
Introduction

The equilibrium concept developed by Cournot (1838) is commonly em-
ployed in the analysis of oligopolistic markets. In its most traditional and basic
formulation this concept is aimed at identifying the output price and the out-
put quantities resulting from the decentralized choices of a finite number of
firms producing the same commodity. When regarded as a prediction of a com-
plete theory on firms’ behavior, a Cournot equilibrium should be unique: failing
uniqueness, the realization of a Cournot equilibrium is determined by something
external to the theory, which, therefore, turns out to be incomplete. The pur-
pose of the present work is to establish necessary and sufficient conditions for
the existence of a unique Cournot equilibrium within classes of oligopolies.

The first difficulty one encounters when examining a problem of necessary
and sufficient conditions is the formulation of the problem. The notions of
an inverse demand function and of a cost function, constitutive elements of
the concept of a Cournot equilibrium, are here reviewed so as to obviate some
questionable aspects of the original Cournotian construction. By relying upon
the separation between the inverse demand function and the cost function an
essential class of oligopolies is selected. Four necessary conditions for the exis-
tence of a unique Cournot equilibrium are established on this class. It is then
shown that the same conditions suffice for the existence of a unique Cournot
equilibrium in a much wider class of oligopolies which is very significant from
an economic standpoint. Thus are obtained two propositions on necessary and
sufficient conditions for the existence of a unique Cournot equilibrium.

The sequel is organized as follows. Section 1 describes the economic context
underlying the analysis elaborated in the succeeding sections and provides the
formal definition of an oligopoly. Section 2 discusses the Cournot equilibrium
concept dwelling on the importance of uniqueness. Section 3, in light of the
formulation advanced in Section 1, sets the terms of the problem of necessary
conditions for the existence of a unique Cournot equilibrium and establishes
a first proposition on necessary and sufficient conditions for the existence of a
unique Cournot equilibrium. Section 4 identifies a class of oligopolies satisfy-
ing a certain closure property, explains why this property is desirable from an
economic standpoint and establishes, within this latter class, a second proposi-
tion on necessary and sufficient conditions for the existence of a unique Cournot
equilibrium. Section 5, by drawing a comparison with the scanty literature on
this subject, summarizes the results achieved and provides a justification for
the structure of the problem of necessary and sufficient conditions as here set
forth. Almost all proofs are contained in the appendices that follow Section 3
and Section 4.

This work should be read in full since its various parts cannot be disjoined,
yet by reading Section 5 and skimming the rest one may gain an insight into
the results obtained.
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Notational and Terminological Conventions

This work employs only elementary tools of mathematics. Our notation and
terminology are standard. Here we disambiguate only those conventions which
may be misinterpreted.

A ⊆ B entails that if x ∈ A then x ∈ B.
A ⊂ B entails that A ⊆ B and A �= B.
R denotes the set of all real numbers.
R+ := {x ∈ R : x ≥ 0}.
R− := {x ∈ R : x ≤ 0}.
R++ := {x ∈ R : x > 0}.
R−− := {x ∈ R : x ≤ 0}.
x ∈ R is positive if x > 0.
x ∈ R is negative if x < 0.
x ∈ R is nonnegative if x ≥ 0.
x ∈ R is nonpositive if x ≤ 0.
Let A and B be two nonempty sets such that ∅ /∈ B:
-a single-valued function f : A→ B associates with each x ∈ A one and only
one element of B,
-a multi-valued function f : A→ B associates with each x ∈ A at least one
element of B.
When unspecified it is understood that f : A→ B is a single-valued function
and that ”function” stands for single-valued function.
Let ∅ �= A ⊆ R and f : A→ R. f is:
-increasing if ∀x, y ∈ A, x > y entails that f (x) > f (y),
-decreasing if ∀x, y ∈ A, x > y entails that f (x) < f (y),
-nondecreasing if ∀x, y ∈ A, x > y entails that f (x) ≥ f (y),
-nonincreasing if ∀x, y ∈ A, x > y entails that f (x) ≤ f (y).
Let f : R→ R, ∅ �= A ⊂ R and g : A→ R:
-f is linear if, ∀x ∈ R, f (x) = x (f (1)− f (0)),
-g is linear if there exists an extension of g from A to R which is linear.
Let f : A→ B and C ⊆ A. C is closed under f if ∀x ∈ C f (x) ∈ C.
Let f : A→ R and let f possess a maximum over B ⊆ A:
-max
z∈B

f (z) denotes the maximum of f over B,

-min
z∈B

− f (z) denotes the minimum of −f over B,

-argmax
x∈B

f (x) := { x ∈ B : f (x) = max
z∈B

f (z) },

-argmin
x∈B

− f (x) := argmax
x∈B

f (x).

Let A �= ∅ be a set of reals:
-f ′ (x) denotes the derivative of f : A→ R at x,
-g′+ (x) denotes the right-hand derivative of g : A→ R at x,
-h′− (x) denotes the left-hand derivative of h : A→ R at x.
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1 - Context and Definitions

While turning over the leaves of an economics textbook we may come across
a definition of oligopoly that goes something like this: An oligopoly is a market
form in which a small number of firms compete in the production of commodi-
ties. Prima facie we may be satisfied with this definition, but a closer exam-
ination would lead us to wonder what it really means and specifies1 . Phrases
like ”small number” or ”market form” seem quite vague and the observation
of the fact that the competition of firms has to do with production is not so
illuminating.

This writing focuses on a particular model of competition among produc-
ers devised by Cournot in 18382 . This section circumscribes the context of the
problems to be addressed in the present work, and the definitions, as here for-
mulated, pertain only to our specific subject-matter. Ineffectual generalizations
will be avoided.

We are concerned with a finite set of single-output firms independently pro-
ducing the same good. The market for this good opens periodically and closes
before the end of each period. Production takes place during the market closure,
and, at each opening, the overall quantity produced in the preceding period is
supplied to the market. Henceforth, unless otherwise specified, we shall focus
on the lapse of time occurring between a closing and the succeeding opening.

The firms in question have already incurred fixed costs. These costs are
required to set up production and they cannot be recovered over the time period
under consideration here, hence they are to be considered sunk. This also entails
that, over the same time period, the firms’ technological characteristics cannot
be modified. The productive capacity of a firm is here defined as the set of its
possible production levels and is therefore represented as a subset of the real
line. We denote by Ki the productive capacity of a generic firm i. In our context
the presence of sunk costs explains the fixity in the number of firms: were sunk
costs absent the number of firms need not be fixed.

These sunk costs, mirroring a past choice of adoption of a specific technology,
determine the productive capacity and the cost function of each firm. The cost
function of a firm assigns to each feasible output level its least production cost.
The productive capacity of a firm is the domain of the cost function of that
firm. We denote by ci the cost function of a generic firm i. It should be clear
that ci is a function from Ki to R.

