; hence the narrow topology on A ([[2, Zy) is
also Hausdorff. By construction, Zg x ... x Z, = X,, and [[;",Z, = S x Hp, while the set
of unambiguous coherent hierarchies of beliefs H; correponds to the set D in (2.3.3). Thus,
by Lemma 12, there is a homeomorphism f : H; — A (S x Hp). Apply Lemma 10 to 7’C :
KH; — KA (S x Hp), so that ?K is a homeomorphism. To conclude the proof, observe that,
according to Lemma 11, H; is homeomorphic to K H; through the map G~!: H; — KH;. The
composition f = ?’C o G is the required homeomorphism. m

The homeomorphism just described implies that player i’s coherent hierarchy determines
his set of beliefs over player —i’s hierarchies of beliefs. However, even if player i’s hierarchy
of ambiguos beliefs h € H; is coherent (in the sense of Definition 1), some elements of f (h)
may assign positive probability to sets of incoherent ambiguous hierarchies of the other player,
that is, player ¢ may believe it is possible that player —¢’s ambiguous hierarchy is not coherent.

This precludes the possibility for player ¢’s coherent hierarchy to determine ¢’s beliefs over —i’s
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beliefs over ¢’s hierarchy of beliefs, and hence, inductively, all possible (ambiguous) beliefs.

Thus, following [17], we close the model by imposing common certainty of coherence.
Formally, we say that player i, endowed with an ambiguous hierarchy h, is certain of (a

measurable) event £ C S x Hy if f(h) C A (F), that is, all his possible unambiguous beliefs

belonging to the set f (h) put probability one on E. Common certainty of coherence is imposed

by defining inductively the sets:

Hipt = {he Hi|f(h) SA(Sx H)} k> 1,

Hyo = Np>1Hy.

H,, x Hy is the set of pairs of types satisfying common certainty of coherence, in the sense
that each player believes that the other player’s belief hierarchy is coherent, believes that the
other player believes that her belief hierarchy is coherent, and so on. In the same fashion, we
define common certainty of coherence and probabilistic sophistication by defining inductively

the sets:

Hy,, = {heH|f(h)eA(SxHy)}, k>1,

Hc = meIH;

(Observe that f (h) is a singleton, i.e. f(h) € A(S x Hp), if and only if & is probabilistically
sophisticated. So the sets Hy, 41 and H._ are well-defined). Similarly, Ho, x H._ is interpreted as
the set of pairs of players’ hierarchies of beliefs such that player 4’s hierarchy: is probabilistically
sofisticated; is certain that player —i’s hierarchy is probabilistically sofisticated; is certain that
player —i’s hierarchy is certain player i’s hierarchy is probabilistically sophisticated; and so on.
on is naturally regarded as a subset of H,, under the identification h {E} The relation
between hierarchies of beliefs satisfying common certainty of coherence and common certainty

of probabilistic sofistication is stated in the next lemma, which is an immediate consequence of

Lemma 11.

#Brandenburger and Dekel [17] use the term "common knowledge of coherence". In general, the term "knowl-
edge" refers to justified true belief that comes from logical deduction. It is therefore conceptually different from
probability one belief ("certainty").
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Lemma 13 H-

~ and Hoo are non-empty, closed subsets of Hy and H1, respectively.

Proof. First remark that, as f is a homeomorphism, Hy = f~ (KA (S x Hy_1)) for each
k > 1, hence by construction {Hy} k>1 18 a family of non-empty and nested sets. We now show
by induction that Hy is closed, for any & > 1. The statement is true for k = 1: H; is closed
by Lemma 11. Next suppose that the statement holds true for Hy, k > 1. Thus A (S x Hy) is
closed according to Lemma 7.4, and Lemma 2.2 of [45] implies that ICA (S x Hy,) is also closed.
Using the fact that f is a homeomorphism, we conclude that Hy, 1 = f~1 (KA (S x Hy)) is
closed. So Hy = Ni>1Hj}, is a closed subset of Hy. The proof for F; is similar, and therefore
omitted. Moreover, on is non-empty: this is shown in Chapter I, Proposition 2. Since ﬁ;
can be regarded as a subset of H, it follows that H., is also non-empty. =

We can now state the main result of this section.
Proposition 4 The restriction of f to Hs induces a homeomorphism g : Hoo — KA (S X Hy).

Proof. Since the restriction of the homeomorphism f to Hy is hereditarily continuous,
injective and open, it remains to show that f (He) = KA (S X Hy). This can be accomplished
by showing that the functions f and G~! in the proof of Proposition 3 are onto, when restricted
to Hy and H o, Tespectively. This involves only some minor changes of the proof in [1], so we

omit the details. m
Corollary 1 The restriction of f to HZO induces a homeomorphism g : ﬁio — A (S X FZO)

Proof. Simply observe

Ho, = Mesif H(A(Sx Hy_y))
= f! (ﬂkzlA (S X Fli—l))
= f! (A (S x ﬁkzlﬁZ—l))

= fH(A(SxHy)),

where the third equality follows from the fact that a countable intersection of probability one
events has probability one (cf. footnote 5 in Chapter I); since f is onto, then f (FZO) =
A (S X FZO) Finally, observe f = f on FZO ]
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2.4 Type structures

In this section, to simplify the notation, we adopt the following conventions. Given a player
i € I ={1,2}, we denote by j the other player in I. Define Iy = I U {0}, where "0" stands for

"nature". Hence, for each i € I, we refer to —i as the set {0, 7}.

Definition 3 An S-based type structure is a structure T = (S,T;,9:);c; such that for each

1=1,2, T; is a Hausdorff space and g; is a continuous function
gi : T; = KA (S xTj).

Members of Th, To are called types. The set S x Ty x Ty, whose members are called states (of
the world ), is called belief space. An S-based type structure T is complete if g; is onto for each
1=1,2.

Definition 3 is based on a standard epistemic definition (cf. [30]). Every type structure
provides an implicit description of belief hierarchies: with each type t; € T; for a player is
associated a compact set of Radon measures on the parameter space and types for the other
player. The difference from the standard definition is the use of a set of measures rather than
one measure.

It is clear from Definition 3 and Proposition 4 that the structure 7, = (S, Hxo, Hxo, 9, 9)
is a complete, symmetric S-based type structure, by setting T; = Hy and g; = g, for each
1 € I. Some features distinguish 7, from any other type structure. First, 7, is selected from
explicit hierarchies in accordance with the notion of coherence (Definition 2), as it is shown in
Section 3. Second, 7, is universal, in the sense that if 7 = (S5, T3, g;),; is another S-based type
structure, then each T; can be embedded in H., in a way preserving the implicit description of
higher-order (ambiguous) beliefs.

The primary focus of this section is to show that 7, is, in fact, a universal type structure. This
will be done in two steps. First, in subsection 2.4.1, we will specify how types induces hierarchies
of (ambiguous) beliefs by showing that, for a given S-based type structure 7 = (S, T}, gi) ;¢ it
is possible to associate with every t; € T; a point in the space Hy. We shall use a procedure

analogous to that in [30] and [6] that allows for hierarchies of ambiguity; our construction
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scheme parallels their development and many mathematical steps are appropriately adapted.?
Next, in subsection 2.4.2, we will formulate an appropriate notion of embedding for type spaces,
and show that any type space (satisfying certain technical regularity assumption) corresponds

to a belief-closed subset of 7,, (precise definition will be given below).

2.4.1 From types to belief hierarchies

For a given S-based type structure 7 = (S, T}, g;);c;, we define an i-description map ¢; : T; —
Hy associating with each t; € T; a corresponding ambiguous hierarchy, for each ¢ € I. The
hierarchy ; (t;) = (¢} (t;), 97 (ti),...) is called the i-description of t;. Each i-decription map

is defined inductively:

e (base step: n = 1) For each i € I, t; € T;, define ¢} = Egrojs 0gi: T; = KA(SxT;) —
LA (S) by
@; (ti) = f’grojs [gi (t:)] = marg [g; (t:)] -
For eachi € I,t; € Tj, s € S, set »°; = Idg and define ¢1; : S x Tj — X1 = S x KA (S)
by
VL (s.t5) = (025 (5), 95 (7)) = (5.5 () -

e (inductive step: n 4+ 1, n > 1) Suppose we have already defined the functions ¢} : T; —
KA (Xp-1) and ¢%; : S xT; — X, = Xp—1 X KA(Xp,—1). For each i € I, t; € Tj,
Ey € B(X,), define of 71 = LK, 0g;: Ty — KA (S x Tj) — KA (X,) as

PR B = L, (96 (8) [En]

= () [(vm) N (Ba)].

*Ahn [1] borrows from MMP an indirect procedure to show that his type structure is universal. Such a
procedure depends crucially on the compactness assumption for the parameter space. In contrast, the standard
procedure adopted in the current paper is more general. It would be important future work to analyze how
these two procedures are related, as the MMP indirect procedure provides a way to compare Hs to the infinite
consumption problems of Gul and Pesendorfer [27], as it is shown in [1].
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For each i € I, t; € T}, s € S, define Wffl S xTj — Xpp1 = X, x CA (X)) as
= (ynert)

that is, ¥F (s, 1) = (02 (s,45) 5 (8)) = (008 () oo 0 (1) 5 (1))

An easy check (use Lemma 8 and Lemma 10 in the base step, and then proceed by induction)

shows that each ¢, is a continuous function.

2.4.2 Type morphisms and universality

Given an S-based type structure 7 = (S, T}, gi);c, we address the question on whether each set
T; can be embedded in H,, the set of all conceivable ambiguous hierarchies satisfying coherence
and common certainty of coherence. The building block we use to construct an appropriate
notion of embedding for type structures is a continuous function m_; : § x T; — S x Tj’ which

induces the continuous map LK, : KA (S x Tj) — KA (S X T]’>

Definition 4 Let T = (S,T;, gi);c; and T' = (S, T}, g;),c; be two S-based type structures. The

function m = (mg,m1,mz) : S X Ty x To — S x T{ x T} is called type morphism if

1. mo = Ids,

2. for eachi € I, m; : T; — T is a continuous function such that g, om; = L',’,CLZ_ o g;, where

m,i:(mg,mj):SijanT]’-.

The morphism is a type isomorphism if m is a homeomorphism. Say T can be embedded
into T' if there is a type morphism from T to T'. Say T and T’ are isomorphic if there is a

type isomorphism between them.

Condition (2) in the definition of type morphism expresses consistency between the function
m; + T; — T/ and the induced function LK, : KA (S xT;) — KA (S X T]’> The gain the
intuition, let ¢; be an arbitrarily fixed type in T;. The function m; maps ¢; to some ¢; € T/, thus
g} (t;) defines a compact set of Radon probability measures on S x T]’ On the other hand, the

function g; maps t; to some compact set C of A (S x T}), hence E,’%ﬂ_ (C) defines a compact set
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of Radon probability measures on S x Tj. Thus, Condition (2) states that g; (¢;) and Ly (0)
should coincide in that both are generated by the same type t; € T;. In words, a type morphism
preserves the implicit description of belief hierarchies for the players.

Another important property of type morphisms is that they preserve the explicit description
of ambiguous belief hierarchies. Lemma 17 in Appendix 3 shows that if 7 and 7’ are S-based
type structures such that 7 can be embedded into 7", then ¢; (T;) C ¢; (T7) for every player
1; that is, every S-based belief hierarchy that is generated by some type in 7 is also generated
by some type in 7’. This formalizes the idea of viewing type morphisms as a manner to relate

types in one structure to types in a wider structure.’

We characterize this intepretation of
type morphism for ambiguous types by restricting type structures to be non-redundant (cf.
[44]). A type structure is non-redundant if any two distinct types induce distinct ambiguous

hierarchies.% Formally:

Definition 5 An S-based type structure T = (S,T;, g;);c; is non-redundant if, for each i € I,

the i-description map ; is injective.

It is evident from this definition that the structure 7, = (S, Ho, Hoo, g, g) is non-redundant,
as each i-description map turns out to be the identity. The following result gives a characteri-
zation of non-redundant type structures in terms of the measurable structure induced by type

morphisms.

Lemma 14 Fiz S-based, non-redundant type structures T = (S, T;, gi);er and T' = (S, T}, 9;);c;-
Let m = (mg, my,mz) be a type morphism from T and T'. Then m is injective. Moreover, if
m~! is Borel measurable, then the product space S x my (T1) x ma (Ty) forms a belief-closed
subspace of S x Ty x T, i.e.,

Vi€ I, Vt; € mi (T;) : g; (t;) € KA (S x m; (T})) .

7

® An alternative notion of embedding for type structures is that of hierarchy morphism. Unlike type morphisms,
a hierarchy morphism makes explicit reference to belief hierarchies. A type morphism is a hierarchy morphism,
but not vice versa. For more on this, see Friedenberg and Meier ([25]).

SMertens and Zamir ([44], Definition 2.4 and Proposition 2.5) formulate the non-redundancy condition in
terms of a separation condition which implies the property here. According to their formulation, a type structure
T = (8,Ts, 9i);¢; is non-redundant if the o-field of each T; separates the points. One can easily show (cf. [36])
that the our definition of non-redundant type is a direct implication of Mertens and Zamir’s definition.
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The above lemma says that, if 7 can be embedded uniquely into 7’ by the type morphism
m, we can essentially regard 7 as a (measurable) substructure of 7’. The belief space S x
my (T1) x mg (Ts) is associated with the type structure 7" = (S, m; (T}) , K;);c7, Where £; :
m; (T;) — KA (S x m; (T})) is such that &; (¢}) [E] = g, (t;) [E] for each E € B (S x m; (1})),
i € 1.7 We call T” the substructure of 7’ induced by 7.

Definition 6 An S-based type structure T' = (S, T}, g;),c; is universal if for every other S-
based type structure T = (S,T;, gi);c; there is a unique type morphism from T' to T. In this

case, the set S x T{ x T4 is called universal belief space.

Of course, any two universal type structures are isomorphic.®

We state now the main result of this section.

Proposition 5 Let T = (5,T;,9i);c; be an arbitrary S-based type structure, and, for each

1 €1, let v, : T; — Hy be an i-description map. Then, for each i € I,
1. %(TZ) C He,
2. ¢ = (Ildg, ¢y, py) is the unique type morphism from T to T,.
Thus T, is the unique universal type structure (up to type isomorphism).

We conclude this section with some remarks concerning the implications of Proposition 5.
Clearly, any belief-closed subspace of S x Hy, X Hy, is associated with a non-redundant S-based
type structure. The reverse claim, however, does not hold. To see why, let 7 = (S, T3, gi);; be
an arbitrary, non-redundant S-based type structure. Lemma 14 yields that the product space
S x 1 (T1) X ¢y (Tz) forms a belief-closed subspace of S x Hy X Hy whenever the canonical
type morphism ¢ has a measurable inverse. This last condition is satisfied if both .S and each
T; are compact (cf. [44]) or Polish (cf . [24]). In the most general set-up (i.e., Hausdorff

topological spaces), a non-redundant type space 7 may fail to identify a belief-closed subspace

"Note that, since m™" is measurable, m; (T;) is a Borel subset of T;. Thus, every Borel subset of m; (Tj) is

also a Borel subset of T;. This implies that the map &, is well defined.

$Within the framework of category theory, S-based type spaces for player set I, as objects, and type mor-
phisms, as morphisms, form a category. The "universal type space" is a terminal object in the category of type
spaces.
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of S X Hoo X Hoo in that ¢;(7T;) may not be a Borel subset of Ho,. This issue is discussed formally
in Appendix 3, and Lemma 19 furnishes a sufficient condition on the topological structures of
T which generalizes the aforementioned results. Moreover, in Appendix 3 we characterize the
universal belief space S X Hy, X Hy as the union of all its possible belief-closed subspaces.
This provides a rationale for constructing 7, by taking the union of all families of smallest type

structures.

2.5 Possibility structures and ambiguity

In this section, we will be highlighting the relationship between type and possibility structures.
First, we shall briefly review the basic notions and properties of possibility structures we will
be using. Next, we will present the construction of a complete possibility structure as a (strict)

substructure of 7.

2.5.1 Complete possibility structures

Possibility structures are models of interactive beliefs which specify, for each player, a set of
states and a set-theoretic belief consisting of all states regarded possible. These structures are
related to partitioned representations of knowledge (cf. [4]). Formally, let S be the underlying
parameter space. Given a set X, let N (X) denote a family of non-empty subsets of X (in

general, the power set). The following definition is borrowed from [16].

Definition 7 An S-based possibility structure is a structure P = (S, Ti,vi)iel such that for

each i =1,2, T" is a non-empty space and v; is a mapping
vi: T" > N (SxT7).

Members of T® are called (possibility) types. For eachi = 1,2, v; is a possibility mapping which
assigns to each type t' € T® a set-theoretic belief v; (t’) C S x T7" about the basic uncertainty
parameter and the type of player —i. The subset v; (tz) is called the possibility set of type t' of

player i. The structure P is called complete if both v; and v_; are onto.
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In a complete possibility structure, for every possibility set of player ¢, there is a type of
player —i associated with that set, and vice versa. Brandenburger [16] shows that, generically
(i.e., when N is the power set), a complete S-based possibility structure does not exist. As
Brandenburger carefully explains, the existence of a complete structure calls for topological
assumptions that attend to rule out certain kinds of possibility sets which restrict the cardinality
of N2 In light of this non-existence result, Mariotti, Meier and Piccione [42] (MMP, hereafter)
consider compact possibility structures consisting of: (i) a common parameter space S that is
compact Hausdorff; (ii) possibility sets that are non-empty compact (namely, N’ = K), (iii) a
possibility mapping which is continuous. MMP show that, under these topological restrictions
on the parameter space and possibility sets, a universal compact possibility structure exists.
Formally, by defining X}M¥ = § and X,%J‘{IP = XMMP » KXMMP " the space of MMP-
hierarchies is ©)/MF = T[> KXMMP  An MMP-hierarchy (AMMP AMMP | ) is MMP-

coherent if, for each n > 1,

MMP P
A

= PrOjXIV[]{[PAT%]\]{[ .
n—

MMP provide a Brandenburger-Dekel type foundations for compact continuous possibility struc-
tures by showing the existence of a non-empty, compact subset of MMP-hierarchies, @%M P
which is homeomorphic to K (S x @MMF).

Observe that, since § : X — §(X) is a homeomorphism, the induced map 6 : KX —
K8 (X) is also a homeomorphim by Lemma 10. Each MMP-hierarchy (A}MP AMMP ' ) can
thus be identified as an ambiguous hierarchy (5’C (A{V[ MP ) Lok (AQ/IMP ) ,) Moreover, by

Lemma 8.(iii), margx o6 = §oProjx.' MMP-coherency condition can be translated as follows:

the belief hiearchy (5’C (A{WMP) Lok (Aé”MP) ,) is coherent if, for each n > 1,

margyaee (6% (A1) = 0% (A1) (2.5.1)

9Brandenburger and Keisler [18] provide a microfoudation of this result in terms of first-order language.
100Observe that if K is a compact subset of X, then

margy (§ (K)) = 6 (Projx" (K))

is compact, because Proj is a proper map (see [13], Theoreme 1, p.115).
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Denote by v the canonical homeomorphism from @MMF to I (S x @MMP ) Observe that if S is
compact Hausdorff, so is Hs.'! The universal space @QﬁM P can thus be identified as a compact
subset of Hu, by the embedding map 6* o v : @MMP _, | (S x OMMP) — KA (S x Hu).

It should be noted that the existence of the universal space ©MMF depends crucially on
the compactness of S. ([42], Proposition 2). In the next subsection we shall prove that, under
the same assumptions as in Section 2.2, a complete, universal possibility structure does exist,
hence strengthening MMPs findings. The result is not proved by adapting the method of the
proof of MMP. Rather, we use the above described "embedding procedure" which identifies
each MMP-hierarchy with an ambiguous hierarchy of the space H,. The crucial point is to
show that, in absence of the compactness assumption for the parameter space, the universal
space of MMP-like hierarchies is non-empty. This will be accomplished by using a construction
scheme, based on the notion of projective sequence of measures, which is a slight adaptation of

the one in Chapter 1.

2.5.2 The universal space of complete possibility structures

As in Section 2.3, let S -the parameter space- be a non-empty Hausdorff space and I = {1,2}
the set of players. The space of Dirac probability measures on some space X° for player i € I is
denoted ¢ (X ’) Observe that 6 (ICX l) is homeomorphic to Ko (X ZA); hence, for each A* C X?,
A' compact, we slight abuse notation by regarding 6 (AZ) as a subset of K¢ (X Z) We define

inductively two sequences of spaces, {@;_1} and {Pfl}n217 as follows.

n>1
For each player i € I, let ©) = S, Pi = K§ (@6) ,, and for all n > 1,

@; = @6 X Pn_i;
(6% (A1) ,..,6%° (AL) 6 (AiL,)) € PE x K§ (©7) :
margly (0% (45,.1)) = 8% (4})

1

7
n+1l

The space O, is player i’s domain of possibility of level n + 1: it consists of the parameter
space and the states of nature player —i considers possible, what player —i "thinks" about the

states of natures player ¢ considers possible,..., and so on, up lo level n. The compact set of

"' This follows from the finite intersection property of the family of compact sets {Hg}, -
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Dirac measures 6~ (A;, +1) is player i’s possibility set on the space ©?, while P i1 1s the set of
lower-order possibility sets which are coherent with 6% ( ¢ +1). It should be remarked that not
only player ¢’s possibility sets are coherent but she also considers only coherent possibility sets
of player —i.'? This implies that, compared to the system of spaces defined by (2.3.1)-(2.3.2),
the two sequences of spaces, {Pfl} and {@fl}, are such that

@:’LgX"

HlC(S X)) gﬁ
=0 =0

N

7
n+1

For eachi € I, n > 1, let “%,nﬂ : P

1l P! denote the projection on the factor spaces of the

sequence { P }. The projection 02—1,71 1O — ©f _, satisfies

PI‘01 n=1

(Tdeyimair,) n=2

Clearly, o is the restriction of Pr,_1, : Xi — X! | to the subspace ©}. The following

%
n—1n

Lemma, which extends Lemma 6 in Chapter I, implies that this restriction is also onto @ﬁhl

Lemma 15 For alln > 1, waﬂ : Pf;H — P! is onto.

The families { P} Ton Ay 31 and {©!_;,0% n} > ATe projective sequences of non-empty
Hausdorff spaces and surjective bonding maps (in fact, projections); hence, by Theorem 1 in
Appendix 1, their projective limits, lim {Pﬁ,w;7n+1}n21 and lim {@;_I,U%_Ln}nzp are non-

empty. Now, define

Pto= L(6°(A]),0° (4Y),..) € HIC5 X1) [ (6% (AY) ..., % (AL)) € Pi,¥n>1},
=0
0 = Sx P

211 the current construction, we impose coherence at all levels of the hierarchies. In section 2.3 we adopted the
alternative construction where hierarchies are initially unrestricted and coherence is imposed eventually. As it is
shown in Chapter I, these two construction schemes are equivalent in terms of the epistemic charactherization
(i.e., common certainty of coherence) of the universal type structure. However, the present construction is more
appropriate to formally prove the existence of a universal structure in the non-compact case.
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An easy check shows that P! is a closed subset of H{, and both P’ and ©¢ can be identified as
the projective limits of the sequences {Pfl, 7T7i%n+1}n21 and {@fl_l, 0;—1,71}721’ respectively, as

stated in the following

Claim 2 P' and ©" are homeomorphic to lim {Pn,ﬂnmﬂ}nZl and lim {er_, Unflvn}nzl’ re-

spectively.

The proof of this claim can be provided by adapting the main lines of the proof of Claim 1
in Chapter I, Appendix 6.3. We omit the details here.

Note that there is a common uncertainty space S, hence the sets ©° and P’ are the copies
of the same sets © and P, respectively. As in Section 2.3, if no confusion may arise, we omit
the superscript i (or —i). The space S x P is the terminal domain of possibility for each player,

as stated in the next result.

Proposition 6 P is a non-empty, closed subset of Hy,. Moreover, the restriction of g to P

induces a homeomorphism g : P — Ko (S x P).

As MMP pointed out, neither the Mertens and Zamir type space nor the MMP possibility
model can be embedded into the other. The construction outlined above shows that the space
P ﬁﬁ; is non-empty: in particular, it contains all the "perfect information" types, i.e., all the
hierarchies of beliefs associated with a game with perfect information.

Define v as the composite map g o (5K)_1 : P — K§(SxP)— K(Sx P). Finally, the
structure P, = (5, P, P,v,v) can be shown to be a complete, universal possibility structure by

arguments analogous to those in Section 2.4.

2.6 Discussion

This section discusses some technical and conceptual aspects of the paper.

2.6.1 On hypertopologies

Lemma 12 plays the central technical role in the construction of the universal structure 7, in

Section 2.3. Since it requires that all topologies be Hausdorff, we use the narrow topology on the
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space A (X) and then the Vietoris topology on the correponding hyperspace K (A (X)) to obtain
the Hausdorff separation property, according to Lemma 8 and Lemma 10. A comprehensive
discussion of the separation properties of the narrow topology on A (X) and its role in the
construction of a universal structure is given in Chapter I.

A natural concern regards the choice of the "right" hypertopology on the space K (A (X))
which should be at least Hausdorff in order to apply Lemma 12. As discussed comprehensively
in [9], in general the Vietoris topology is too much strong for some applications. Among
the class of topologies on a given hyperspace, the Fell topology, called also topology of closed
convergence, is defined as the topology 7 on K (X) generated by subbasic sets of the form V—
where V is an open subset of X, and (K¢)* where K is a compact subset of X, and K¢ means
the complement of K. If compact subsets in the definition are replaced by closed subsets (i.e.,
K is closed, so K¢ is open), we obtain the Vietoris topology 7y . Since the family of compact
sets is smaller than the family of closed sets (in a Hausdorff space), it holds always that the
Fell topology is weaker than the Vietoris topology, and they coincide if the underlying space
is compact. However, in non-compact cases, the Fell topology fails the Hausdorff separation
property for K (X) unless the underlying space X is assumed to be locally compact (see [2],
Lemma 3.92).1% In our framework, this means that the space K (A (X)), endowed with the
Fell topology, is Hausdorff whenever A (X) is locally compact. However, as it is shown in [37],
Theorem 2, A (X) is locally compact if and only if X is compact!* - hence A (X) is compact,
according to Lemma 7. This means that the Fell topology is not useful for our porpouses, since
it works only when X is compact - and in this last case it coincides with the Vietoris topology.
This motivates our choice of the Vietoris topology as a default topology for the hyperspaces

under considerations.

Lemma 3.92 in [2] is stated for the space C(X) of closed subsets of the topological space X. The result casily
extends to the hyperspace K (X).

" The result in [37] is stated for completely regular, Hausdorff topological spaces and for the set of tight signed
measures, endowed with the weak® topology. The assumption of complete regularity for the topological space X
can be dispensed with by assuming that the space M (X) of tight signed measures is endowed with the narrow
topology. In this case, A (X) is a strict subset of M (X), in that every Radon measure is tight (cf. [11]).
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2.6.2 On the compactness assumption

Ambiguous beliefs are modelled here as compact sets of Radon probability measures. But the
only property of compact sets of measures that we used in the proof is the Hausdorff separation
property of hyperspaces of the form I (A (X)) (Lemma 9.1; see also Appendix 2.8.2). Redefine
the set I (A (X)) to be the space of all closed, non-empty subsets of Radon probability measures
defined on the Borel o-field of the regular Hausdorff space X. According to Lemma 7 and
Theorem 4.9 in [45], the space K (A (X)) is Hausdorff. The previous sections can be read now
as a proof of the existence a universal type structure when ambiguous beliefs are represented
by closed sets of Radon probability measures.

This result has some important implications for the class of possibility structures, specifically
for the representation of possibility sets as closed subsets of Hausdorff spaces. First, this family
of complete possibility structures include that one in MMP, as it imposes less restrictions on the
parameter space and possibility sets: recall the any compact Hausdorff space is also regular, and
that compact sets are closed. The assumption of complete regularity for the parameter space
is not overly restrictive, in that it includes important cases (e.g., Polish parameter spaces)
commonly used in applications. Moreover, a possibility structure based on closed sets leads

to the following characterization of possibility sets. Let P = (S, P;,v;)..; be any complete

el
possibility structure. The restriction for possibility sets of each player ¢ € I to be closed subsets
of S x P;, is equivalent to consider the quotient space 2°*F / ~, where any two sets X, Y € 25 P;
are ~-equivalent if and only if they have the same closure (cf. MMP, p. 308).

This immediately leads to the related question whether it is possible to obtain a universal
possibility structure in the general case where possibility sets are not restricted to be closed.'
Let OX denote the space of open subsets of X distinct from X itself, and endow OX with
the topology generated by the complements of the sets in KX. This implies that OX is
homeomorphic to XX .'® The construction outlined in Section 2.5 yields the existence of a space

Pand a homeomorphism v : PO (S X ﬁ) A universal, complete possibility structure based

on open sets cannot exist for the following reason. By definition, a possibility structure based

15This question was also addressed by MMP. Their (negative) answer depends crucially on the compactness
of possibility sets.

"“The Vietoris topology on OX is generated by all subsets of the form {O € OX|F C O} and
{0 € OX|OUF # X} for F € KX. Observe that X ¢ OX, because ) ¢ £X.
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on open sets must not include the empty set in the class of possibility sets. In this last case,
a space of the form OX\0 is no longer homeomorphic to XX ;'7 consequently, a hierarchy of
possibility open sets cannot belong to the space ﬁ, as this space is homeomorphic to O (5’ X ﬁ),
which instead contains the empty set. Rather, following the interpretation of MMP, the set
@) <S X 13) should be considered as the space of subsets regarded as impossible by a player,
and the impossibility structure P = (S, ﬁ, ﬁ, v, 5) as the mirror image of P,,.

2.6.3 Hierarchies of conditional beliefs

Models of hierarchical beliefs are particularly important for the epistemic analysis of solution
concepts in games. In the context of extensive-form games, Battigalli and Siniscalchi [6] extend
the notion of Mertens and Zamir’s belief hierarchy by constructing a universal structure whose
elements are collections of conditional beliefs (mathematically, conditional probability systems
- see [51]). Specifically, each level of a belief hiearchy is represented by a probability measure
conditional to a non-empty collection of sets representing the events that are observable by a
player. Under this interpretation, an infinite hierarchy of conditional beliefs encodes an agent’s
disposition to believe conditional on every "relevant hypothesis". Battigalli and Siniscalchi
use this notion of hierarchies of conditional beliefs to provide an epistemic analysis of forward
induction in dynamic games. The analysis outlined in the previous sections can be extended
to such a setting. It is easy to check that Ahn’s construction of a universal space of condi-
tional, ambiguous belief systems ([1], Section 4.1) can be appropriately adapted to show that
it continues to hold under Assumptions 1 and 2 in Section 2.3. It is worth noting that, since
separability plays no role in our framework (recall that both in [1] and in [6], the parameter
space is assumed to be Polish), the collection of conditioning events is not required to be at
most countable.!® In this way, it is possible to provide, by means of the "embedding procedure"
outlined in Section 2.5, a generalization of MMP’s universal structure of conditional possibility

sets ([42], Section 5).

"Tn MMP’s framework ([42], footnote 3), OX\@ is not compact.

18Let B the non-empty collection of events in S wich are obervable by a player. The only assumption needed
in our framework is that B must be a collection of non-empty clopen (i.e., both closed and open) sets of S such
that S € B (cf. [42]).
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2.6.4 Hierarchies of preferences

Assuming that the space of nature states S is compact Hausdorff, Epstein and Wang [23]
(EW, hereafter) construct a space TEW whose elements are hierarchies of preferences, rather
than beliefs. They prove that the compact space TP" is homeomorphic to P (S X TEW), the
compact set of all regular preferences over acts defined on S x T*W; Chen [20] shows the
universality of the type structure associated with 77"V .