We assume that each productive capacity contains the null output level and
at least one positive output level. The former assumption follows from the idea
that inaction is possible, while the latter makes the choice problem nontrivial.
We also assume that each productive capacity is a closed convex subset of the

1 The reader may enjoy Edward H. Chamberlin’s ”On the Origin of Oligopoly”, The Eco-
nomic Journal (1957), in which the writer claims the authorship of the term ”oligopoly”.

2 Antoine Augustine Cournot, Recherches sur les principes mathématiques de la théorie

des richesses, 1838.
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nonnegative real half-line. These assumptions entail that if two output levels
are feasible then every intermediate level is feasible and that the productive
capacity contains its boundary.

We assume that, at each opening, the aggregate production is supplied to the
market3 , where it is sold at the greatest monetary value at which it is entirely
demanded. When the aggregate production is positive the monetary value of
the sale is apportioned to the firms proportionally to the quantities produced,
and when the aggregate production is null each firm receives nothing from the
sale.

The reader acquainted with the literature on Cournot equilibrium might be
surprised not to find the usual construction based on the inverse of the Walrasian
demand multi-valued function. That construction resorts to the idea that the
firms announce the same market-clearing price. Now, if the sale mechanism were
centralized our firms would not set any price, and if the sale mechanism were
decentralized our firms could freely set the prices, which, in principle, may also
differ from one another. In Cournot’s model this last possibility is not even taken
into account since there exists a single price for the output, whatever the seller.
For this reason, and unlike Cournot4 , we shall not assume the firms to set prices;
yet we shall not assume price-taking behavior either. We shall simply assume
the existence of a centralized sale mechanism according to which the revenue
coming from the sale of the entire aggregate production is shared by the firms.
At the end of this section we shall introduce a function, named price function,
which can be mathematically treated as an inverse demand function. The reader
may be surprised to see coming back trough the window what has been thrown
out through the door; actually what will be coming back is something different
but allows us to preserve the usual form of the model, so that replacing the
phrase ”price function” with ”inverse demand function” all the results of this
work continue to hold even when the concept of an inverse demand function is
maintained.

The multi-valued aggregate revenue function is a multi-valued function r :
R+ → R+ associating with each nonnegative level of aggregate supply all the
possible monetary values at which that level of aggregate supply is entirely
demanded. Thus the multi-valued aggregate revenue function is a primitive
concept, and if it is true that it is not based on the maximizing behavior of
the agents of the economy, of which our firms are integral part, it is also true
that this lack is not felt, since we are not considering the economy as a whole.
In particular, the introduction of extrinsic concepts, such as that of a Wal-

3 We are implicitly assuming that the good is supplied only by the producers.
4 Taking into consideration a couple of firms managed by two different proprietors Cournot

writes: ”Proprietor 1 can have no direct influence on the determination of D2 [ the production
level of the second firm ]: all that he can do, when D2 has been determined by proprietor 2,
is to choose for D1 [ the production level of the first firm ] the value which is best for him.
This he will be able to accomplish by properly adjusting his price”. The original Cournotian
price formation mechanism is in a sense inconsistent with the rest of the model in which only
the levels of production are treated as independent variables. The murkiness in the deserved
distinction between independent and dependent variables has given rise to various criticisms,
among the most notable ones that of Bertand, that of Edgeworth and that of Pareto.
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rasian demand function, seems to the writer just a straining which explains
little but burdens our model with unnecessary assumptions. The definitions
provided so far suffice for the definition of an oligopoly. An oligopoly is a 4-
tuple (r, n, (K1, ..,Kn) , (c1, .., cn)), where r is a multi-valued aggregate revenue
function for a good γ, n is a positive integer number representing the number
of firms producing γ, Ki is firm i’s productive capacity, ci : Ki → R is firm i’s
cost function, (K1, ..,Kn) is an n-tuple of productive capacities and (c1, .., cn)
is a n-tuple of cost functions.

In the following we shall assume that r (0) := {0}, that r is compact-valued,
that each level of aggregate supply x is sold at max r (x) and that the function
r̄ : R+ → R+, r̄ : x 
→ max r (x) is continuous over R+. Let us examine these
assumptions one by one. The fact that a null level of supply is associated only
with a null revenue seems hardly questionable. The idea that r is compact-
valued entails that the image of r, at every point of its domain, is a closed
and bounded set, in particular is bounded since we imagine that for every level
of supply there exists a positive level of possible revenues which cannot be
overcome. The previous assumption allows r̄ to be defined over R+. Also in
this case it seems quite natural to assume that each quantity is sold at the
greatest monetary value among the possible ones. Continuity of r̄ derives from
the idea that there are no jumps in the values attained by this function.

Before providing the definition of a price function we can introduce three
more assumptions ruling out a few trifling cases. We assume that r̄ is null for
at least one value of R++, that r̄ is locally Lipschitz continuous at 0 5 and that
lim inf
x→0+

r̄(x)
x > 0. The first assumption derives from the idea that there exists

at least one level of supply, exceeding physically reasonable sizes, at which the
commodity ceases to be an economic good. Local Lipschitz continuity of r̄ at
0 entails that lim sup

x→0+

r̄(x)
x is a real number6 . There is no particular economic

reason to discard the cases lim sup
x→0+

r̄(x)
x = +∞ and lim inf

x→0+

r̄(x)
x = 0, yet, to

the writer, there is no particular reason to think that they are economically
significant: they are discarded for analytical convenience.

Given the previous definitions and assumptions we can now derive from the
multi-valued aggregate revenue function r a function p, named price function,
which will be extremely convenient in the next sections. The price function
is a function p : R+ → R+ such that p (x) := max r(x)

x for every x > 0 and
p (0) := lim sup

x→0+
p (x). Hence, for every positive x, p (x) is, very simply, the

greatest unitary value of the aggregate revenue at x. Because of our assumption
on r, p is continuous over R++ and bounded over bounded sets, and the set
{x ∈ R++ : p (x) = 0} has a minimum. We have explained how, under the con-
ditions mentioned above, to derive the price function from an aggregate revenue

5 Let D ⊆ R and x◦ ∈ D. f : D → R is Lipschitz continuous at x◦ if there exist a number
k ∈ R+ such that, ∀x ∈ D, |f (x)− f (x◦)| ≤ k |x− x◦|.

f : D → R is locally Lipschitz continuous at x◦ if there exist a number k ∈ R+ and an
open bounded interval I containing x◦ such that, ∀x ∈ D ∩ I, |f (x)− f (x◦)| ≤ k |x− x◦|.

6 For instance, the price function r̄ : x 	→ √
x is not locally Lipschitz continuous at 0.
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function; it is straightforward to verify that p (x)x = r̄ (x) = max r (x) for every
nonnegative aggregate supply x.

We can now give the definition of an oligopoly which, unless otherwise spec-
ified, will be valid throughout this work. On this definition we shall construct
the classes of oligopolies which will be the basis of our study in the sequel.