The EW set-up is general enough to include several existing constructions of type structures.

TMZ can be viewed as a special case of EW, where

The standard Mertens and Zamir’s type space
preferences conform to the expected utility theory. The crucial aspect of this identification is
provided by Theorem 4.2 in EW, according to which if S is compact Hausdorff, then A (S) is
homeomorphic to a closed (and compact) subspace of regular preferences PMZ (S) under the
expected utility functional. The space PMZ (S) is a model of preferences, and by Theorem
6.1(a) in [23], it can be derived a space T™Z homeomorphic to P (S x TM7Z) and hence to

OMMPE can be regarded as

A (S x TMZ ) An analogous argument shows that also the space
a subset of TFW. This follows again from Theorem 4.2 in [23], by identifying the compact
set S with its set of Dirac measures 0 (S), which is homeomorphic to the space of regular
preferences PMMT (G). These positive results should suggest that also Ahn’s type structure
could be identified with a model of preferences.!? The problem is that Theorem 4.2 in [23] is not
valid for the space ICA (S). However, as pointed out by Chen ([20], Proposition 1), the space
VA (S) C KA (S) of compact conver subsets of Radon probability measures can be identified
with a model of preferences and related to the space TFW.

We do not know how our findings relate to these existing embedding results, in that a
version of the EW type structure along the directions outlined in this paper (namely, under
Assumptions 1 and 2 in Section 2.3) is still lacking.?’ Addressing this issue clearly requires
some technical reformulation of the EW approach, namely the choice of the "right" topology
on the space P (S) of all regular preferences so to be compatible with Vietoris topology on

KA (S), as well as a generalization of Theorem 4.2. in [23]. Therefore, this task is best left as

Y9 As it is shown in [20], Appendix A.4, the space TP cannot be embedded into Ahn’s space of ambiguous
hierarchies, and hence in Hs as well.

20 Chen [20] proposes a similar line of research for explaining some puzzling features (like his example in Section
4) arising from the existing, partial embedding results.
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a possible topic for further research.

2.7 Appendix 1: Summary of projective limit theory

In this appendix, we provide some of the background definitions and results from the theory
of projective limit spaces, that are necessary to present the results in Section 2.4. For a more
thorough treatment see [22] or [50]. As it is costumary, we denote by N the set of natural
numbers.

A projective sequence is a family {Yy,, fom.n} y of spaces Y, and functions fi, 1 Y, — Y

m,ne

such that:
e for each n € N, Y,, is non-empty topological space;
e for any m,n € N satisfying m <n, fp,, is continuous;

® finp = fmn 0 fnp for any m,n,p € N satisfying m < n < p, and f,, = Idy, for every

n € N.

The spaces Y, are called coordinate (or factor) spaces and the maps fy, ,, are called bonding
maps. Given a projective sequence {Yy, fin} the projective limit of {Ys, fmn}

denoted by lim Yo, fom}

m,neN’ m,neN?

mnchy 15 defined as

liLH{Yn, fm:”}mm,eN = {{yn} € H Yo [ym = fmn (yn), for each m,n € Ns.t. m < n} .
neN

For each [ € N, the map f; : @{Yn, fmvn}m,néN — Y] is the restriction of the projection map
Projy, : [[,,en Yn — Y1 to liLn{Yn, Jmantm nen- Clearly, for any m,n € N such that m < n, the
maps f,, and f,, satisfy the equality f,, = fmm o o

The projective limit @{Ym fmv"}m,nEN inherits the subspace topology as a subset of the

product [ ],y Y. It is known (see [22], Proposition 2.5.1) that if {Yy,, fiun},, ,cn 15 @ Projective

m,ne

sequence of Hausdorft spaces Y, then its projective limit, lim {Yo, fron} is a closed subset

m,neN’
of the Cartesian product [], .y Ya-
The next Theorem, a special case of Proposition 5, p. 198, of Bourbaki [15], provides a

sufficient condition for a projective limit to be non-empty.
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Theorem 3 Let{Y,, fmn} be a projective sequence of topological spaces Y, and surjective

m,neN

bonding maps fmn. Then, if Y = Hm{Yy, fmn},, nens the map fn Y — Y, is surjective for

each n € N, and Y is non-empty provided that none of the Y, ’s is empty.

As a corollary of this theorem, it can be proved that if each bonding map fy,, is the

coordinate projection, then the projective limit space, @{Yn, fm} can be identified

m,neN?
(homeomorphically) with the Cartesian product [], . Yn-
For each n € N, let p,, be a Radon probability measure on the Hausdorff space Y,,. The

family {Ya, fm.n, tn '}, nen 18 @ projective sequence of Radon probability measures if

o {V,, fm7n}m,n€N is a projective sequence of Hausdorfl spaces Yy,;

® piy = Ly, . (), for any m,n € N such that m < n.

The structure {Y, Fos u}n N 18 called measure projective limit of the projective sequence of

Radon probability measures {5, fim.n; fn }p nen if

o YV = lim{Y,, fmv”}m,n€N7 and f,, : Y — Y, satisfies f,, = fmn o f, for any m,n € N
such that m <mn.

e 1 is a Radon probability measure on Y such that

Ly (u) = p,, for any n € N.

The next theorem, a generalization of Kolmogorov’s extension theorem (see [15], p.53-54),

will be used extensively in the proof of Proposition 6.

Theorem 4 Let {Y,,, fmn, fin} be a projective sequence of Radon probability measures.

m,neN
Then the measure projective limit {Y, 7”““}7161\1 exists and p is a unique Radon probability

measure.
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2.8 Appendix 2: Proofs for Section 2.2

2.8.1 Proof of Lemma 10

(1) To show continuity of f*, let (U1, ...,U,) be a basic open set in KY, that contains f* (A).
Then (f~YUi),...,f~*(Uy)) is a basic open set in KX containing A such that if K is in
(f~YUh), ..., f1(U)), then fX(K) is in (Uy, ..., Uy).

(2) Let B be a non-empty, compact subset of Y. We show that there exists A € £X
such that fX(A) = B. Since f is surjective, then f (A) = B for some non-empty A C X, and
A C f71(B). Let {Ox} ¢, be an open cover of B. Continuity of f implies that f~! (UxeaO)) =
UxeaS 1 (0,) is an open set which covers A. The set B can be covered by a finite subcover
{01} \en»» where A* is a finite index set. Therefore { f~* (O)‘)}AeA* is a finite subcover of A.

(3) Let A, B € KX such that AN B = @. By continuity of f, f (A) and f (B) are compact.
Since f is injective, f(z1) # f(x1) for any 21 € A, z9 € B, i.e., f(A)N f(B) = @. But this
means fX(A) # fX(B).

(4) Statements (1) and (2) imply that Proj% is continuous and onto. Recall that Projx is
an open map. Openess of the induced mapping Proj§ is a consequence of the following lemma,

which extends Lemma 4.1 of [32] to arbitrary topological spaces and Vietoris convergence.

Lemma 16 Let X, Y be topological spaces and f : X — Y be continuous and onto. Then f is
open if and only if £~ (yo) =% f~1 (y) for every net (ya) inY such that yo — y.

Proof. (Sufficiency) Let U be an open subset of X. We need to show that f (U) is open in
Y. This will be accomplished by showing that Y\ f (U) is closed. Let (y4) be a net in Y\ f (U)
such that y, — y. If y € f(U), then f~ (y)NU # @. Since f~1 (yo) =% f~1 (), it follows that
[ (ya) NU # @ eventually, which implies f (f~ (ya) NU) C {ya} N f(U) # @ eventually,
ie., yo € f(U) eventually, a contradiction. Therefore y € Y'\ f (U), that is, Y\ f (U) is closed.

(Necessity) Let (yo) be a net in Y such that y, — y. By definition, there exists an open set
U in Y such that {y} C U, hence {y,} C U eventually. Clearly f~!(y) C f~1(U), and f~*(U)
is open by the assumption of f to be continuous, while f~! () is non-empty, because f is onto.
Consequently f~! (yo) € f~! (U) eventually. This establishes Upper Vietoris convergence. Let
us show that =1 (ya) v, 1 (y). Let z € f~1(y) and let V be an open neighborhood of z.
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Since f is open, f (V') is an open neighborhood of y = f (), hence y, € f (V) eventually, which
implies that f~! (y,) NV # @ eventually. m

Let (B,) be a net in KX such that B, =% B. According to the Lemma 16, it remains to
show that (P1r0j§)71 (B,) &% (P1r0j§)71 (B) eventually. But this follows from the definition of
product topology.

(5) See Lemma 2, (iv), in [42].

2.8.2 Some remarks on Lemma 10

The statements (1)-(3) and (5) in Lemma 10 continue to hold even in the case KX is the
hyperspace of all closed subsets of X. In this last case, the proof of Lemma 10.(2) is even
simpler. Let B a closed subset of Y. The surjectivity of f implies the existence of a subset A
of X such that f(A) = B. The set A is closed since, again by the surjectivity and continuity
of f, f(A)=f (f_1 (B)) = B. Thus f¥ is surjective.

The openess of the map Proj% : K (X xY) — KX established in Lemma 10.(4) plays a
crucial role in our framework; e.g. in Lemma 11, which drives the basic result in Proposition 3.

A special case of Lemma 10.(4) (and Lemma 16 as well) is the following. Let X and Y be
continua, i.e., compact connected metric spaces. The set £X (resp. KY') is the hyperspace of
all closed (hence compact) subsets of X (resp. Y'), and is endowed with the topology metrized
by the Hausdorff distance; in this case the notion of Vietoris convergence corresponds to the
classical notion of convergence in the sense of Kuratowski (see [2], Definition 3.80).

Let CX (resp. CY') denote the hyperspace of all subcontinua in X (resp. Y'). Theorem 4.3
in [32] shows that f is an open map if and only if f* is open, while this is not true for the
induced map f€ : CX — CY between subcontinua; specifically, if f€ is open, so is f, but the
reverse implication is not true (cf. the example in [32], p. 244). Lemma 16 does not hold in
this case, so the induced map Projg( :C(X xY) — CY is not necessarily open. Consequently,
our framework would not possibly work if multiple priors were represented by subcontinua (e.g.
convex sets) of metrizable spaces of probability measures. The following argument shows that
this is not the case.

A result by Charatonik et al. ([19], Corollary 19) shows that if Y is a continuum, and

Projip) : [0,1] x Y — [0,1] is the natural projection, then the induced map Proj[cO 1 is open.
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To understand the implications of this result, recall that an arc is a set S such that for any
two points s; and s in S there is a homeomorphism A : [0,1] — S such that h(0) = s; and
h (1) = sg. (equivalently, one can say that h is an arc and that S is arcwise-connected.) Hence,
Corollary 19 in [19] holds for every arc (or arcwise-connected set) S. In Hausdorff spaces, any
convex set is also arcwise-connected; thus if X and Y are convex continua, it follows that the
induced map Proj$ : C (X x Y) — CY is open. Our framework deals with convex spaces of this
sort (the spaces of Radon probability measures), thus Lemma 10.(4) holds good even though

the hyperspaces under consideration are represented by subcontinua.

2.9 Appendix 3: Proofs for Section 2.4

2.9.1 Proof of Lemma 14.

We begin by showing that type morphisms preserve hierarchy description maps.

Lemma 17 Fix S-based type spaces T = (5,15, 9;);c; and T = (S,Ti,,g;) e and let m be a
1€
type morphism from T to T'. Then, foreachn>1,t;, €T;, i € Iy,

i (L) = @i (mi (&) -

Proof. By induction on n. Fix an arbitrary ¢; € T;.

(n =1): By definition

i (t) = margs [g; ()],

ol (mi () = mang§ [g) (mi ()]

Thus we have to show
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for any Ey € B (S). Since m is a type morphism, we get

!

g; (m (t;)) [EO X TJI} = Ln_9i(t) [EO % TJ/]
= gi(t) [m:zl (EU x TJI)}
et [{(s:8) s (5o () € Bo x TS Y]

= gi (i) [Eo x Ty,

as required. This implies ¥, (s,t;) = ¥1, (s,m; (t;)), for each s € S, t; € T}.
(n > 2): Suppose that ¢! (t;) = ¢} (m; (t;)) holds for n > 2, which implies that ¢", =
Y, om_;. Pick E, € B(X,). We get

where the first equality is by definition of go?“, the second equality follows from the implication
of the induction hypothesis, the third equality is implied by Lemma 8, the fourth equality follows
from the property that m is a type morphism, and the last equality is again by definition of

go?“. This proves that the statement is true for n + 1, concluding the proof. =

Corollary 2 If both T and T  are non redundant S-based type spaces, then m is injective.

Proof. Suppose, by way of contradiction, that m is not injective. Then, for each ¢ € I, there
exist t;, t¥ € T;, t; # tf, such that m; (t;) = m; (¢7). Since T' is non-redundant, it follows that
©; (mi (t;)) = ¢; (m; (t})), and thus, by the above Lemma, ¢, (t;) = ¢; (¢7). This contradicts
the non-redundancy of 7 . m
Lemma 18 Fiz non-redundant, S-based type spaces T = (S,T;, gi);c; and T = (S, Ti/,g;> .

i€l
Let m be a type morphism from T to T such that m™ is measurable. Then, for every t; € T},
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E € B(S xTj),
gi (t:) [E] = g; (mi (t:)) [m—i (E)] - (2.9.1)

Proof. Observe

gi (mi (4) [m—i (B)] = (£ 0:) (t) Im_i ()]
= gi(t;) [m= (m—i (E))]

= g (t)[E],

where in the first two equalities we use the definition of type morphism and in the third we use
the fact the m is injective (Corollary 2). Note that (2.9.1) is well defined, since the measurability
of m~! implies that m_; (E) € B (S X T;), for every E € B(S xT}). m

The proof of Lemma 14 follows immediately from Lemma 18.

2.9.2 Proof of Proposition 5

The proof is divided in three main steps. In the first step, we show that for each ¢; € T;,
the corresponding i-description @, (t;) belongs to Hy, the collection of infinite hierarchies of
ambiguous beliefs satisfying coherence and common certainty of coherence. In the second step,
we show that the map ¢ = (Idg, ¢, ps) is a type morphism. In the third step, we show that

this type morphism is unique. In all the three cases, the proof is by induction.

First step: ¢, (T;) C Hy.

By definition of i-description, ¢; (T;) € Hp. We use induction to prove ¢; (T;) € Hwo.
(Base step): To show o, (T;) C Hi, we need to verify that for all ¢; € T;, n > 1,

margk, , (" () = @7 (),

that is,

Loy, (07T (8)) = 07 (t).- (2.9.2)

(recall the maps Pr,_1, @ X, = Xpo1 X KA (X,—1) — X,—1 and o - KA (X,) =

7
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KA (X,—1 x KA(Xp,—1)). To this end, pick any E,,—1 € B(X,—1). Then

£ (17 (00) [Bact] = G (1) [Pry, (Bac)]
= 30?+1 (t:) [En-1 X KA (Xp-1)]

= L (01 (0) By % KA (X )

= i (1) [ ()7 (Bumy x KA (X))

= gi () [{(s,85) : 073 (5,85) € Epy x KA (Xno1)}]

= gi (t:) [{(s:t;) : 0" (s,15) € By, ¢} (t;) € KA (Xp-1)}]
= g (t:) [{(s,)) : 0" " (5,t)) € Ep1}]

= gt [ (B

= Lﬁzl (9i (i) [En—1]

where the sixt equality follows from the definition of ¢";, while the seventh equality follows
from the definition of 7 : Tj — KA (X;,—1). Thus, (2.9.2) is proved.

To prove the inductive step, we need the following

Claim 3 Let f be the homeomorphism of Proposition 8. Then
fopi=LE ogi (2.9.3)

where ¢_; = (Idg,gaj).

Proof. Take E, € B(X,) = B(Xn-1 x CA(X,_1)). Clearly, the set Proj;(i (Ep) =
B x [[,5, KA (Xp) is a cylinder of S x Hy = S x [[[Z( KA (X;) with base Ej (in X,). We
denote by A the family of measurable cylinders on S x Hy, which generates the product o-field
o (A). As usual, B(S x Hp) denotes the o-field generated by the product topology on S x Hy.
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Now, for each t; € T;,

F (91 (8)) [Projyt (Bn)] = Ly, (f (91 (8))) [En)
= oI (1) (B
= L5 (0 (1) [B]
= g:(t) |(v2) 7 ()]
= g1 () [{(5:13) + (5,0 (1), o7 (1) € B}
= g:(t) [{(s:1)) : (5,9 (1)) € Projy} (En)}]
() | Ey))]

where the second equality follows from (2.9.2) and the fact that f is a homeomorphism, the

third equality is by definition, and the sixt equality follows from the definition of cylinder set.

Hence (2.9.3) holds true for every cylinder on S x H.

To show that (2.9.3) holds for every set in o (A), we check that all the conditions of Dynkin’s

m-A theorem (see [2], Lemma 4.10) are satisfied. Let F C o (A) be the family of sets E for

which (2.9.3) holds.

o S x Hye F: trivially

ﬁlyfzi (gi (t:)) [S x Ho

64

9 () | (1) " (S x Ho)|

gi (1) | (Ids, ;) ™" (S x Ho)]
gi () [S x T3]

f (i (#) 1S x T
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e (AcF)= (A€ F): Let E€ F. So

f (@i (6)) [(S x H)\E] = 1-f(pi(t)[E]
= 1 (L5 0gi) (5) (S x Ho)\F
_ (ggﬂ,o gi> (t:) [E°].

° ({En}n21 € F, E, pairwise disjoint Yn > 1) = (Uy>1E, € F):

f i (8) [Un>1En] =

hence (Up>1Ey) € F.

Thus F is a A-system. Since by assumption A C F, it follows from the 7-\ theorem that
F =0 (A).

Finally, remark that the product o-field o (A) is in general smaller than the o-field B (S x Hy)
(they coincide if each factor space has a countable base for the topology - see [2], Theorem 4.44).
Thus, we invoke Theorem 2 in [52] which states the existence of a uniquely determined Radon
probability measure on B (S x Hy) extending any product measure on o (A). This concludes
the proof of the claim. m

(Inductive step): Recall that ¢, (t;) € Hy, k > 2, if and only if f (y; (t;)) € KA (S x Hi_1),
for each ¢; € T;. Suppose that ¢, (Tj) € Hy—1. Then, for each t; € T;:

Fi (8)[S x Hy] = (ﬁgﬂ, o gi) (t:) S x Hy_1]
= gi(ti) |:(80—i)71 (S x Hk—l)]
= gi(t:) [{(s:t)) = ¢; (tj) € Hy—1}]
= gi(t:) [S x T}]

= 1,
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where the first equality follows from Claim 3 and the fourth from the induction hypothesis.
Thus f (p; (t;)) € KA (S x Hi_1), as required.

Second step: ¢ = (Idg, ¢, ps) is a type morphism.

First, we show that ¢ is continuous. Since Idg is continuous, we need to show - by induction

- that ¢, = (L,O,Ll, ©2, ) is continuous, for each i € I. By definition, ¢} = Egmjs o g;, where g;

K

Proj 1S continuous by Lemma 8 and Lemma 10. Hence o1

is continuous by assumption, and £
is continuous, for each ¢ € I. Now assume, by way of induction, that for ¢ € I, k = 1,...n, gof
is continuous. This implies that ¢";, = (3, cpjl-, ey go?) is also continuous. Then, by Lemma 8
n+1

and Lemma 10, Egﬂ, is continuous and thus ¢}

i = £f§7i o g; is also continuous. Finally, note

that, since ¢, (T;) € Hyo for each i € I (as proved in the first step), it follows from Proposition

4 that equation (2.9.3) can be written as
— rk .
gop; =Ly . °gi (2.9.4)

which implies that condition (2) in Definition 4 holds. Hence ¢ = (Idg, 1, ps) is a type

morphism, as required.

Third step: Uniqueness of the type morphism ¢.

Suppose that ¢ = (Idg, ¢;,¢s) is a type morphism from 7 to 7,,. We have to show ¢ = ¢.
Since go¢; = E’g_i 0g;, and g is invertible (being a homeomorphism), then ¢, = g~'o Ef_i 0 g;.

Hence we can write the (n 4 1)-th component of ¢, : T; — Ho, as

o () = g7 (L, (1)

= marg¥, (L5 (9 (1))
by coherence of beliefs. Thus it suffices to show that for each n > 0,7 € I, t; € T;,
@1 (k) = mangly, (L5, (9 (1)) -
The proof is by induction.
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(Base step): Let Ag be a Borel subset of Xg = S. Then

margX, (€5 (9: (1)) (Ao

which proves the claim for n = 0.

marg ([,IKdS (gi (t:))) [Ao]
margy (g; (t:)) [Idg" (Ao)]
margy (g; (t:)) [Ao]

o1 (ti) [Ao],

(Inductive step): Suppose that the statement holds true for n =0, ...,k — 1. This implies

(5.0} ()8} (1))

k

—1

(S?tj)a

(s mare, (5, (06 oo, , (€5 010 ) )

for any s € S, t; € T;, t; € Tj. Pick Ay € B(X}); the set Proj;(i (Ag) = Ag X lek KA (X;) is
a cylinder of S x Hy with base Ay (in Xj). Then

marg§k (E;S;ii (i (tﬁ)) [Ax]

9i (ti)
9i (ti)
)

gi (t:)

gi (ti

g (ti)

k1
Py

(

{(s.3) 5 (5,0, (1) € Projz! (4y) }]
:{(s,tj) : <s, L(ts), o 0 (tj)) € Ak}]
:{(Sij) Lt (s,t5) € A’“H

(o) (a0
(1) [Ad]

where the third equality follows from the definition of cylinder, and the fifth equality follows

from the induction hypothesis. This concludes the proof of the third step.
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2.9.3 Belief closed subspaces.

Definition 8 For each i € I, let T; be a Borel subset of Hi. The product S x 17 X 15 is a
belief-closed subspace of S x Hy x Hy if

f(hi) e CA(S xT}),

for each h; € T;, 4,5 € 1.

Lemma 19 Let T = (5,15, 9i);c; be a non-redundant S-based type space such that, for each
i €I, S and T; are Lusin spaces. Then S x ¢ (11) X s (T2) is a belief-closed subspace of
S x Hy x Hy.

Proof. According to Definition 8, we need to show that, for each i € I, ¢, (T;) is a Borel
subset of Hy. (Observe that in this case Hj is Lusin, being so S.) Since T; is Lusin, the claim
follows from [11], Corolloary 2.3.9. m

Lemma 13 encompasses two classical results on non-redundant type spaces, namely
e S, Ty and Ty are compact Hausdorff space (cf. [44])
e S, Ty and Ty are complete, separable metric (Polish) spaces (cf. [24]).

The Claim follows from the fact that both compact Hausdorff spaces and Polish spaces are

21 Observe that Lemma 14 provides a result which is stronger than what the

Lusin spaces.
definition of belief-closed subspace requires. In the general case, a non redundant type space
T = (5,15, gi);c; may fail to identify a belief-closed subspace of S x Hy x Hy, as ; (1}) is not

necessarily a Borel subset of H;. This motivates the following definition.

Definition 9 For each ¢ € I, let T; be a subset of Hy. The product S x T1 X Ty is an pseudo
belief-closed subspace of S x Hy x Hyp if there exist Tf C T1 and T35 C Ty such that TY,
T3 € B(Hy) and

f(hi) € KA (S X TJ*) ,

for each h; € T;, 4,5 € 1.

2 n Mertens and Zamir’s case, one obtains a stronger result: ¢, (T3) is compact in Hj.
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Clearly, any belief-closed subspace of S x Hy x H; is also "pseudo" belief-closed.

If (S X Tle X T20 ) pco 1S any family of belief closed subspaces of S x Hy x Hj, then

Ugco <S x TY x T29> =5 X (Uge@Tf) X (Ugeng)

is "pseudo" belief-closed, in the sense that for each h; € Ugeng, there is £ € B (UQGQTJ(’)
(namely the appropriate T]e) such that f (h;)[S x E] =1 (here the qualifier "pseudo" refers to
the possibility that UgE@TjO is not a Borel subset of Hj).

For each i € I, define H* = U@eeTf. Clearly, the set S x H* x H* is "pseudo" belief-closed.

However, we have the following result:
Proposition 7 H* = H.

Proof. Since S x Hy, X H is belief-closed, it is also "pseudo" belief-closed, hence H* D
Hy,. In the other direction, we show S x 17} x To C S x Hp x Hy, for each £ > 1. The
statement is vacously true for £k = 1. Suppose that is true for £ > 2. This implies that each
hi € T; C Hj, is such that f (h;) € KA (S x T}), where T; C Hy. Hence each h; € T; satisfies
f(hi) € KA (S x Hy), that is, h; € Hy1q1. Thus H* = UpeoT{ C Hoo.

2.10 Appendix 4: Proofs for Section 2.5

2.10.1 Proof of Lemma 15

To prove the statement, for every (5K (A’l) s 0k (Aﬁl)) € P!, n > 1, we have to find ok (Aﬁlﬂ) €
K6 (©%) such that

marggi ok ( thl) = ok (A%) .

n—1

Toward this end, we show the existence of a continuous function ¥, : ©}, — ©%_; such that

Uiz,n—‘,—l oWl = Idg; , for all n > 0. The proof is by induction.

(Base step) Let B;" be a compact subset of ©5° = S and define the map ¥} : ©) — O} =
0f x P " by
U (s) = (5,51C (sz)) ,s€S8.
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U is continuous, as each of its components is continuous, and clearly o ; o Wi = T dey -

The set

ok [(\IIB)’C (All)} = §{¥{(s) |s € A} C S, A% compact }

5{(5,5’C (Bl_’)) ‘s c AL C S, AL compact }

is a set of Dirac measures on ©! according to which player i is certain that: (1) the
realized state of nature is in A%, and (2) player —i is certain that the realized state of

nature is in B ".

(Induction step) Suppose that there exists a continuous function ¢ _,; : ©_; — ©¢ such

that a;_l’n oWl | =1Idg _,- Define the function (5i o Wi )’C 1 KO:L_; — K6 (%) by

(60 W 1) (4) =6 (71 (47))

n—1

Al € KO! ;. This function is clearly continuous. By the induction hypothesis 0;_1771 o

Vi = Idg: , thus

marg§, (0% [(w0)" (40)]) = (00 (ohoia)") [(wi)” (4))]

= F (0l 1,0 W, 1) [AL]
= " (AY),

where the first equality follows from Lemma 8. (iii) and the third from Lemma 10. Finally,
define ¥/ : ©}, — O by

;. (s, (6% (Br") 0 (By)))
= (s, (0% (B") 16" (B)) 6% [W,11 (B)]))

n

where Bfi e Ko (@fjl), I =1,..,n. The map ¥! is continuous and such that O';'Z?n_ﬂ o
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Ui, = Idg; .

2.10.2 Proof of Proposition 6

To economize in notation, we denote by (6’1C,52’C, ...) each element in P, where ok = 5% (4,),
A, compact in §(©,), for all n > 1. Note that, for every (5’f,5’2c,...) € P the structure
<{@n}n>1 , {6§}n>1 ) {Ufmﬂ}nx) is a projective sequence of compact sets of Dirac (hence

Radon) probability measures such that, for all n > 1,

K
-1 _ K K
<5n+1 o O'n7n+1) = 4§~o Onn+1

K
= 5na

where the first equality follows from Lemma 8. Denote by @, the projection from © to ©,.
According to Theorem 4, for every (6’1C , 5’2C, ) € P there exists a unique, compact set of Radon

(in fact, Dirac) probability measures 6~ € K6 (©) = Kd (S x P) such that, for all n. > 1,

(5*0571)’C = 55055

= ok

That is, there exists a bijective map g : P — KJ (S x P) such that, for every hierarchy
(5’C (Al) 76K: (AQ) ’ ) € P7

margg _, (7 ((6% (A1),6% (As),...))) =6~ (4,).

We show that the map g is the restriction of g : Hoo — KA (S X Hy) to P. This will be
accomplished by showing that P is closed in Hy,. First remark that P is closed in H; by
coherence of beliefs, thus IC6 (S x P) C KA (S x Hy). The homeomorphism f of Proposition
3 implies that f(P) C KA (S x Hyp); however, Theorem 3 and the argument above establish
that f(P) = §(P) = K6 (S x P) € KA(S x Hy), hence P C f~1 (KA (S x Hy)) = Hy. An
easy check by induction shows that if P C Hj 1 then P C Hp, for every k > 1. Therefore
P is closed in Hy = Ni>1Hj, and the restriction of g to P induces the homeomorphism

g: P — Ko (S xP).
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Chapter 3

Which hierarchies of beliefs belong

to the universal type structure?

3.1 Introduction

Hierarchies of beliefs are of basic importance in strategic interactions, but their explicit de-
scription has limited appeal mainly because it does not provide a suitable model for game
theoretic analysis. Motivated by this view, Harsanyi [28] introduced the notions of type and
type structures as a convenient modelling device used to describe interactive uncertainty in
games. Suppose the players are uncertain about which events in some set © of states hold. The
set © is called parameter space, and it specifies the values of objective parameters - like payoffs
- that do not depend on the players’ uncertainties. A ©-based type structure comprises: (1) a
(measurable) set of types, called type space, each element of which encapsulates all strategically
relevant aspects of a player’s information about ©; and (2) for each player’s type, a subjective
belief (probability measure) about the underlying parameter space © and the type spaces of
the other players. This simple structure provides an implicit representation about players’ un-
certainty, in the sense that it does not describe hierarchies of beliefs directly. However, it is
possible to associate with the subjective belief of each type, an explicit hierarchy of belief: that
is, a player’s belief over © (i.e., first-order belief), a player’s belief over © and other players’
first-order beliefs (i.e., second-order belief), and so on. Such hierarchies of beliefs are called

description of types. Harsanyi’s approach via type structures carries no loss of generality in
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that, as showed by Heifetz and Samet [30], the set of all descriptions of types turns out to be a
well defined type space; the associated type structure is also universal, in the sense that every
other type structure can be embedded into it in a way which preserves the measurable structure
of belief hierarchies.

In this paper we ask: which hierarchies of beliefs are descriptions of types? This question
summarizes important problems and open issues arising from the literature on the universal
type structure. The remainder of this Introduction motivates in more detail.

The distinctive feature of type structures is that the induced descriptions of types are coher-
ent, in the sense that the marginals of higher-order beliefs equal the corresponding lower-order
beliefs. This notion of coherence formalizes the idea that beliefs at different levels do not con-
tradict one another, and it plays an instrumental role in the first topological constructions of
universal type structures, like in [44] and [17]. Assuming that the parameter space is a compact
Hausdorff topological space, Mertens and Zamir ([44]) show that the set of all coherent hier-
archies of beliefs corresponds to the space of all descriptions of types. Under slightly different
topological assumptions, Brandenburger and Dekel [17] offer a concise epistemic characther-
ization of the universal type structure: the set of all description of types is identified as the
maximal subset of hierarchies of beliefs displaying coherence and common certainty of coher-
ence. Any other type structure imposes further epistemic restrictions on hierarchies of beliefs,
and this is common certainty among the players. Therefore, coherence and common certainty
of coherence can be viewed as the weakest epistemic restriction imposed on players’ hierarchies
of beliefs, and the universal type structure as the largest type structure which "epistemically
contains" all possible type structures.