Definition 1 Let p : R+ → R+ be a price function. We define an oligopoly

(p, n, (K1, ..,Kn) , (c1, .., cn)) as a 4-tuple of the following components: a price
function p; a positive integer number n of firms; an n-tuple of productive ca-
pacities (K1, ...,Kn) such that Ki, for i = 1, .., n, is a closed real interval with
minimum 0 and nonempty interior; an n-tuple of cost functions (c1, ..., cn) such
that ci : Ki → R+, for i = 1, .., n.7

Henceforth we shall assume that all of the firms in an oligopoly mutually
know the structure of the oligopoly.

Definition 2 Given a price function p, we define Op the set of all oligopolies
(p, n, (K1, ..,Kn) , (c1, .., cn)) with price function p. We define O

p
lin the set of all

oligopolies in Op with increasing and linear cost functions. We define Oplin(2)
the set of all oligopolies in Oplin with at least 2 firms. We define O

p
cvx the set

of all oligopolies in Op with increasing, continuous and convex cost functions
null at 0. We define Opinc the set of all oligopolies in Op with increasing cost
functions.

The reason why the structure of these classes of oligopolies is crucial for
our analysis will be clear in the next sections, now a justification is given for
regarding convex cost functions and linear cost functions as the most significant
classes of cost functions within the context so far set forth.

Let us consider an oligopoly with n firms, and let us assume that the tech-
nology of each firm i = 1, .., n is described by the usual production function
fi

8 , from a convex closed set Bi, such that 0 ∈ Bi ⊆ R
mi

+ and Bi∩ R
mi

++ �= ∅,
onto the productive capacity Ki. Let us now assume that fi is continuous, con-
cave and null at the origin. These latter three assumptions embody the idea of
nonincreasing returns to scale, which seems a natural assumption when, as in
our case, fixed sunk costs have already been incurred and fixed nonsunk costs
are null. If input prices are positive and fixed then we have that ci is a convex,
increasing and continuous cost functions null at 0; obviously the domain of ci is
Ki. A particular but significant case is when, in addition to the previous con-
ditions, Bi coincides with

{
Bi +R

mi

−

}
∩Rmi

+ and fi can be extended to Rmi

+ as
a production function of the Leontief type fexti : Rmi

+ → R+, fexti : (x1, .., xmi
)


→ min {a1x1, ..., ami
xmi

}. fexti captures the idea of constant returns to scale
and entails the existence of a single optimal ratio of inputs, and it is perhaps

7 In this definition it is understood that in each oligopoly the domains of the cost functions
and of the price function are not sets of pure numbers but sets of quantities with the same
physical unit of measurement.

8 In our case fi associates with each vector of variable input quantities x the maximum
amount of output that can be produced with x.
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the simplest kind of technology one can imagine. When such an extension is
possible the cost function associated with fi is also linear.

In the previous reasoning we have assumed that for each input there exists a
unique positive price and that input prices are fixed. The existence of a unique
price, sometimes justified by the so-called ”law of one price”, is here only a con-
venient and arbitrary assumption. The fixity of input prices embodies the idea
that the formation of input prices is not affected by the aggregate demand of the
firms of the oligopoly, that is, the influence exerted on input prices by the firms
of our oligopoly, whatever their aggregate demand for inputs, is negligible with
respect to the price levels that would occur if that oligopoly were not present.
This assumption is particularly strong when Bi is not bounded: in this case it
is difficult to admit that, whatever the aggregate demand, the effect on input
prices is negligible. For this reason the case of bounded productive capacities9

seems more acceptable than that of unbounded productive capacities.
We can now provide the definition of a profit function. We shall denote by πi

the profit function of firm i. Given an oligopoly (p, n, (K1, ..,Kn) , (c1, .., cn)), πi
associates with every vector (q1, .., qn) ∈

∏n
i=1Ki the monetary value of firm i’s

revenue at (q1, .., qn), which is a share p (q1 + ..+ qn) qi of the aggregate revenue
p (q1 + ..+ qn) (q1 + ..+ qn), minus the production cost of qi for firm i, that is
ci (qi). More formally:

Definition 3 Given an oligopoly (p, n, (K1, ..,Kn) , (c1, .., cn)), the profit func-
tion of firm i (i = 1, .., n) is:

πi :
∏n
i=1Ki → R, πi : (q1, .., qn) 
→ p (q1 + ..+ qn) qi − ci (qi) .

2 - Cournot ”Equilibrium”

Thus far we have defined the concept of an oligopoly but nothing has been
said about firms’ behavior. This we shall do here by providing a definition of a
Cournot equilibrium and an interpretation thereof.

Given an oligopoly o = (p, n, (K1, ..,Kn) , (c1, .., cn)) a Cournot equilibrium
is a vector e ∈

∏n
i=1Ki such that ei maximizes each firm i’s profit function

when the overall output of the other firms is
∑
j �=i ej. More formally:

Definition 4 Let o := (p, n, (K1, ..,Kn) , (c1, .., cn)). A vector e = (e1, .., en) ∈∏n
i=1Ki is a Cournot equilibrium for o if:

ei ∈ argmax
qi∈Ki

p
(
qi +

∑
j �=i ej

)
qi − ci (qi) ∀i = 1, .., n.

9 Under our continuity assumption on fi, if Bi is bounded so is Ki = fi (Bi).
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The concept of equilibrium relies fundamentally on the notion of a dynamical
system. The word ”equilibrium” is not to be taken in the restrictive sense
of ”economic equilibrium” but in its most general sense. An equilibrium is
a state10 which does not change over time. A state is an equilibrium only in
relation to a certain dynamical system and, in principle, it cannot be regarded
as an equilibrium if there does not exist a criterion for determining its temporal
evolution.

In Cournot’s Recherches the competition of producers is formulated as a
production-adjustment process converging to a unique equilibrium. Therein the
idea of equilibrium is justified by the existence of a dynamical conception of
competitive behavior. With no reference to a dynamical system it is not correct
to consider a vector which satisfies the above definition of a Cournot equilibrium
an equilibrium stricto sensu. What is really difficult to understand is why
some analyses which pretend to provide a dynamical interpretation of Cournot
equilibrium are concerned with its uniqueness. If we have good economic reasons
for being interested in a particular dynamical system then we ought to study that
system without expecting predetermined characteristics of the set of equilibria11 .
In particular, the multiplicity of equilibria ought not to be a cause for concern.

On the other hand we may prescind from a dynamical perspective and focus
on a mere relation of causality between states. Working this way we associate
with a state one consequent state that satisfies certain conditions. What we
cannot do is to associate with a state two or more consequent states: this is
not a causal relation since the realization of two or more states is impossible.
In this work a Cournot equilibrium is regarded as the productive configuration
associated with an oligopoly within the context described in the previous section.
The relation between oligopoly and productive configuration is causal, hence
a Cournot ”equilibrium” must be thought of as a conditional prediction of a
theory. In this context the term ”equilibrium” is a misnomer since we are not
making reference to any dynamical system; nevertheless we retain this term
because of its common usage. The fact that a Cournot equilibrium is here
regarded as a prediction of a theory is a first good reason for being interested
in conditions ensuring the existence of a unique equilibrium: if two or more
equilibria exist the realization of a Cournot equilibrium, which is unique in any
case, is determined by something external to the theory, which, therefore, turns
out to be incomplete.