As in all subsequent works in topological setups ([29],[43]), the strategy of the proof for
the existence of a universal type structure remains the same: it starts with belief hierarchies
satisfying this notion of coherence and obtaines the space of all descriptions of types as on

output. This goes by means of the following proof scheme:

1. topologize all the relevant domains of uncertainty of belief hierarchies to yield continuous

functions between them,

2. use the notion of coherence on belief hierarchies to obtain a projective sequence of prob-
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ability measure spaces,

3. show, by means of (generalized versions of) the Kolmogorov Extension Theorem, that
this projective sequence of probability measures admits a unique o-additive extension,

and finally

4. establish the existence of a canonical measure-theoretic isomorphism (specifically, a home-
omorphism) between the space of all coherent belief hierarchies of a player and the set
of all single beliefs over the space of nature states and coherent belief hierarchies of the

other players.

The use of a topology on the relevant domains of uncertainty is crucial for obtaining a unique
o-additive extension, in that the Kolmogorov Extension Theorem requires that all probability
measures involved be Radon, that is, Borel probability measures which can be approximated
from inside by compact sets.! By dropping this last assumption, Heifetz and Samet ([31])
provide an example - in the topological setup - of a coherent hierarchy of beliefs which does
not admit a o-additive extension, and hence it cannot be made a type in some type structure.
This result has some important interdipendent consequences, both at technical and conceptual
levels.

At technical level, the result in [31] implies that the proof scheme outlined above cannot
be replicated in the general measure-theoretic framework, where all the relevant spaces and
functions are assumed to be purely measurable and no restrictions are imposed on beliefs. This
is so because every coherent belief hierarchy defines unambiguously an additive set function
(with total mass 1) which cannot be extended to a o-additive one unless some special "pseudo
topological" assumptions on the probability measures are made.? As such, Heifetz and Samet
([30]) prove the existence a universal type structure in a completely different fashion. They
consider type structures as primitives, and show that the space of all induced descriptions of

types is a type space. The o-additive extension of the set function associated with an arbitrary

!Section 5 of the current chapter provides a formal definition of Radon probability measures and some of their
properties. For an overview, see [54].

?Compact measures, introduced by Marczewski ([41]), are an instance of "pseudo topological" measures. They
play a crucial role in abstract formulations of Kolmogorov Extension Theorem, like in [2], Theorem 15.26. In
topological settings, every Radon measure is compact.
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description of some type is obtained by using the probability measure of some type structure
which give rise to this description. Thus, this strategy of proof is the opposite of the one adopted
in the topological setup, but is more general, as it does not impose any restriction on beliefs.
However, unlike to the topological framework, it leaves open the question of the existence of a
canonical isomorphism.

The counterexample in [31], coupled with the existence result of a universal type structure in
the measurable setup, implies a somewhat surprising result: the set of all descriptions of types
is always a subset of the space of coherent belief hierarchies. This stands in sharp contrast to
the topological characterization of the universal type structure. As such, it raises the following
conceptual issue. The adoption of the notion of coherence as the natural, minimal requirement
to describe all the relevant states of affairs entails that a theoretic analysis of a specific game
via type structures may exclude some strategically relevant hierarchies. If coherent hierarchies
of beliefs are what really matter, then we must be assured that any hierarchy we might wish to
model can be captured in some type structure. It might well be that in some games a coherent
hierarchy of beliefs (like that in [31]) is strategically relevant, yet this hierarchy cannot be
expressed as type. If this were the case, using type structures could prevent a correct analysis
of the problem at hand, hence the Harsanyi framework may not be sufficiently general to model
any incomplete information scenario.

Still, an appropriate, stronger definition of coherence on belief hierarchies has to be provided,
as the universal type structure cannot be expressed in terms of coherence alone. An acceptable
refinement of the notion of coherence should be at least strong enough to charactherize all the
descriptions of types in the measure theoretic framework, but at the same time quite general
to include the topological constructions of types.

In this paper, we put forward a notion of coherence which satisfies the above requirements.
We call it strong coherence, as opposed to the foregoing notion of coherence, which will be
referred to as weak coherence. Both concepts involve a connection between different levels of
hierarchies of beliefs. To understand the difference, recall that weak coherence requires that
any event (measurable set) F in the space of n-order beliefs must have the same (marginal)
probability in any higher order beliefs. If we think of events as those sets of states the players

can describe, weak coherence can be seen as a restriction on the hierarchies about only those

75



sets that can be the objects of players’ reasoning. The notion of strong coherence, discussed
in detail in Section 3.3.1, concerns a restriction on belief hierarchies about all possible, not
necessarily measurable, subsets of the relevant domains of uncertainties. Intuitively, the addi-
tional restriction corresponds to the interpretation that sets representing what players can not
describe in the space of n-order beliefs must be of the "same size" (expressed by means of the
outer probability measure) in any higher order domain of uncertainty. In other words, a player
cannot describe in any high order domain some state of affairs which are not expressible in
lower order domains.

Much work in the current paper is devoted to establishing that strongly coherent hierarchies
represent the hierarchies of beliefs contained in the universal type structure. To do this, we
adapt the proof scheme outlined above to the our measure-theoretic setting. Here, the problem
of the g-additivity of the set function associated with a strongly coherent hierarchy is solved by
using a recent result obtained by Pintér [47], who shows that a projective sequence of probability
spaces, under an additional assumption called e-completeness, admits a unique limit extension
on the projective limit space. Indeed, our notion of strong coherence comprises both the classical
notion of self consistency of probability measures and the concept of e-completeness.> Our
main result (Theorem 5) establishes the existence of a measure-theoretic isomorphism between
the space of all strongly coherent hierarchies of a player and the set of all single beliefs over
the space of nature states and other players’ strongly coherent hierarchies. This reconciles the
topological and measure theoretic approaches to type structures in two main aspects. First, it is
relatively straightforward to show (Proposition 12) that each type structure can be embedded
in this space. Thus, from the viewpoint of the existence of a universal type structure, our
characterization of strongly coherent hierarchies supplements the strategy of the proof in [30].*
Second, we show that in all mentioned topological works strong coherence is equivalent ot
weak coherence (Proposition 13), hence the isomorphism in Theorem 5 reduces to the classical

canonical homeomorphism. This means that, contrarily to what stated in [30], the universal,

3In the current chapter, we adopt the term strong in place of e-complete to denote a special class of projective
sequences of probability spaces. See the Appendix.

1 As Heifetz and Samet ([30], p.341) note: "(...) the standard way of proving the existence of a universal
space, namely by showing that the space of all coherent description is the desired space, could not possibly work
in the general measure-theoretic framework". Our results show that the standard way works successfully if only
strongly coherent hierarchies are considered.
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measurable type structure does not differ from the topological one, as they both represent the
one and the same typology of hierarchies. As a matter of fact, the notion of strong coherence
offers an intuitive explanation on why the hierarchy of beliefs in [31] (which turns out to be
weakly but not strongly coherent) cannot be expressed as a type. We discuss this further in
Section 3.6, and conclude that strong - and not weak - coherence is the natural requirement to
impose on hierarchies of beliefs in order to describe all possible states of the world.

The remainder of this paper is organized as follows. Section 3.2 introduces the basic no-
tations and terminology. Hierarchies of beliefs and type structures are the subject of Section
3.3. Section 3.4 states and prove the main result, and Section 3.5 relates it to topological
type structures. Finally, Section 3.6 concludes. The Appendix contains some definitions and

auxiliary results which are needed for the proofs of Section 3.4.1.

3.2 Preliminaries

In this section, we recall a few notions of (probability) measure theory to establish the termi-
nology and the notations used in the paper.

Let X be a measurable space with a o-field X x, the elements of which are called events.
Let A (X) denote the space of all o-additive probability measures on ¥x. The space A (X) is

endowed with the o-field A which is generated by all sets of the form

0" (E) = {p e AX): n(E) = p}

where F € ¥x and 0 < p < 1. Note that the o-field ¥ a is the restriction to A (X) of the o-field
generated by the Borel cylinders in [0, 1] (i.e., the o-field generated by maps p — p (E), for
all E € Ty).

For pp € A(X), we denote by p* the outer measure induced by p. That is, u* (A) for A C X
is defined by p* (A) =inf {u(F): £ € ¥x, A C E}.

Unless otherwise stated, given a countable product space [, .y X, where N is the set of

natural numbers, we write Pr,, as the canonical projection from [[ _n X, to X,,, for each

neN
m € N. For any [,m € N satisfying | < m, we write Pr;,, as the coordinate projection from

H;”Zl X onto Hé’:1 X;. We consider any product, finite or countable, of measurable spaces
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with the product o-field and any subspace of a measurable space with the relative o-field.
Given a probabiliy measure p € A (X) and a measurable map f : X — Y, we denote by
po f~1 the function po f~1 : A(X) — A (Y). That is, o f~! is the image measure of y under
f defined by po f~1(A) = p ( ! (A)) for all measurable subset A of Y. An easy check shows
that the map po f~! is also measurable.” Corrispondingly, we denote by p* o f~! the outer
measure induced by po f~1.
For a measurable space X, we write Idx as the identity map on X, that is, Idx (z) = « for

all z € X.

3.3 Hierarchies of beliefs and measurable type structures

Throughout, we fix a two-player set I;5 given a player i € I, we denote by j the other player
in I. Both players share a common space S, called parameter space or space of nature states,
representing all the relevant objective parameters of the game. The space S is a measurable
space endowed with the o-field Xg. The sets in g reflect the subsets in S the players can
describe, i.e., ¥ g reflects the players’ language about S. Define Iy = I U {0}, where "0" stands
for "nature". Hence, for each i € I, we refer to —i as the set {0,5}.

In the following, we consider two different approaches to model higher order beliefs about
S, the explicit approach by hierarchies (Section 3.3.1) and the Harsanyi implicit approach by
type structures (Section 3.3.2).

’See, for instance, [36], Lemma 4.
5The generalization to three or more players is immediate.
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3.3.1 Weakly and strongly coherent hierarchies of beliefs

For each i € I, let {Xfl}zozo be a sequence of spaces defined inductively as follows:

X, = 8

( — J
n+1_X

Each space X! represents the domain of uncertainty of player i’s higher order beliefs. A
probability measure !, 41 over Xi is called a (n + 1)-order belief. For each i € I, set H' =
oA (Xﬁl).7 The infinite product H? is the space of all possible, infinite belief hierarchies

for player i, with generic element h* = (;ﬁi, b, )

Definition 10 (Weak Coherence) A belief hierarchy h' € H' is weakly coherent if and only
if, for all events E,—1 C X! |, n=1,2,...,

, . ,
pi10 (Pri_,) (Bn1) = py, (Bua) - (3.3.1)

This notion of weak coherence (called simply coherence in the relevant literature) states
that beliefs of different order assign the same probability to the same event (measurable set).
Thereby, it concerns only with the players’ language. The following proposition states an
important property of weakly coherent beliefs in terms of all (not necessarily measurable)
subsets of the domains of uncertainty. It links the notion of weak coherence to that one of

strong coherence which is introduced below.

"Note that since there is a common parameter space S, the sets H® and H’ are the copies of the same set H.
We do not drop the superscript 4 (or ) as it makes the results in Section 3.4 more transparent.

79



Proposition 8 If h' € H' is weakly coherent, then for all E,,_1 C thl, n=12,..,

(1) 0 (Prh_y ) (Baet) < (i)™ (Buea) - (3.3.2)

Proof. Let E,, be an arbitrary subset of X:. By the surjectivity of the projection mappings,
there exists E,_1 C X! ; such that E, = (Pr%,l,n)_l (En—1). By Carathéodory’s Theorem

([50], Theorem I1.9, p.39-40), there exists a measurable set A,,_1 in X! ; such that E,,_1 C A,_1
. * . . . 71 . 71
and (ph,)* (En—1) = pf (Ap—1). Since (Pr},_;,)  (En—1) C (Prl_1,)  (An-1), we get

n—1,n n—1,n

(M%H)* [(Pr;—l,n)il (En—l)} < (H%H)* [(Prfm—l,n)il (An—l)]

Mfzﬂ [(Prfzfl,n)il (An—l)]
= ,U«fl (An—l)

= ()" (Bn-1),

where the first equality follows from the measurability of (Pri )_1 (An-1), and the second

n—1n

equality follows from the weak coherence of belief hierarchies. m

Definition 11 (Strong Coherence) A belief hierarchy h € H' is strongly coherent if and
only if, for all E,_1 C kal, n=12,..,

(1) o (Pr_y ) (Baet) = (1) (Buea) - (3.3.3)

Accordingly, we say that the (n + 1)-level belief pf_; is weakly (resp. strongly) coherent
with respect to pi, if (3.3.1) (resp. (3.3.3)) holds.

Of course, strong coherence implies weak coherence. A closer look at the proof of Proposition
8 delivers the difference between the two concepts. If the set E, C Xfl is non-measurable, so is
E,_1 C X} _;. In this case, strong coherence yields (. )* (E,) = (ui,)* (En—1); that is, the
family of non-measurable subsets in some order domain of uncertainty should be of the "same
size" along all order domains of uncertainty. If measurable sets reflect the players’ language,
strong coherence additionally requires that what players cannot describe in some order domain

of uncertainty should not be describable in any higher order domain. By contrast, weak cohernce
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involves only measurable sets, i.e., the objects of reasoning of the players. It might be well that
the inequality in (3.3.2) could be strict. We discuss this further in Section 6.3 (see also Example
1 in the Appendix), while in Section 5 we state a condition under which weak coherence implies

strong coherence.

Remark 1 A reinterpretation of strong coherence, which can be seen as a "mirror image"
of the one already given, is as follows. Let E, C X! be an arbitrary event. By a slight

adaptation of the proof of Proposition 8, is is easy to check that, if strong coherence holds,

bhi (Bn) = thr [(Prhsn) ™ (Any)], that is
NZH [((Prf%l,n)il (An—1>> A En] =0

for some A,_1 measurable in X' ;. (here /\ stands for the symmetric difference). In other
words, the class of all events in the space of (n + 1)-level beliefs differs from the family of the
events induced by the space of n-level beliefs only up to uilﬂ-null sets. Under this view, strong
coherence imposes the requirement that the only language the players can use in some order

domain of uncertainty is essentially the one inherited from the lower order domains.

3.3.2 Type structures and type morphisms

The following definition, which formalizes Harsanyi’s implicit approach to hierarchies of beliefs,

is borrowed from [30].

Definition 12 (Type Structure) An S-based type structure is a structure T = (S, (T3);cr > (Mi)icr)

where

1. for each i € I, T; is a measurable space;

2. for each i € I, m; is a measurable function m; : T; — A (S x Tj).

The space T; is called type space, and m; specifies the belief of each type over nature and

other players’ types.®

8 Observe that some authors ([6], [30], [31]) use the terminology "type space” for what is called "type structure"
here.
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The notion of type morphism captures the idea that a type structure 7 1is "contained in"
another type structure 7, if 7 can be embedded into 7, in a way which preserves the beliefs

associated with types. Formally:

Definition 13 Let T = (S, (T});c; » (Mi)ier) and T = (S, (T}),c; » (M) <) be two S-based type

structures. The function ¢ = (¢g, p1,02) : S X T; x Tj — 8 x T x TJ’ is called type morphism
(from T to T') if

2. for each i € I, t; € Ty, ¢; : Ty — T/ is a measurable function such that m; (p; (;)) =

m; (t;) o ¢, where p_; = (<p0,g0j) :Sx Ty — 8 xT].

The morphism is a type isomorphism if ¢ is a measure theoretic isomorphism. Say T and

T’ are isomorphic if there is a type isomorphism between them.

Condition (2) in the definition of type morphism expresses consistency between the function
¢; + Ty — T/ and the induced function pop_} : A (S x T}) — A (S X T;) To gain the intuition,
let ¢; be an arbitrarily fixed type in 7;. The function ¢; maps t¢; to some ¢, € T}, hence m/, (t})
defines a probability measure on S X Tj{. On the other hand, we can use the function m;
to obtain from ¢; a probability measure v of A (S x Tj), and then use the map v o cpj to
get v' € A(S x Tj). Thus, condition (2) states that m] (¢;) and v’ coincide as they are both
generated by the same type t; € T;. In words, a type morphism preserves the implicit description

of belief hierarchies for the players.