For several years the Cournot equilibrium — because of its resemblance to the
Nash equilibrium — has been thought of as the result of rational behavior and
not as an arbitrary assumption on firms’ behavior. Actually it was a received
wisdom which has turned out to be false in several respects, even under strong
assumptions on agents’ knowledge. We are not going to provide any justification
for the Cournot equilibrium concept since, in any case, every justification must

10 A state of a system is a complete description of the configuration of the elements of that
system. Therefore the states of a same system are mutually exclusive.

11 Certainly the problem of uniqueness remains interesting from a merely mathematical
viewpoint.
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rely on assumptions which are necessarily arbitrary12 , and in this sense assuming
the validity of a certain behavior is not more arbitrary than assuming the validity
of the assumptions justifying that behavior.

What we want to point out now is that the importance of uniqueness is not
diminished even when firms are assumed to independently forecast the realiza-
tion of a Cournot equilibrium. When there exists a unique Cournot equilibrium
all firms share the same forecast; this may not happen when many equilibria
exist. The following example shows that a multiplicity of equilibria may gener-
ate outcomes that are inconsistent with the Cournot equilibrium concept, even
when each firm independently forecasts the realization of a Cournot equilibrium.

Let p : R+ → R+, p : x 
→ max {0,min {4− x, 6− 3x}} be a price function,
let K1 := [0, 1] and K2 := [0, 1] be the productive capacities of firms 1 and
2, and c1 : [0, 1] → R+, c2 : [0, 1] → R+, c1 : x 
→ 2x, c2 : x 
→ 2x be
their cost functions. The set of Cournot equilibria for (p, 2, (K1,K2) , (c1, c2)) is
E := {(x1, x2) ∈ [1/3, 2/3]× [1/3, 2/3] : x1 + x2 = 1}, namely the set of convex
combinations of the vectors (2/3, 1/3) and (1/3, 2/3). Notice that for every
vector in E the sum of the profits of the two firms is 1, and therefore the Pareto
efficient subset of E is E. Firm 1 may forecast the realization of (1/2, 1/2), thus
producing 1/2 whereas firm 2 may forecast the realization of (2/3, 1/3), thus
producing 1/3. Yet (1/2, 1/3) is not a Cournot equilibrium. This shows that
when firms forecast the realization of a Cournot equilibrium, but not of the same
Cournot equilibrium, the eventual outcome need not be a Cournot equilibrium.
One may say that firms can coordinate. Actually this is a possibility we have not
excluded. But in that case firms need to agree upon a Cournot equilibrium13 .
The fact that firms are able to come to an agreement is not plain: according
to the previous example the set of Cournot equilibria coincides with its own
Pareto efficient subset, which entails that, in E, the firms’ interests are mutually
conflicting.

3 - Necessary Conditions

In this section we shall establish necessary and sufficient conditions for the
existence of a unique Cournot equilibrium in sets of oligopolies with linear cost
functions and the same price function. Particular emphasis will be placed on
the necessity of the conditions.

In the context discussed in the first section the notion of a price function
is independent from the notion of a firm. This conceptual independence is

12 Any justification for an assumption necessarily relies on other assumptions. If we try to
justify these latter assumptions we still need to rely on other assumptions. This brings forth
a chain of justifications which can end only with a set of unjustified assumptions.

13 Notice that, in the previous example, the set of Cournot equilibria coincides with the set
of Nash equilibria and with the set of coalition-proof Nash equilibria (in the sense of Bernheim
et al. (1987)) of the game associable with the oligopoly under discussion.
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preserved in our formulation of the problem of the necessity of conditions for the
existence of a unique Cournot equilibrium. In many problems of entry, adoption
of a technology or horizontal mergers, one cannot regard as exogenously fixed
the number of firms and their cost functions. Often these problems are devised
as games in extensive form in which, typically, the final subgames are games
of oligopolistic competition a là Cournot. At each initial node of these final
subgames the existence and the structure of an oligopoly are determined by the
choices of entry, adoption of a technology or merger implemented at preceding
nodes. The set of Nash equilibria for each of these final subgames coincides
the set of Cournot equilibria of the oligopoly generated at that final subgame14 .
When all the oligopolies generated in a game of this type possess a unique
Cournot equilibrium, we can simplify the study and the search of the pure
strategy subgame perfect equilibria of the overall game15 by replacing each final
subgame with the unique tuple of Cournot equilibrium profits of the oligopoly
generated at that subgame. But a proposition on the uniqueness of a Cournot
equilibrium can be useful for all problems of this kind only if it considers all of
the oligopolies which, in principle, can be therein generated.

The conceptual separation between the notion of a price function and the
notion of a firm allows us to construct many oligopolies with the same price func-
tion but different numbers of firms, different productive capacities and different
cost functions. Hence the problem of both the necessity and the sufficiency of
conditions should be formulated on the set of all the oligopolies which can be
formed with a same price function by allowing an indefinite number of firms to
choose their cost functions from among general classes of cost functions. Several
economic arguments can be posed to justify the restriction of the class of pos-
sible cost functions to some particular classes. Certainly, the reasonableness of
these arguments crucially depends on the context. Given our considerations16

on the cost functions of firms which have already incurred fixed costs, the class
of convex cost functions seems to be the most significant class to be considered
in such problems, hence this class will be taken into consideration in the next
section when deriving sufficient conditions for the existence of a unique Cournot
equilibrium. Here concern is with necessary conditions, which instead, for their
being necessary, ought to be derived on a very basic class of cost functions. The
case of single-product firms with increasing linear cost functions fills an impor-
tant role since linear cost functions are the most basic. Establishing necessary
conditions on p for the existence of a unique equilibrium for every oligopoly in
Oplin entails establishing necessary conditions on p for the existence of a unique
equilibrium for every oligopoly in Opcvx, in Opinc and, more generally, in every
superset of Oplin. In order to avoid particular cases, which may raise objections,

14 A plethora of models follows the above general pattern. Several examples and references
can be found in the twelfth chapter of Microeconomic Theory, by Mas-Colell, Whinston and
Green, and in any standard textbook of Industrial Organization.

15 In particular it may simplify the investigation of conditions for the existence of a unique
pure strategies subgame perfect Nash equilibrium for these types of games.

To the writer, the argument for uniqueness developed in the second section ought to be
extended also to the concept of a subgame perfect Nash equilibrium.

16 See the first section.
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the problem of the necessity of conditions is formulated on the subset of Oplin
whose members are oligopolies with at least two firms, namely Oplin(2).