Definition 14 An S-based type structure Ty = (S, (T),c;» (M );c;) is universal if for every

(2

S-based type structure T = (S, (T;);cr » (Mi);cp) there is a unique type morphism from T to Ty .
The space T is called universal type space for player i.

Remark 2 S-based type structures, as objects, and type morphisms, as morphisms, form a
category. The S-based universal type structure is the terminal object in the category of S-based

type structures.
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Proposition 9 If it exists, the S-based universal type structure is unique up to type isomor-

phism.

Proof. The terminal object of any category, if it exists, is unique up to isomorphism (cf.

[5], Proposition 2.8). m

3.4 Main Result
This section is devoted to showing the main result of the paper.

Theorem 5 For each player ¢ € I, there exists a non-empty set " C H' and a measure-

theoretic isomorphism f° CH = A (S X Fj) such that
. . . . 1 .
V> 1, f'((u i, ) © (Prhian) = o

The space H x H is the set of all paires of belief hierarchies satisfying strong coherence and

common certainty of strong coherence. The type structure Ty = (S, (ﬁl> (fi)iel) s the

ier’
unique uniwersal type structure.

Section 3.4.1 provides a measure-theoretic construction of the type structure (.S, (FZ) o ( f’)l c )
(S

from strongly coherent hierarchies of beliefs, while Section 3.4.2 shows that this type structure

is universal.

Here we sketch the main lines of the proof. In Section 3.4.1, we begin by redefining the no-

[e.o]

tions of domain of uncertainties for belief hierarchies. Unlike to the sequence of spaces {Xfl}nzo

introduced in Section 3.3.1, these new domains of uncertainties require that, at any order of
belief hierchies, player ¢ restricts the class of possible events to those for which strong coherence
of player j’s hierarchies holds. This defines a projective sequence of belief hierarchies displaying
strong coherence and common certainty of strong coherence. This step is the measure theoretic
analogue to the standard construction scheme used in papers like [44]. We first show that the
projective limit of this sequence is non-empty (Proposition 10). Next, we establish the existence
of a measure-theoretic isomorphism f?. This last step is novel to the literature, as it relates the

notion of the resulting measure-theoretic isomorphism to the canonical homeomorphism of the
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topological setup. The proof for the universality applies techniques which are similar to the

ones used in [30]. Remarks 4 and 5 in Section 3.4.2 outline the differences.

3.4.1 Type structure containing strongly coherent belief hierarchies

This section inductively constructs the set of all hierarchies of beliefs that are strongly coherent,
assign probability 1 to strongly coherent hierarchies of beliefs, and so on. For the relevant
definitions concerning projective sequences of spaces, see the Appendix.

For each player i € I, let O} = S, le =A (@6), and for all n > 1,

o, = ©)x H;

sz+1 = {(/ﬁi, ...,,ufl,,uilﬂ) € ﬁ; x A (@;) : ul,q is strongly coherent w.r.to ,uﬁl} .

The interpretation of the sequences {@fl} and {ﬁ; +1} is as follows.

The space O, is player i’s domain of uncertainty of order n+ 1: it consists of the parameter
space and what player j believes about the nature state, what player j believes about what
player 7 believes about the nature state,..., and so on, up lo level n. The space ﬁ; 11 is the set of
(n + 1)-tuples of strongly coherent beliefs over ©f, ..., ©%. Notice that not only each i’s beliefs
are strongly coherent but she also considers only strongly coherent beliefs of j - only those

[e.o]

are in support of her beliefs. This implies that, compared to the sequence of spaces {Xfiw}n:o

introduced in Section 3.3.1, the sequences {@Zn} and {ﬁ; +1} are such that

1

n
0, C X, H,, C[[AX]), =0
=0

For each i € I, n > 1, let WﬁwH : Fﬁlﬂ — F; denote the projection on the factor spaces of

the sequence {F;} The projection pﬁhl’n 1O — O, satisfies

PI‘O’l n=1

7 _
pn—l,n - j
(Ideé; anl’n) n>2

Clearly, pflan is the restriction of Pr,_1, : X} — X’ _; to the subspace O, and hence is
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a measurable function. If (uf,...,u%, puh ) € F;H then 4, is strongly coherent w.r.to i,
and formally -

-1

(khyr)” |:(p;:1—1,n) (En—l)] = (i) (Bp-1),

for all E,,_; C O _.

The families {F;, 7rfw+1}n and {@2_1,,031_17”}”21 are strong projective sequences of

>1 ‘
non-empty measurable spaces, and let @m and l&l@% be their projective limits. Further, let
il llnﬁ; — F:L and p, : m@% — ©! be the corresponding projections.

Define also

7 = {(h ) e d’

0 = SxI.

('uzla 7/~L'Zn) € F?m vn > 1} )

The following result states that both limﬁjl and lim©! can be isomorphically identified
— P

with H' and O, respectively, so that there is no need to distinguish between them. (The

proof that H' is a measurable subset of H' is notationally cumbersome and not crucial for the

construction. It is therefore relegated to the Appendix.)

Proposition 10 limﬁi and imO!, are non-empty and they are measure theoretic isomorphic
p— p—

to H' and ©!, respectively.

Proof. Observe that p!, = (I dgi; ﬂ%), thus it is not hard to verify that limﬁ% is measure
0 —
theoretic isomorphic to ©F x limH), = S x limH}. So it remains to prove that limH,, is
— — —
non-empty and measure theoretic isomorphic to H'.
—=i

First we claim that 7r’i7n (ﬁ;) ) 77"17”“ (H +1> for all n > 1. Indeed, by definition

n
W%,nﬁ»l (Hn+1> C Hn and Wzl,nwtl = Wﬁ’nOW27n+1, hence 71-zl,nJrl (HTL+1> = 7-‘-Zl,n (7T¢L7n+1 (Hn—i-l)) -
7T§7H (F;) From this claim, it follows that the sequence {Vrf}n21 C H; defined by V! =

==

Hl\ﬂn (F;) is such that V! C V! ,, for all n > 1. (Observe that the sets V;' are not

necessarily measurable).
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Consider now

(i) (V) = (7h) (A, ()

= )™ (1) ~ () (s (7).

By definition F; C (ﬂvn)fl (Wi (ﬁ;)), and since 7} , (ﬁz ) C F we have that

(1) (71 () € (710) ™ (1)

Still, by definition 1, = (i) " (T1,), thus (x3,,) " (w8, (7)) = (71,,) " (7). That
is, (ri,) " (Vi) = 0.

Let Eg be an arbitrary measurable subset of ©) = S. By strong coherence

(”i—i—l)* [(pé,n+1)_l (Eo x Vri)} = M +1> [(Id(al' Tn— 1n)71 (Eo x Vri)]

(
- @+J{%x@mmeﬂ
()" o xo

0

Y

for allm > 1, hence (/lfwrl)* (EO X (Unzl (wi’n)_l (V;))) = 0, which implies (77%7n)_1 (Hzl ~ (U%ZIV£)> #
0, for all n > 1. But this means that for all u} € le ~ (Unzl‘/;) there exists h' € @F; such
that pu¢ = 78 (hi), thereby establishing the non-emptiness of h;nﬁfl
The proof that mﬁz is measure theoretic isomporphic to H' is almost the same as that one
provided in the topological setup by Claim 1 in Chapther I. It involves only some necessary mi-
nor changes (replace the word "homeomorphism" there with "measure-theoretic isomorphism"),
so we omit the details. ®
Now, to each h! = (;ﬂi,,ué, ) € H' there corresponds a strong projective sequence of
probability spaces

((©5, 141) vpzn,nvN)mSn = ((S X ﬁfmuim) 7an,mN)

m<n

where the (n + 1)-order belief p! , ; is defined on the o-field over ©F = S x Ff% which is the one
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ineherited from the product o-field over H' = []>° A (X7).

This projective sequence has a limit, as stated in the following

Lemma 20 The projective sequence ((6%, :“iwrl) ,p,in’n, N) " admits a unique projective limit

m<

probability measure p' over O such that

1

pho (ph) " = by, for everym > 0. (3.4.1)

Thus there exists a bijective map between H and A (@7’)

Proof. As is shown in [50] (Lemma IV.1 and p.417), the family Ag: of sets of the form
{(Pi)_l (Ep) :n >0, E, is measurable in @}1}

is a field which generates the o-field on ©%; and by weak coherence, there exists a unique additive
set function u’ with total mass 1 on Ag: for which (3.4.1) holds. Therefore, there is an onto map
between H' and the space of additive measures on ©%. This map is also injective. To see this, let
E, and E,_1 be events in ©¢ and ©_;, respectively, for which (pfl)_l (Epn) = (pﬁl)_l (En—1).
Then any set function satisfying (3.4.1) yields p?, 11 (En) = wi (E,_1). Finally, strong coherence
implies, by Theorem 6 in the Appendix, that p’ is o-additive on Ag:, hence it can be uniquely
extended to the o-field generated by Ag:. m

We are ready to prove the existence of a canonical measure theoretic isomorphism.
Proposition 11 H' is measure-theoretic isomorphic to A (S X ﬁj).
In the proof of Proposition 11 we shall make use of the following two lemmas.

Lemma 21 Let (Y;,) be a countable collection of measurable spaces and, for each n € N,

neN

fix functions fn : X — Y, where X is a measurable space. Define f: X — [],cnYn by

fa) = (fi(z), fa(2),..)

for all x € X. Then f is measurable if and only if each f, is measurable.

Proof. By an easy adaptation of Lemma 4.49 in [2]. m
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Lemma 22 Let F be a w-system of sets which generates the o-field ¥x on a measurable space

X. Then the o-field Fa is the same as XA.

Proof. See [58], Lemma 3.6. m
Proof of Proposition 11. Recall that H' is endowed with the relative o-field of the
product H* = [[32,A (Xfl), while A (S X Fj) is endowed with the o-field generated by
b (E) = {M €A (S X Fj) cpt(E) > p}, for each event £ C S x H’ and p € [0,1].
Let ¢ : A (S X Fj) . H' be the map defined by
. . . . . -1
it [gh (1)) s = [ 0 (Pha) LZl-
(Note that g?, (uz) € Ffl, n > 1.) Lemma 20 implies that g’ is bijective. Each g is measurable,
thus, by Lemma 21, ¢* is measurable. It remains to show that the inverse of ¢¢, which is denoted

by f?, is measurable. By Corollary 4.24 in [2], it suffices to prove the claim for the system of
generators of A (S X ﬁj>. Let E be a measurable subset of ©f = S x Fi Consider the set

7 (W) m@) = e ()7 E) 2 ) (3.4.2)

= {K }Mi:ﬂ (E)>p},

where the second equality follows from the definition of f?. The set in (3.4.2) is measurable,
as it is a cylinder set with base in Fz +1- But the family of cylinder sets {(p};)_l (E)} is a
field (hence a m-system) which generates the o-field over S x ", By Lemma 22, the family
B8P ((p};)fl (E)) generates the o-field over A (S X Fj). Thus f! is measurable. m

Finally, according to Definition 12, 7y = (S, (ﬁi>i61 ) (fi)iel> is a well defined type struc-

ture.

Remark 3 In Chapter I, it is shown that linﬁ; is non-empty by proving that each map Wﬁwﬂ :
F;H — ﬁ; 1s onto. This method of the proof depends crucially on topological assumptions,
and cannot be replicated in the present framework. The proof used in the current paper follows

the ideas of Pintér ([47], Theorem 3.2.(1)).
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3.4.2 From types to belief hierarchies

In this section, we relate S-based type structures to the type structure 7y;. To this end, we need
to specify how types induce hierarchies of beliefs. The belief hierarchies are derived inductively.

For a given type structure (S, (T;);c;,(mi);c;) it is possible to construct a natural map,
called hierarchy description map, which unfolds the higher order beliefs of each player ¢ € I,
by assigning to each t; € T; a strongly coherent hierarchy of beliefs in H'. Foreachicl , let
Eai : 8 xTj; — S be the projection mapping, and for all £ > 1, let Eg : S — S be the identity

on S = @%. The first order descrition map for player i, 7#1 2T — Fil, is defined by
~ ~ A1
R () = m; (t:) o (ho ) .

We will define the (k + 1)th orders descrition map. First let E;’ S xT; — S x ng be the
unique function, defined by hl= (ﬁ%,%i), which satisfies, for all k£ > 1,

E;ﬁl = p};_Lk o E,;Z (3.4.3)

(Recall that pi_Lk denotes the projection from ©¢ = § xﬁi to@t =9 xii_l). That is, for
each couple (s,t;) € S x T}, the expression ﬁ;l (s,t5) = (ﬁg (s) ,E{C (tj)> describes the nature

state s and the beliefs up to order k for t; € T;. Inductively, define Eﬁf 11— Fk 11 by

he1 (t) = <ﬁz(ti)7mi(ti)o(ﬁki)_l>
_ (m () o (Egi)_l oo (1) © (5;Zi1)_1 1 (ti) © @’7)_1) '

Finally, for each i € I, define h' : T; — T by hi (t;) = (Ell (t:), hd (t:), ) Thus A (t;) is the
descrition of type t; € T;. Each type induces strongly coherent hierarchies of beliefs, as stated

in the following Lemma.
Lemma 23 The hierarchy decription map Bt T, — H is well defined and measurable.

Proof. For a give type t; € T;, we need to verify that %%ﬁl (t;) € ﬁZH for each k > 0, i.e.,



for all A C @}‘;_1. That is,

(') o (phri) ™ = ()
But this follows directly from (3.4.3).

We now check the measurability. By definition, 7#1 (t;) = m; (t;) o (ﬁa ’) - is a composition
of measurable functions, and, by Lemma 21, El_i = (EO,E{) is measurable. Suppose, by way
of induction, that E} and E;Z are measurable, ¢ € I and [ = 1,...,k. Consider [ = k + 1.
By definition, E};H (t;) = <E}C (t;),m; (t;) o (E;’) 1), hence, by Lemma 21 and the induction

hypothesis, h?C 41 is measurable. A repeated application of Lemma 21 yields the measurability
of both 7 t, = (ﬁgﬂ,ﬁgm) and 1 (t;) = (Eg (t:), B (&), ) n

We make use of this last result in the following

Proposition 12 For every type structure T = (S, (T3);c; » (Mi);cp) the mapTL = (Ids,ﬁi,ﬁj) :
SxTyxT; — S x H < H is the unique type morphism from T to Ty = (S, (FZ) o (fi)icr)-
1€

Proof. By Lemma 23, Bt is measurable, ¢ € I, hence the measurability of h follows from

Lemma 21. We now check Condition (2) in Definition 12, i.e., for each i € I,
e ~ -1
fi (hz (tl-)) — m; () o (ms;hﬂ) .

But this follows, since, by definition, hi (t;) = <mi (t;) o (ﬁai)il ,m; (t;) o </HIZ)71 , ), and
f*is a measure theoretic isomorphism according to Proposition 11. To show the uniqueness of ﬁ,
suppose that ¢ = (Ids, &', ¢j) is a type morphism from 7 to 7y. It needs to check that h= o,
i.e., for each k > 0, the (k + 1)th orders description map ¢}, ,; (¢;) equals ﬁ};“ (t;),ie€l,t; €T
To this end, recall that, by definition of type morphism, f* (qzﬁi (tz)) =m; (t;) o (Ids; qu)*l and,
being f* injective, we get ¢’ (t;) = ¢* om; (;) o (qs—i)_l, where ¢’ is the inverse of f* as defined

in the proof of Proposition 11. Thus we can write the (k + 1)th element of ¢, (¢;) as

ghomi(t)o(67) 7 = mi(t)o(67) o (o)

= m(t:)o (phod™) ",

1
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and we have to show that it equals the corresponding (k + 1)th element of %}C 41 (ti), namely for

each k > 0,
1

mi (t:) o (ph 0 ¢7) " = mi (t;) o (E,j)*l .