The proof of the following proposition is quite long and complex. The most
important conclusion is the ”only if ” part of the proposition. The proof thereof
is given in Appendix A. The proof of the ”if” part of the proposition is in Ap-
pendix C: in that proof we show that the necessary conditions for the existence
of a unique Cournot equilibrium for every element in Oplin(2) suffice for the ex-
istence of a unique Cournot equilibrium for every element in Opcvx, which is a
superset of Oplin(2).

Proposition 5 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) >

0. Let q0 := min {x ∈ R++ : p (x) = 0} and qµ : [0, q0) → R, qµ : z 
→
minargmax

x∈[0,q0]

p (z + x)x. Every oligopoly in Oplin(2) has a unique Cournot equi-

librium if and only if:

1. p is continuously differentiable over (0, q0),

2. p (q + z) q is quasiconcave in q over R+, ∀z ∈ R+,

3. p (q + z) q is strictly concave in q over (0, qµ (z)), ∀z ∈ [0, q0),

4. for every integer m ≥ 1, ∀x ∈ (0, q0),∀y ∈ [0, x],∀z ∈ (0, q0 − x), p′ (x) y +
mp (x) > 0 entails that p′ (x) y+mp (x) > p′ (x+ z) (y + z) +mp (x+ z).

Let us now discuss the main steps of the proof of the ”only if” part (Appendix
A). We first show that p must be decreasing over (0, q0) and nonincreasing over
R+

17 . The reader may be surprised not to find this condition enumerated in the
list of necessary conditions, yet, since we are dealing with necessary conditions,
its absence does not affect the necessity of the other four conditions. We shall
return to this point later when dealing with the ”if” part of the proposition.

Having established that p must be decreasing over (0, q0) and nonincreasing
over R+, we restrict to such a set of functions to investigate the necessity of
other properties. The reason for this restriction is simple: if the property does
not hold then we can construct an oligopoly in Oplin(2) with at least two Cournot
equilibria. This way of proving the necessity of a condition is common to all our
proofs of necessary conditions; it is important to remark that the structure of the
proofs is constructive in the sense that we show how to construct an oligopoly
with at least two Cournot equilibria whenever the condition under consideration
does not hold. It must be noticed that the monotonicity of p, which is usually
assumed without clear justification, is here proved to be necessary.

Then we show that p (q + z) q must be strictly concave in q over (0, qµ (z)),
∀z ∈ [0, q0). The proof of this condition is split into two parts. First we show the

17 Notice that when p is nonincreasing over R+ then p must be continuous over R+ (recall
that p is continuous over R++ and p (0) = lim sup

x→0+
p (x)) moreover p (x) > 0 ∀x ∈ [0, q0) and

p (x) = 0 ∀x ≥ q0.
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necessity of concavity and then the necessity of strict concavity; this separation
simplifies the proof. This condition entails that the revenue of a firm when the
overall production of other firms is fixed at any z ∈ [0, q0), must be strictly
concave over (0, qµ (z)), where qµ (z) is the least maximizer of the revenue of
that firm when the overall production of the firms is z.

Continuing to restrict the set of admissible functions we find that the con-
tinuous differentiability of p over (0, q0) is a necessary condition: this condition
entails that, over (0, q0), the right-hand and the left-hand marginal revenue
must exist and be equal, and that, over (0, q0), the marginal revenue must vary
continuously. This condition is an usual assumption in the literature on the
existence of a Cournot equilibrium, yet its necessity has never been proven.
This result is obtained by means of linear cost functions, which, certainly, pos-
sess a linear and differentiable extension to R. Therefore the necessity of the
continuous differentiability of p cannot be supposed to be determined by the
nondifferentiability of some cost function at some interior point of its domain.

Another condition usually assumed in the literature on the existence of a
Cournot equilibrium appears as a necessary condition: p (q + z) q must be qua-
siconcave18 in q over R+, ∀z ∈ R+. This condition entails that the revenue of
a firm, when the aggregate production of other firms is fixed at any nonnega-
tive level z, must be quasiconcave. In the literature this assumption is usually
introduced to ensure the existence of a Cournot equilibrium. It is noteworthy
that we do not show that the absence of this condition entails the emptiness
of the set of equilibria, but, quite the reverse, the existence of a multiplicity of
equilibria.

The last condition is more complex. It says that, given an overall production
x ∈ (0, q0), if, for a positive integer m, the marginal revenue of a firm that
produces y/m ≤ x/m is positive, then it must be strictly greater than the
marginal revenue of the same firm when the overall production is x+ z and its
production is (y + z) /m, for every z ∈ (0, q0 − x). Another interpretation of the
same condition is the following: whenever for an overall production x ∈ (0, q0)
there exist two sets of firms, the first with m ≥ 1 firms and the second with
l ≥ 0 firms, such that the overall production of the m firms is y ≤ x, if the
value of the sum of their marginal revenues is positive then it must be strictly
greater than the value of the sum of their marginal revenues when their overall
production increases by z, for every z ∈ (0, q0 − x), and the production of the
other l firms does not change.

We must notice that when the first three conditions hold the fourth condition
effectively restricts the set of admissible functions only if m > 1; since we shall
not use this implication we do not prove it; yet it can be easily verified by the
reader.

In the following section we shall prove that conditions 1 to 4 suffice for the
existence of a unique Cournot equilibrium for every oligopoly in Opcvx. Since

18 Let A be a real interval. A function g : A→ R is quasiconcave if ∀x1, x2 ∈ A,∀l ∈ R,
∀α ∈ [0, 1] g (x1) ≥ l and g (x2) ≥ l implies that g (αx1 + (1− α)x2) ≥ l; g is strictly
quasiconcave if ∀x1, x2 ∈ A,∀l ∈ R, ∀α ∈ (0, 1) g (x1) ≥ l , g (x2) ≥ l and x1 �= x2 implies
that g (αx1 + (1− α)x2) > l.
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Oplin(2) ⊂ Opcvx we can easily deduce that conditions 1 to 4 suffice for the exis-
tence of a unique Cournot equilibrium for every oligopoly in Oplin(2). Thus the
validity of the ”if” part of previous proposition should be clear. We leave to the
next section the detailed proof of this, here we hark back to an issue we have
hinted at before. A necessary condition requires p to be decreasing over (0, q0)
and nonincreasing over R+, we have not listed this condition with the other
necessary conditions. This lack not only does not affect the necessity of the
other four conditions but does not affect the set of admissible functions either.
The reason is simple: when conditions 1 through 3 hold then p must be decreas-
ing over (0, q0) and nonincreasing over R+. The following proposition gives a
formal statement of this; we also notice that conditions 1 through 3 imply that
the derivative of p must be negative over (0, q0).19

Proposition 6 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) >

0. Let q0 := min {x ∈ R++ : p (x) = 0} and qµ : [0, q0) → R , qµ : z 
→
minargmax

x∈[0,q0]

p (z + x)x. p is decreasing over [0, q0], nonincreasing over R+, and

in particular p′ (x) < 0 ∀x ∈ (0, q0) and p (x) = 0 ∀x ≥ q0, if:

1. p is continuously differentiable over (0, q0),

2. p (q + z) q is strictly concave in q over (0, qµ (z)), ∀z ∈ [0, q0),

3. p (q + z) q is quasiconcave in q over R+, ∀z ∈ R+.

The simple proof of this proposition is in Appendix B.

Appendix A
Proposition 7 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) > 0.

Let q0 := min {x ∈ R++ : p (x) = 0}. Every oligopoly in Oplin(2) has a unique

Cournot equilibrium only if p is nonincreasing over R+ and decreasing over

(0, q0).

Proof. To prove the proposition it suffices to prove that for every z >
0, such that p (z) > 0, p must be decreasing over (0, z). Let us admit that
there exists a value z > 0, such that p (z) > 0 and p is not decreasing over
(0, z). Therefore, by continuity of p, there exist two values, say x◦ and x◦◦,
such that x◦◦ > x◦ > 0, p (x◦◦) ≥ p (x◦) and p (x) > 0 ∀x ∈ [x◦, x◦◦]. If
p (x◦◦) = max

x∈[x◦,x◦◦]
p (x) let x2 := x◦◦, otherwise let x2 := min argmax

x∈(x◦,x◦◦]

p (x),

19 Let A ⊆ R be open. If f : A→ R is differentiable and decreasing then f ′ may be null.
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and let x1 := min argmin
x∈[x◦,x2]

p (x). Clearly x2 > x1 > 0, p (x2) ≥ p (x) > 0

∀x ∈ [x1, x2] and 0 < p (x1) ≤ p (x) ∀x ∈ [x1, x2]. If p is constant over [x1, x2]

let x̄ := x1 +
x2−x1
2 otherwise let x̄ := min { x ∈ (x1, x2) : p (x) =

p(x2)+p(x1)
2 }.

In either case
x2 > x̄ > x1 > 0,

p (x2) ≥ p (x) > 0 ∀x ∈ [x1, x2] , (1)

and
p (x̄) ≥ p (x) > 0 ∀x ∈ [x1, x̄] . (2)

Let α := p (x2) and β := p(x1)
2 > 0. Let ν ≥ 1 be an integer number such that

νy = x̄ for some y ∈ (0, x̄− x1). By (1) we have that:

p (x2) (x2 − x̄)− α (x2 − x̄) ≥ p (νy + q) q − αq ∀q ∈ [0, x2 − x̄] , (3)

p (νy + 0) 0− α0 ≥ p (νy + q) q − αq ∀q ∈ [0, x2 − x̄] , (4)

and
p (x2) y − βy ≥ p (x2 − y + q) q − βq ∀q ∈ [0, y] . (5)

By (2) we have that:

p (νy) y − βy ≥ p ((ν − 1) y + q) q − βq ∀q ∈ [0, y] . (6)

Let us now consider the oligopoly o := (p, ν + 1, (K1, ...,Kν+1) , (c1, ..., cν+1))
where Ki := [0, y], ci : Ki → R+, ci : x 
→ βx, ∀i = 1, .., ν, and Kν+1 :=
[0, x2 − x̄], cν+1 : Kν+1 → R+, cν+1 : x 
→ αx. It is trivial that o ∈ Oplin(2).
We can show that e1 := (y, ..., y, x2 − x̄) and e2 := (y, .., y, 0) are two different
Cournot equilibria for (p, ν + 1, (K1, ...,Kν+1) , (c1, .., cν+1)). Since x2 > x̄ then
e1 �= e2.

Let us consider e1. The aggregate production of the first ν firms is νy, by
(3) we know that (x2 − x̄) maximizes the profit function of firm ν+1 when the
other firms produce νy. For any firm i �= ν+1, the aggregate production of the
other firms is (ν − 1) y + (x2 − x̄) = x2 − y, by (5) we know that y maximizes
the profit function of firm i when the other firms produce x2 − y. Therefore e1
is a Cournot equilibrium for o.

Let us consider e2. The aggregate production of the first ν firms is νy, by
(4) we know that 0 maximizes the profit function of firm ν + 1 when the other
firms produce νy. For any firm i �= ν+1: the aggregate production of the other
firms is (ν − 1) y, by (6) we know that y maximizes the profit function of firm i
when the other firms produce (ν − 1) y. Therefore e2 is a Cournot equilibrium
for o.

Hence whenever p is not nonincreasing over R+ or not decreasing over (0, q0),
we can construct an oligopoly in Oplin(2), with two different equilibria.

Proposition 8 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) >

14



0. Let q0 := min {x ∈ R++ : p (x) = 0} and qµ : [0, q0) → R, qµ : z 
→
minargmax

x∈[0,q0]
p (z + x)x. Every oligopoly in Oplin(2) has a unique Cournot equi-

librium only if p (q + z) q is concave in q over (0, qµ (z)), ∀z ∈ [0, q0).

Proof. By the previous proposition p must be nonincreasing over R+ and
decreasing over (0, q0). Let us admit that there exists a value ỹ ∈ [0, q0) such
that p (q + ỹ) q is not concave in q over (0, qµ (ỹ)) ⊂ [0, q0]. This entails that
there exist four real values ỹ ∈ [0, q0), x◦, x◦◦, and γ ∈ (0, 1) such that qµ (ỹ) >
x◦◦ > x◦ > 0, and

γp (x◦ + ỹ)x◦ + (1− γ) p (x◦◦ + ỹ)x◦◦ > p (x̄+ ỹ) x̄, (1)

where x̄ := γx◦ + (1− γ)x◦◦. By continuity of p there exists a positive value
ȳ < q0 − x◦◦ such that for every z ∈ [0, ȳ]

γp (x◦ + ỹ + z)x◦ + (1− γ) p (x◦◦ + ỹ + z)x◦◦ > p (x̄+ ỹ + z) x̄. (2)

Since qµ (ỹ) > x◦◦, by continuity of p there exists a positive value y̆ < ȳ such
that for every z ∈ [0, y̆], qµ (ỹ + z) > x◦◦. Let

y′ := min {x ∈ (0, y̆] : p (ỹ + x)x = p (y̆ + ỹ) y̆} .