We prove by induction that ,0}'f 0t = E;’, for each k > 0. This is trivially true for £ = 0: in

this case TLaZ : S x T; — S is the projection mapping, thus for each (s,t;) € S x T},

(Phod™") (s,t5) = ph(s.07" ()
= %ai(sﬂtj)

= S.

Assume that the claim holds true for [ = 1,...,k. Consider [ = k£ + 1, and observe that
piogp ™ = piykﬂ 0ph g0 $~". Since by (3.4.3), E;Z = p};’kﬂ O?Ll;ilv it follows from the induction

hypothesis that

P i i
PLOP = Priy1©Pry10¢

_ 7 T —i
- pk,kJrl ° hk+17

thus p};H 0t = ﬁl:j-p as required. m
We conclude this section with two remarks concerning the relationship of the result in this

section with those in [30].

Remark 4 The way we provided an inductive construction of the hierarchy description maps
is the same as that in Heifetz and Samet ([30], [31]). Neverthless, it should be noted that
71,‘ 2T — H is not equivalent to Heifetz and Samet’s decription map, but they coincide only on

the first order beliefs. To see why, recall that in [31]

e cach H; corresponds to the kth order space of weakly coherent belief hierarchies - the case

Fi is the same for both kinds of hierarchies

° p}’;_l’k corresponds to the natural projection between 92; and 92_1, where each @}; equals

O} x ng - hence only weakly coherent hierarchies are considered by the players.
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In this last case, the map hi @ T, — " (which must satisfy equation (3.4.3) to be well
defined) describes weakly - not necessarily strongly - coherent hierarchies of beliefs. Viewed
from this angle, the map 7@2 as defined in the current paper can be thought of as a "stronger”

version of the hierarchy descrition map in [31].

Remark 5 Two important properties of type morphisms and description maps are the follow-
ing: (P1) Type morphims preserve description maps; and (P2) the map hi : H — T is the
identity. Specifically, both properties state that type morphisms not only preserve the implicit
descrition of types (Definition 4.(2)) but also their explicit description, thus providing a link
between the two prevalent approaches to model interactive uncertainty in games. The proofs
of P1 and P2 are exactly the same as in [30] (Proposition 5.1 and Lemma 5.4, respectively),
and they are crucial to show the existence of a universal type structure in Heifetz and Samet’s
framework. In constrast, our proof of Proposition 12 relies on the fact that the map f° is a

measure theoretic isomorphism, which is not proved in [30].

3.4.3 Proof of the main result

Theorem 5 follows as a corollary of the results presented in Sections 3.4.1-3.4.2.
Proof of Theorem 5. The existence of H' follows from Proposition 10, and f? is
a measure-theoretic isomorphim by Proposition 11. 7y is universal by Proposition 12, and

unique according to Proposition 9. m

3.5 Comparison to the topological framework

In this section, we relate the results of Section 3.4.1 to the topological construction of a type
structure consisting of all belief hierarchies displaying weak coherence and common certainty
of weak coherence. For that, we adopt the framework developed in Chapter I, which provides
a generalization of earlier works ([17],[29],[43],[44]).

We find it to convenient to prepare the comparison by establishing some general results
about the topological structure of the relevant domains of uncertainty.

For any non-empty topological space X, let B(X) denote its Borel o-field. A Radon proba-

bility measure on X is a Borel probability measure p such that for every A € B(X) and every
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e > 0, there exists a compact set K C A such that pu(A\K) < e. Denote by Agr (X) the space
of all Radon probability measures on B(X).

The space Apr (X) is endowed with the narrow topology. This is the weakest topology for
which all the maps p — | « fdu are lower (resp. upper) semi-continuous, as f varies in the set
of all bounded, lower (resp. upper) semi-continuous functions on X. As a subbasic system of

neighborhoods, the narrow topology assigns to each ug € Ag (X) the sets of the form
V(pgre) ={p € A(X)|u(O) > g (0O) —e, O C X open, € >0}.

It is known (see [57], Theorem 11.2) that if X is Hausdorff, so is A (X). Specifically, if X
is completely regular (e.g., compact Hausdorff or Polish), then the narrow topology on Ag (X)
coincides with the usual weak* topology ([57], Theorem 8.1).° Denote Ba,, by the Borel o-field
generated by the narrow topology on Apg (X). The following lemma singles out a basic fact
which relates the topological structure of belief hierarchies to the measurable structure Xa

adopted in the previous sections.'”

Lemma 24 If X is a Hausdorff topological space, then YA, = Bay-

Proof. Denote by = the family of all closed subsets of X. By Lemma 22, sets of form
b () = {pe A(X): u(E)>p}, E€E, pe0,1], (3.5.1)

generates the o-field ¥a,. But sets as in (3.5.1) constitute a system of generators for Ba,.
Indeed, if F is closed subset of X, then the characteristic function 1 is upper semicontinuous.

By definition of narrow topology, the map u — [  1gdp = p(FE) is upper semi-continuous,

9For any non-empty, topological space X, the weak* topology on A (X) is the coarsest topology for which the
map p — fx ¢dp from A (X) into R is continuous, as ¢ varies in the set of all bounded, continuous functions on
X. By definition, the weak* topology is coarser than the narrow topology on A (X). The narrow topology was
first introduced by Topsoe [57] under the name "weak topology". The terminology adopted in this paper is that
of Schwartz [54]. In the language of probability theory, the term "weak topology" usually refers to the weak™*
topology as defined in the current paper.

0 Theorem 17.24 in [34] presents a related result for all Borel probability measures on a separable metric space
X. This Theorem coincides with Lemma 5 if X is assumed to be Souslin, as every Borel probability measure on
X is Radon (Theorem 7.4.3 in [12]). Note that Theorem 17.24 in [34] employs the weak* topology on the space
of probability measures, which is equivalent to the narrow topology since X is completely regular ([57], Theorem
8.1).
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hence, {1 € A(X) : p(E) = [y 1gdu > p} is closed in Ag (X) for each p € [0,1]. The Borel
o-field Ba,, is exactly the smallest o-field which contains the closed sets as in (3.5.1). Thus
YApr =Ba,. =

We present now a special version of the measure theoretic setup in Section 3.3. The restric-

tions we impose on the parameter space S and player’s beliefs are topological. Formally:

Assumption 1 S is a Hausdorff topological space.

Assumption 2 Players’ hierarchical beliefs are described by Radon probability measures.

In light of Assumption 2, as we consider the set of all beliefs over a domain of uncertainty
X}, we set Ag (X}) = A (X}) as in Section 3.3.1.

For each i € I, let {X%}ZOZO be the sequence of spaces defined inductively in Section 3.3.1.
Here, each product space is endowed with the product topology, hence each domain of un-
certainty X! = thl x A (thl) is Hausdorff. A hierarchy of beliefs h' = (/ﬂi,,ug, ) is an
element of the Hausdorff space H* = []°° j A (X7).

The role of Assumption 1 is to guarantee, by Lemma 24, that the Borel structure of each
domain of uncertainty satisfies the requirements imposed on the players’ language as in the
measure theoretic framework. The following result states that, if Assumption 2 holds, weak
coherence is equivalent to strong coherence for hierarchies of beliefs, so there is no need to

distinguish between the two concepts.

Proposition 13 Let Assumption 2 hold. Then a belief hierarchy h* € H' is strongly coherent

if and only if it is weakly coherent.

Proof. A strongly coherent hierarchy is weakly coherent by definition. Conversely, fix a
weakly coherent hierarchy h! = (Mip i, ) € H', and let F,,_; be an arbitrary subset of X! ;.
By Theorem IL.9 in [50], there exists a measurable set E,_1 C X! ; such that F,,_; C E,_;

and (p8)* (F_1) = p (Ep_1). Since p!, is a Radon measure, for each ¢ > 0 there exists a
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compact set K C E,_1 such that pf, (E,—1 ~ K) < ¢, that is, u’, (E,_1) < pi, (K) +e. Observe
that (F,—1 ~ K)UK C E,_1, hence

()" (Fuoa N K) < ity (Bn1) — iy, (K) <,
which implies
()" (Fo1) < iy (K) +e. (3.5.2)

Observe also that (K \ F,,—1)UF,_1 C E,,_1, hence
(k)" (K N Fon) + (ph)* (Fue1) <y, (Ba)

which implies

(1) (K~ 1) = 0. (3.5.3)

According to Proposition 8, (3.5.3) yields (uf_,)* o (Pr! )‘1 (K \ F,—1) = 0. Rewrite

n—1n

K as a union of disjoint sets: K = (K \ F,,_1) U (F,,-1 N K). We get

o (Pri_y ) H(K) = (@hey)® o (P_y,) (K~ Fuot)

. * . _1
H(ni1) 0 (Pry 1) (Fai NK),
so by weak coherence on K and by (3.5.3),

i (K) = ()" (Faa NK)
i * ; —1
(MZT'H) © (Prfz—l,n) (Fn—l N K) .
Using the fact that (Pri )_1 (Fh-1NK) C (Prfhb,lm)_1 (Fy,—1), we obtain

n—1n

-1

M%(K) < (/Linrl)*o(Prflfl,n) (Fn-1)
< (up)* (Fu-1)
<y (K) +e
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where the second and third inequalities follow from Proposition 8 and from (3.5.2), respectively.

By the arbitrariness of € > 0, we conclude that

(1) 0 (Pri_1,) " (Fact) = ()" (Fuea)

thereby establishing the strong coherence for A’ € H'. m

The next proposition turns out to be a special case of Theorem 5. As immediate consequence,
the subsequent corollary derives two well known results on universal type spaces: the first is
due to Mertens and Zamir ([44], the case of compact parameter space), while the other is due

to Brandenburger and Dekel ([17], the case of S being Polish).!!

Proposition 14 Under Assumptions 1 and 2, there exists, for each i € I, a nmon-emtpy set
" C H' which is homeomorphic to A (S X Fj) under the map f' as in Theorem 5. The
space H < is the set of all paires of belief hierarchies satisfying weak coherence and common

certainty of weak coherence.

Proof. Using Lemma 24 and Proposition 13, the proof is the same as in Section 3.4.1.
Additionally, f? is a bijective open map (hence a homeomorphism) according to Lemma 5 in

Chapter I. m

Corollary 3 If S is compact Hausdorff or Polish, so are H and A (5’ X Fj), i € 1. Further-

more, if S is Polish, Assumption 2 is automatically satisfied.

Proof. S is compact if and only if A (S) is compact (see the notes to §11 in Topsoe [57],
p. 76). Inductively, each X! is compact Hausdorff, and, since the projective limit is closed in
the product topology, " is compact Hausdorff as well. The case of S being a Polish space
is analogous, as A (S) is also Polish ([2], Theorem 15.15). In this last case, observe that each
Borel probability measure on a Polish space is Radon ([12], Theorem 7.4.3), so Assumption 2

is automatically satisfied. m

1Tt is worth noting that Assumption 2 is not stated explicitly in [44], where all beliefs are represented by
general Borel probability measures. This is evidently a mistake: see Chapter 1, Section 1.5.1, for a discussion on
why Assumption 2 cannot be omitted even in case of compact parameter spaces.
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3.6 Discussion

3.6.1 Strong coherence and common certainty of strong coherence

The modelling strategy which was used in Section 3.4.1 to obtain the structure 7y is comple-
mentary to the one following the approch of Brandenburger and Dekel ([17]) to weak coherence.
This alternative strategy constructs the space of all possible belief hierarchies (i.e., the space H'
in Section 3.3.1) and then it imposes strong coherence and common certainty of strong coher-
ence. By contrast, in our construction scheme strong coherence is imposed at any level of the
hierarchy, by the introduction of the domains of uncertainties ©F. In a topological framework,
Proposition 2 in Chapter I shows that both approaches are equivalent - they yield two homeo-
morphic type structures. With some necessary minor changes, it is easy to show that this result
also holds in the measure-theoretic framework (i.e., the two structures are measure-theoretic
isomorphic). This alternative strategy has the advantage of explicitly formalizing a well defined
notion of common certainty of (strong) coherence for belief hierarchies; however, it has the
basic drawback that a formal proof for the existence of the relevant set of belief hierarchies -
namely, lﬁlﬁ; is non-empty - cannot be provided, unless some special topological assumptions

are made (see Chapter I for details).

3.6.2 Topological type structures and universality

How general is the topological framework? We have seen (Proposition 13) that, from the
point of view of representing all strongly coherent hierarchies, the topological setup does not
impose too much limitative restrictions on the parameter space S and belief hierarchies. For
instance, finite sets of nature states are commonly used in applications, hence, by endowing such
parameter spaces with the discrete topology, Assumptions 1 and 2 are automatically satisfied.
This may be comforting because while it is problematic to assume some particular structure on
the parameter space (as it is nothing more than an artificial modelling construct), there may
be sometimes good reasons to assume structure on the physical world S.

Neverthless, a potential concern with the use of topological type structures relates to the
issue of universality. Typically, the topological setup imposes the following assumptions on type

structures and type morphisms (cf. Definitions 12 and 13):
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e for a given type structure 7 = (S, (13),c;» (m4);c;), the type map m; : T; — A (S x Tj)

is continuous and A (S x T}) is endowed with the narrow topology;

e every type morphism is a continuous function.

With these assumptions, the class of S-based topological type structures form a category
(cf. Remark 2), which we denote C}%T, whose terminal object corresponds to the topological
type structure constructed in Section 3.5. Indeed, going through the proof of the universality
property of 7y in Section 3.4.2, it is easy to check that the same proof, with measurability
conditions replaced by continuity, proves that the type structure established in Proposition 14
is universal. By contrast, a very recent paper by Pintér [48] shows that the type structure 7y, if
topologized, cannot be the terminal object in the category of topological type structures. This
negative result does not contradict our positive one, rather it deepens our understanding on
how limitative the topological restrictions on type structures are.

The category Cf,T contains type structures in which the spaces of probability measures are
endowed with the narrow topology. By virtue of Lemma 24, the narrow topology gives rise to
a Borel measurable structure which reflects the basic sentences of players’ language (encoded
by the o-field ¥ o) that a type structure should capture, i.e., events like "player i believes with
probability at least p that an event occurs".!? But, as is shown in [48], the narrow topology is
not the weakest topology whose induced Borel structure coincides with XA - in general, there is
no weakest topology among all the topologies satisfying this property. As such, Pintér’s result
is stated for the category Cf* of topological type structures, where the subscript 7* stands for
any topology on the spaces of probability measures whose Borel o-fields are compatible with
Ya. Clearly, the category C2. is broader than C}%T, hence the existence result of a universal
topological type structure given here must be considered as an exception, rather than the rule.
Thus, although our result is not at odds with the non-existence result in [48], we leave open the
question as to whether restricting attention to topological type structures in Cf,T may affect

game theoretic analisys.

12GQuch statements can be formalized by means ofthe so-called "belief operators", introduced by Monderer and
Samet ([46]) as a general version of the standard knowledge operators (cf. [4]).
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3.6.3 Weak coherence and Universal Belief Spaces

Heifetz and Samet [31] consider weak coherence as the natural, minimal requirement that has to
be imposed on belief hierarchies to obtain a well defined notion of "state of the world". Specif-
ically, denoting by C? the (projective limit) set of player i’s weakly coherent belief hierarchies,
Heifetz and Samet define the space of all states of worlds - the Universal Belief Space - by the
product S x C* x C7. Other authors ([29], [44], [43]) also define Universal Belief Spaces in a
similar fashion. However, weakly coherent hierarchies may fail to describe types, as it is shown
in [31], and confirmed by our main result. In light of this, Heifetz and Samet conclude that
"the Harsanyi implicit approach does not exhaust all the states of affairs that can be described
explicitly in the general measure-theoretic case"([31], p. 476).

In our view, such a definition of Universal Belief Space should be firmly reformulated. In
fact, we propose to rely on strong coherence to obtain an acceptable notion of state of the world,
so that Universal belief space should be expressed by the product S x H' x H. The reason
behind this can be elucitated by looking closely at the hierarchy of beliefs constructed in [31],
which is, up to now, the only instance of a weakly, but not strongly, coherent belief hierarchy
that we know.