Let y := ỹ + y′ and qyµ := qµ (y). By construction p (y) y′ ≥ p (y + z) (y′ + z)
∀z ∈ [−y′, 0]; therefore

−
p (y + z)

y′
≤

p (y + z)− p (y)

z
∀z ∈ [−y′, 0) . (3)

Let λ1 := min
z∈[−y′,0]

−p(y+z)
y′ < 0, we have that

λ1 ≤
p (y + z)− p (y)

z
∀z ∈ [−y′, 0) . (4)

Let m1 : R+ → R , m2 : R+ → R, m3 : R+ → R be three functions such that
m1 : α 
→ max

x∈[0,x̄]
[p (y + x)x− αx], m2 : α 
→ max

x∈[x̄,qyµ]
[p (y + x)x− αx], and m3 :

α 
→ max
x∈[0,qyµ]

[p (y + x)x− αx]. Since by definition p
(
qyµ + y

)
qyµ > p (q + y) q

∀q < qyµ then m2 (0) > m1 (0). Let α◦ := 2
p(qyµ+y)q

y
µ

x̄ . Since p (y + 0) 0−α◦0 = 0

then m1 (α
◦) ≥ 0; since 0 > p

(
qyµ + y

)
qyµ − α◦x̄ > max

x∈[x̄,qyµ]
[p (y + x)x− α◦x]

then m2 (α◦) < m1 (α◦). Since m1,m2 and m3 are continuous over [0, α◦] there
exists a value say ᾱ such that ᾱ > 0 and m2 (ᾱ) = m1 (ᾱ). By (2) we have that

γ [p (x◦ + y)− ᾱ]x◦ + (1− γ) [p (x◦◦ + y)− ᾱ]x◦◦ > [p (x̄+ y)− ᾱ] x̄,

this entails that [p (x◦ + y)− ᾱ]x◦ > [p (x̄+ y)− ᾱ] x̄ or [p (x◦◦ + y)− ᾱ]x◦◦ >
[p (x̄+ y)− ᾱ] x̄ or both, therefore x̄ /∈ argmax

x∈[0,qyµ]

[p (y + x)x− ᾱx]. Since x̄ /∈
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argmax
x∈[0,qyµ]

[p (y + x)x− ᾱx] and m2 (ᾱ) = m1 (ᾱ) = m3 (ᾱ) there must exist two

values, say x1 and x2 such that:

qyµ ≥ x2 > x̄ > x1 ≥ 0,

x1 := min argmax
q∈[0,qyµ]

[p (y + q) q − ᾱq] , (5)

x2 := maxargmax
x∈[0,qyµ]

[p (y + q) q − ᾱq] . (6)

Let λ2 := min
q∈[−x2,0]

−p(y+x2+q)+ᾱ
x2

. By (6) we have that p (y + x2)x2 − ᾱx2 ≥

p (y + x2 + q) (x2 + q) − ᾱ (x2 + q) ∀q ∈ [−x2, 0], therefore −p(y+x2+q)+ᾱ
x2

≤
p(y+x2+q)−p(y+x2)

q ∀q ∈ [−x2, 0) and

λ2 ≤
p (y + x2 + q)− p (y + x2)

q
∀q ∈ [−x2, 0) .

If x1 > 0 let λ3 := min
q∈[−x1,0]

−p(y+x1+q)+ᾱ
x1

< 0 , in this case by (5) we have that

p (y + x1)x1−ᾱx1 ≥ p (y + x1 + q) (x1 + q)−ᾱ (x1 + q) ∀q ∈ [−x1, 0), therefore
−p(y+x1+q)+ᾱ

x1
≤ p(y+x1+q)−p(y+x1)

q ∀q ∈ [−x1, 0) and

λ3 ≤
p (y + x1 + q)− p (y + x1)

q
∀q ∈ [−x1, 0) .

If x1 > 0 let λ := −min {λ2, λ3} > 0 and y
ν ∈ (0,min {1, x1}) for some integer

ν ≥ 1, if x1 = 0 let λ := −min {λ1, λ2} > 0 and let y
ν ∈ (0,min {1, x2, y

′}) for
some integer ν ≥ 1. In either case we have that:

−λ ≤
p (y + x1 + q)− p (y + x1)

q
∀q ∈

[
−
y

ν
, 0
)

, (7)

−λ ≤
p (y + x2 + q)− p (y + x2)

q
∀q ∈

[
−
y

ν
, 0
)

. (8)

By (7) we have that −λq ≥ p (y + x1 + q) − p (y + x1)∀q ∈
[
−y
ν , 0
)
, since

0 < y
ν < 1 then −λq ≥ p (y + x1 + q) yν − p (y + x1)

y
ν ∀q ∈

[
−y
ν , 0

)
, hence

−λ
(
q + y

ν −
y
ν

)
≥ p (y + x1 + q)

(
y
ν + q

)
− p (y + x1)

y
ν ∀q ∈

[
−y
ν , 0

)
, therefore

p (y + x1)
y

ν
− λ

y

ν
≥ p (y + x1 + q)

(y
ν
+ q
)
− λ

(y
ν
− q
)
∀q ∈

[
−
y

ν
, 0
)

. (9)

Similarly, by (8) we can obtain:

p (y + x2)
y

ν
− λ

y

ν
≥ p (y + x2 + q)

(y
ν
+ q
)
− λ

(y
ν
− q
)
∀q ∈

[
−
y

ν
, 0
)

. (10)

Let us consider the oligopoly o := (p, ν + 1, (K1, ..,Kν+1) , (c1, .., cν+1)) where
Ki = [0, y/ν], ci : Ki → R+, ci : x 
→ λx for i = 1, .., ν , Kν+1 =

[
0, qyµ

]
,
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cν+1 : Kν+1 → R+, cν+1 : x 
→ ᾱx. It is trivial that o ∈ Oplin(2). Let

e1 :=
(
y
ν , ..,

y
ν , x1

)
and e2 :=

(
y
ν , ..,

y
ν , x2

)
.

We can easily verify that e1 and e2 are Cournot equilibria for o. Let us
consider e1. The aggregate production of the first ν firms is y and, by (5), x1
maximizes the profit function of firm ν+1 when the aggregate production of the
other firms is y. For any firm i �= ν + 1 the aggregate production of the other
firms is ν−1

ν y + x1, by (9), y
ν maximizes the profit function of firm i when the

aggregate production of the other firms is ν−1
ν y+x1. Therefore e1 is a Cournot

equilibrium. Considering (6) and (10) it can be similarly verified that e2 (�= e1)
is a Cournot equilibrium.

Hence whenever p (q + z) q is not concave in q over (0, qµ (z)) for some z ∈
[0, q0) we can construct an oligopoly in Oplin(2) with two different equilibria.

Proposition 9 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) >

0. Let q0 := min {x ∈ R++ : p (x) = 0} and qµ : [0, q0) → R, qµ : z 
→
minargmax

x∈[0,q0]
p (z + x)x. Every oligopoly in Oplin(2) has a unique Cournot equi-

librium only if p (q + z) q is strictly concave in q over (0, qµ (z)), ∀z ∈ [0, q0).