Technically, the hierarchy in Heifetz and Samet’s paper ([31]) is a refinement of the Ander-
ssen and Jessen’s ([3]) construction of a weak projective sequence of probability spaces having
no limit."® According to our results, it is exactly the lack of the strong coherence property that
causes the failure of this hierarchy to represent a possible type. Informally, an event reflects the
players’ language, thus a minimal requirement that has to be imposed in order to construct a
belief hierarchy as a type is that any higher order domain of uncertainty should contain at least
as many events as those in any lower order domain. However, if strong coherence is precluded,

going through the levels of the hierarchy, one always finds a strictly larger space of events, and

13The construction of the belief hierarchy in [31] is quite involved. Here, it is noteworthy that the projective
sequence (y,,), where each p,, is defined as the product measure

My, = H Vo, k X H Vk,k+n

1<k<n 0<k<oo

(see Heifetz and Samet’s paper for the relevant notation and definitions), is weak but not strong, as (Vm,n),, 5.,
corresponds to the sequence (v,) described in Example 1 in the Appendix. Consequently, the hierarchy (“")7;1

-1 n

in [31], where kn, = p,, o (¢97")"~ and g is an appropriate embedding, is weakly but not strongly coherent, and

has no o-additive extension.
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hence this enlargment process would never reach an end. The example in [31] reflects a situation
for which the players’ ability to talk about things becomes more and more powerful when the
levels of the hierarchy increase, and this precludes the possibility of describing exhaustively the
epistemic attitudes of the players.

As argued by Aumann [4], a model which is not common certain among the players cannot
provide a complete representation of all possible states of the world, as a state, by its defini-
tion, should include all the relevants aspects that are object of uncertainty. In this sense, the
hierarchy described by Heifetz and Samet [31] cannot be part of a commonly certain model,
and strong coherence is the "right" requirement that belief hierarchies must satisfy to provide

a full description of any incomplete information scenario.

3.7 Appendix

3.7.1 Projective sequences of probability spaces: definitions and results

For the convenience of the reader and to fix some notation that can vary from author to author,
we provide some of the background definitions and results from the theory of projective systems
of measure spaces. Here we restrict attention to projective sequences, i.e., the index set is N.

For a more thorough treatment see [22] or [50].

Definition 15 A projective sequence of spaces is a structure {Yy, fmn} of spaces Y, and

m,neN

functions fp, n Y, — Yy, such that:
e for each n € N, Y, is non-empty;

® finp = fmmn© fup for any m,n,p € N satisfying m < n < p, and f,, = Idy, for every

n € N.

The spaces Y, are called coordinate (or factor) spaces and the maps fmn are called bonding

maps.

Definition 16 Let {Y,,, frun} be a projective sequence of spaces. The set

m,neN

limY;, = {{yn} € H Yo Ym = frn (Yn), for each m,n € N s.t. m < n} .,
neN
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is called the projective limit of {Yn, fmn} For each | € N, the map f, : imY,, — Y] is the

m,neN’

restriction of the projection map Pry : [[,cn Yn — Y1 to limY,.

Clearly, for any m,n € N such that m < n, the maps f, and f,, satisfy the equality
fm = fmm o fn. Specifically, if each bonding map f,, is the coordinate projection, then
the projective limit space limY,, can be identified (isomorphically) with the Cartesian product

HnGN Yn‘

For each n € N, let 1, be a probability measure on the measure space (Y, ¥,,).

Definition 17 The structure {(Yn, Xn, tty) 5 fran},, neny 08 called weak projective sequence of

probability spaces if
(1) Foralln eN, (Y,,Xn, 1,) is a probability space;

(2) {(Ya,20) s frnntimnen @ @ projective sequence of measurable spaces (Y, Xpn) and fumn is

Ym-measurable;

(3) i (A) =ty (frohs (A)), for all m,n € N such that m <n, A € 5.

m,n

The structure {(Yn, X, tn) s fmntpynen 8 called strong projective sequence of probability

spaces if condition (3) is replaced by

(8) i (A) = p (finki (A)), for all m,n € N such that m <n, A C Y.

Thus, the notion of "strongness" for projective sequence of probability spaces makes no
assumptions about the existence of a topology, but instead requires a special connection between
the p,,s. The following is an example of a weak projective sequence of probability spaces which

is not strong. It is based on [12], Example 7.7.3.

Example 1 Let (Y, 3, \) be a probability space, where Y is a separable metric space and X is an
atomless probability measure on the Borel o-field .. There exists a sequence of non-measurable
sets Yy, CY such that Y41 C Yy, X*(Yy) =1, and Np>1Y, = 0 (¢f. Ezercise 9.12.85 in [12]).
The Borel o-field ¥, on each Y, is defined by 3, = Y,NX. Let A\, be the restriction of A on 3,
i.e., Ap (E) = A* (E) for each E € ¥,,. By Theorem 3.3.6 in [21], the measure \,, is o-additive,

so that (Y, Xn, An) is a well defined probability space, each Y, being a separable metric space.
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For each n > 1, define the map ~,, : Y, — [[[.1 Y1 by

Yo () = (Y, s )

n times

and let p1,, be a probability measure on the product o-field @), X; such that v, = A, © L.

Thus, vy, s concentrated on the diadonal

n
D, = {(y1,---,yn) c[[Vilm=v2=. :yn};
=1

i.e., vp (Dy) = 1(observe that D, € Q1% as each Y, is a separable metric space). The

n n
{ (H le: ® Ela vn) 7fm,n}
=1 =1 m,neN

is a weak projective sequence of probability spaces, where fm, : [1121Y — [1[|2, Y1 stands for

structure

the coordinate projection. Indeed, for each A € Q- X,

Un (fT:L,lTL (A)) = Apo ’Y;l o f'n_l,ln (A)
= Mo (fm,n © 7n)_1 (A)
= Mnon (4)

= vy (4),

as required by Condition (3) in Definition 17. This projective sequence is not strong. To see
this, consider the set B C Yy with B = Yy \ Ya. Clearly, B ¢ X1 but vi (B) = 1.'* Note
that fiy (B) = (Y1 \Y2) x Ya, and Dy N fi 5 (B) = 0, i.e., fiy (B) € (Y1 x Y2) \ Dy with
ve (Y1 x Y2) N\ D2) = 0. This implies

4 See Theorem 3.3.4. in Dudley [21].  Observe that this theorem 1is stated for the measure space
([0,1],B([0,1]) ,v), where v stands for the Lebesque measure on the Borel o-field B([0,1]), but it holds good
in arbitrary separable metric spaces - see again Ezercise 9.12.85 in [12].
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Definition 18 The probability space (Y,%, 1) is called measure projective limit of the weak
projective sequence of probability spaces {(Yn, Xn, thy) 5 fmn}y pen i

. Y:liLﬂYn?é@,

e X =0 (UneNﬁzl (En)), i.e. X s the coarsest o-field for which each projection map Pry,

is measurable,

e 1 1S a probability measure on X such that
——1
1 (fn (A)) =, (A) forall Ac¥,, neN.

Additionally, if {(Yn, X, i) » fmn b nen i @ strong projective sequence, then the probability
measure | satisfies

it (f;l (A)) = (A) for all AC Yy, neN.

Here is the formal statement of the extension result established by Pinter ([47], Theorem
3.2.) (slightly reformulated here concerning notation and terminology). It is used in the proof

of Lemma 20.

Theorem 6 Let {(Yn, X, 1)  frn }py nen D€ @ strong projective sequence of probability spaces.

Then the measure projective limit (Y, 3, u) exists and is unique.

It is noteworthy that Theorem 6 provides only a sufficient condition for the existence and
uniqueness of a measure projective limit. For this, see the example in [47]. Finally, observe
that the weak projective sequence of probability spaces in Example 1 has no limit (cf. [12],
Example 7.7.3.).

The proof of Theorem 6 reduces to an adaptation of the one in [47], which we report here
for the sake of completeness.

Proof. Let u be the unique additive set function on the field A = Upenf, ! (X,,) satisfying
7 <?§ '
p.417) We need to show that u is o-additivite on A, so that it can be extended uniquely on o (A)

(A)) =, (A) for all A € ¥,,, n € N. (Such a set function always exists, see e.g. [50],

by the standard Charatheodory procedure. To this end, it suffices to prove that if { By}, oy is
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a decreasing sequence of sets in A such that By | (), then limg_, o o (Bg) = 0. (see Exercise 1.7

in [50].)
Since each By belong to A, there is k,, € N such that By, = f,;nl (Ag,) for some Ay, € X, ,

and ﬂkneN?;nl (Ak,) = 0. Thus we can consider, without loss of generality, a sequence {By}, cx
such that for all n € N,
e B, = f;l (Ay) for some A, € ¥,
-1 -1
b fn (ATL) 2 fn+1 (An+1)7
-1
i mnGan (An) =0.

‘We show that

lim p(B,) = lim p (fnl (An)> = lim p, (4,) =0.

n—oo n—oo n—oo
For that, we need the following three claims.

Claim 4 f, ; (A,) 2 Apya, for alln € N,
Proof. Recall that f, = fnn+10 fny and f;l (Ap) 2 7;11 (Ap+1), so

(fn,n—l—l O?n-&—l)_l (An) = ?;Jlrl ( n_,rlz,—i-l (An)>

|
2 fot1 (Ant1)
Since ?nJrl is surjective, fnﬂ o ?;41_1 turns out to be the identity map, thus

ni}H_l (An) 2 An+1:

as required. W

Now let {Ly},cy be a sequence of subsets of Ag defined as follows:
Lo = {y € Ao| fok ) € (forh (40)) \An }

Note that each L, is not necessarily measurable.
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Claim 5 L, C L1, foralln €N, and L, T Ap.
Proof. Pick y € L,. By definition of Ly, fo_% (y) is not a subset of A,. By Claim 1

T:,vlm+1 (Ap) 2 Apya, s0

f(i%-u (y)

(fO,n o fn,n—i-l)_l (y)
n_,rlz+1 (fo_,% (Z/))

is not a subset of Apy1, that is, y € Lp+1. Thus L, T Ag, i.e., UpenLy = Ap. W

Claim 6 f&}b (L) C (f&fl (AO)) NAp, for alln € N.
Proof. If y € Ln, then f5} (y) C ( fouk (Ag)) \An, hence fo ! (Ly) C ( fok (AO)) \A4,. =

From Claim 6, it follows that

i (fom (L)

where the second equality follows from the measurability of the set ( Jo. Tll (A0)> N\ Ay, and the

fourth equality follows from the definition of weak projective sequence.

Since the projective sequence is strong, from (%) we get

116 (Ln) < g (Ao) — py, (An) -

Moreover, by Claim 5, L,, T Ag, thus

5 (UnetiLn) = lim i (L) = g (Ao)

It follows from (Y9 ) and (% %) that

8. 2.8.9

po (Ao) < pig (Ag) = lim 1, (An),
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which is satisfied if and only if

. . ——1
Jim p, (An) = Jggou(fn (An))
= lim pu(B,) =0.

This proves the o-additivity of p. =

3.7.2 Proof of the measurability of ik

Here we show that H' is a measurable subset of H?. To this end, it is enough to show that

—i

limﬁiZ is a measurable subset of [[>2; H,. The result then will follow from the measure-
o n

theoretic isomorphism between limH,, and H".
o

We need the following auxiliary definition.

Definition 19 The measurable space (X,Xx), or the o-field ¥x, is o-separative if there exists
a countable family A C X x such that for every x,y € X with x # y there exists B € A with
x€Bandy ¢ B.

o-separativity is a strengthening of the definition of separitivity introduced by Liu [36].1°
The following Lemma collects three properties of o-separativity which will be used in the course

of the proof.'0
Lemma 25 (Properties of o-separitivity)
1. The measurable space (A (X),XA) is o-separative.

2. The product of any o-separative measurable spaces is o-separative.

3. Let the function ¢ : (X, Xx) — (Y, Xy) be measurable. If (Y,Xy) is o-separative, then
the graph
G() ={(z,y) e X xY |y =1 (x)}

belongs to the product o-field ¥ x ® Yy .

5The notion of o-separativity is also known under the name of "almost separability" in the literature of
projective systems of measure spaces (e.g., [40]).

'6Claims 1 and 2 in Lemma 25 are an easy adaptation of Lemma 1 in [36], while Claim 3 generalizes Theorem
4.45 in [2).
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Proof. (1) Recall that [0,1]*¥ denotes the space of all set functions A on X such that
A(X) = 1, and is endowed with the product o-field M, that is, the coarsest o-field for
which all evaluation maps e4 : [0,1]%% — [0,1] defined as e4 (\) = A(A) are measurable,
for every A € ¥x. The Borel o-field B([0,1]) of the unit interval is the coarsest o-field
which contains the countable family By = {[p,1] C [0,1] : p € Q}, i.e., B([0,1]) = o (By). Let
Mo = Ugesyey' (0 (Bo)). Then My is a field on [0, 11*¥, and M = o (My). Note that
YA = MNA (X); thus, it is enough to show that M is o-separative. Consider two set functions
L1, fo € [0,1]%% such that p; # py.Thus there exists A € Yx such that yu, (4) > p > py (A),
for p € QN[0,1], hence py € e;' ([p,1]) and py ¢ e ([p,1]), where €' ([p,1]) belongs to
1! (o (Bp)), a countable subfamily of M.

(2) Let © be an arbitrary index set and X, be o-separative for each w € Q. Let X =
[L,cq Xw be endowed with the product o-field, i.e., the coarsest o-field for which the canonical
projections Pr, are measurable. Let x = (z,,),,cq and 2’ = (z7,),,cq be two different points in X.
So, there is w* € Q such .« # z,,.. The o-field ¥x . is o-separative, so there exists a countable
family € C ¥x_. such that z.~ € B and z,. ¢ B, for some B € £. Thus, z GPr;*l (B) and
x' ¢Pr ! (B), and Pr_}! (B) belongs to Pr ! (£), which is a countable subfamily of the product
o-field on X.

(3) Let {E,},cn be a countable family in Xy such that for yi,y2 € Y with y; # y2 there
exists £ € {En}, oy with y1 € E and y2 ¢ E. Denote by 1g, the characteristic function on
each E,. Let ¢ be the real valued function on (X X Y, ¥ x ® Xy ) defined by

S(zy) =) g, @ (@) - 1p, ()]
n=1

Clearly, the function ¢ is measurable, hence ¢~1(0) € Lx ® Yy. But if (z,y) € ¢~ (0) then
1g, (¥ (z)) = 1g, (y) for all n € N, i.e., ¢ (x) = y. Therefore <71 (0) = G (¥), so G (¢) €
YXx @2y, m

We are ready to prove that llnﬁ; is a measurable subset of [[>7, F; Observe that each

,

is a subset of HI";OI A (X l’), which is o-separative by Lemma 25. Therefore both ﬁ; and

o T .
[1°2, H,, are o-separative.
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Denote by iAlﬁl a generic element of F;, ie., iAzﬁl = (pf, oo ply_y, pity), and let

ko () |

n
Eﬁzzzr] {( 37'7 n—1 n) € II l
I=1
By Lemma 25.3, the set

G () = { (Wi B,) € T < I, |

is ¥—i ® ¥—i -measurable, hence the set
Hk H’n,

G(w};n)x’ﬁﬁx ”1:[1 H = {(hl,. S hi 1, n) ﬂ k—wkn@%)}
=1 I=k+1 =1

is a cylinder in Qg g+ 1t follows that also the set
1

ﬁgzﬁ( xHHleHl>

k=1 I=k+1

belongs to g Liggi-
1
Now, let 7%, : [17°, H,, — [}, H,, be the canonical projection. (Hence, 7%, is the restriction

of P, to linﬁ;) It is easy to check that the sequence {(Wn)fl (ﬁﬁb) }nEN is decreasing, where

70 (1) = { () < T

By definition,

5
I

o= N6 ()

n=1

_ {( eHHl

?;:ﬂ};’n(ﬁ%),VnZk},

therefore linﬁ; € ®f212ﬁ;.
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