Proof. By the previous propositions we know that p (q + z) q must be con-
cave in q over (0, qµ (z)), ∀z ∈ [0, q0) and p must be decreasing over (0, q0).
Let us admit that there exists a value y ∈ [0, q0) such that p (q + y) q is not
strictly concave in q over (0, qµ (y)). This entails that there exist three real
values y ∈ [0, q0), x◦◦ and x◦ such that qµ (y) > x◦◦ > x◦ > 0 and ∀γ ∈ [0, 1]:

γp (x◦ + y)x◦ + (1− γ) p (x◦◦ + y)x◦◦ = (1)

= p (γx◦ + (1− γ)x◦◦ + y) (γx◦ + (1− γ)x◦◦) .

Let α := p(x◦◦+y)x◦◦−p(x◦+y)x◦

x◦◦−x◦ > 0. Let x1 := 2
3x

◦+ 1
3x

◦◦ and x2 :=
1
3x

◦+ 2
3x

◦◦.
The reader can easily verify that qµ (y) > x2 > x1 > 0 and that ∀q ∈ [0, qµ (y)]:

p (y + x1)x1 − αx1 ≥ p (y + q) q − αq, (2)

p (y + x2)x2 − αx2 ≥ p (y + q) q − αq. (3)

If y = 0 consider the oligopoly ō := (p, 2, (K1,K2) , (c1, c2)), where K1 = K2 :=
[0, x2], c1 : K1 → R+, c2 : K2 → R+, c1 : x 
→ ax, c2 : x 
→ p (0)x: it can be
easily verified that (x1, 0) and (x2, 0) are two Cournot equilibria for ō. Hence
y > 0. Let z1 ∈ (x◦, x1) and z2 ∈ (x2, x◦◦). Since p is continuously differentiable
over (x◦, x◦◦) then max

x∈[z1,z2]
− p′ (x) exists, let τ > 0 be a real number such that

τ > max
x∈[z1,z2]

− p′ (x). Let ν ≥ 1 be an integer such that y
ν < x1 − x◦ and

y
ν < p(x2+y)

τ . Let β > 0 be a real such that β < −τ yν + p (x2 + y). Since
β < −τ yν + p (q + x2 + y) then ∀q ∈

[
0, yν

]
:

−τq + p

(
q + x1 + y

ν − 1

ν

)
− β > 0,
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−τq + p

(
q + x2 + y

ν − 1

ν

)
− β > 0.

Therefore ∀q ∈
[
0, yν

]
:

p′
(
q + x1 + y

ν − 1

ν

)
q + p

(
q + x1 + y

ν − 1

ν

)
− β > 0,

p′
(
q + x2 + y

ν − 1

ν

)
q + p

(
q + x2 + y

ν − 1

ν

)
− β > 0.

This entails that p
(
x1 + y ν−1ν + q

)
q − βq and p

(
x2 + y ν−1ν + q

)
q − βq are

nondecreasing in q over
[
0, yν

]
.

Therefore ∀q ∈
[
0, yν

]
:

p (y + x1)
y

ν
− β

y

ν
≥ p

(
x1 + y

ν − 1

ν
+ q

)
q − βq, (4)

p (y + x2)
y

ν
− β

y

ν
≥ p

(
x2 + y

ν − 1

ν
+ q

)
q − βq. (5)

Now let us consider the oligopoly o := (p, ν + 1, (K1, ..,Kν+1) , (c1, .., cν+1))
where Ki = [0, y/ν] for i = 1, .., ν , Kν+1 = [0, qµ (y)], ci : Ki → R+ for i =
1, ..., ν, ci : x 
→ βx for i = 1, .., ν , and cν+1 : x 
→ αx. Let e1 :=

(
y
ν , ..,

y
ν , x1

)

and e2 :=
(
y
ν , ..,

y
ν , x2

)
, it is easy to verify that e1 and e2 are Cournot equilibria

of (p, ν + 1, (K1, ..,Kν+1) , (c1, .., cν+1)). It is trivial that o ∈ Oplin(2).
Let us consider e1: each of the first ν firms produces y

ν and firm ν + 1
produces x1. Let us consider firm ν + 1: in e1 the aggregate production of
the other firms is y, by (2) we know that in this case x1 maximizes the profit
function of firm ν + 1. Let us consider any firm i such that i �= ν + 1: in e1
the aggregate production of the other firms is (ν − 1) yν + x1, by (4) we know
that in this case y

ν maximizes the profit function of firm i. Therefore e1 is a
Cournot equilibrium. Considering (3) and (5) it can be similarly shown that e2
is a Cournot equilibrium. Since x2 �= x1 the equilibria do not coincide.

Hence whenever p (q + z) q is not strictly concave in q over (0, qµ (z)), for
some z ∈ [0, q0), we can construct an oligopoly in Oplin(2) with two different
equilibria.

Proposition 10 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) > 0.

Let q0 := min {x ∈ R++ : p (x) = 0}. Every oligopoly in Oplin(2) has a unique

Cournot equilibrium only if p is continuously differentiable over (0, q0).

Proof. Let qµ : [0, q0) → R, qµ : z 
→ minargmax
x∈[0,q0]

p (z + x)x. By the

previous propositions p must be nonincreasing over R+, decreasing over (0, q0)
and p (q + z) q must be strictly concave in q over (0, qµ (z)), ∀z ∈ [0, q0). The
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proof consists of two parts. Firstly we prove that the right-hand and the left-
hand derivative of p must exist at every point in (0, q0), secondly we show that
they must coincide and therefore that the differentiability of p is a necessary
condition at every point in (0, q0). The continuity of p′ is easily deduced by the
one-sided continuity properties of the right-hand and left-hand derivatives of p.

Now we show that at every value x̂ ∈ (0, q0) the right-hand and the left-hand
derivative of p, respectively denoted by p′+ and p′−, must exist, and that there
exists an open interval Ix̂ of x̂ such that p is Lipschitz continuous over Ix̂ and
p′+ (x̂) ≤ p′− (x̂).

Let us consider any value x̂ ∈ (0, q0). We firstly prove that there ex-
ists a value ε̄ such that qµ (x̂− ε) > ε, ∀ε ∈ [0, ε̄]. Since (by definition)
p (x̂+ qµ (x̂)) qµ (x̂) > p (x̂+ z) z ∀z ∈ [0, qµ (x̂)) and since p (x̂+ z) z is strictly
concave in z over (0, qµ (x̂)) and continuous in z over [0, qµ (x̂)] then p (x̂+ z) z
is increasing in z over [0, qµ (x̂)]. Hence p (x̂+ qµ (x̂)) qµ (x̂) > p (x̂+ z) z + k
∀z ≤ qµ (x̂) /2 for some k > 0. By continuity of p there must exist a value

ε̄ ∈
(
0,min

{
qµ(x̂)
2 , x̂

})
such that

p (x̂− ε̄+ qµ (x̂)) qµ (x̂) > p (x̂− ε̄+ z) z ∀z ≤
qµ (x̂)

2
.

Since p (x̂+ z − ε̄) z is increasing in z over [0, qµ (x̂− ε̄)], then we have that

qµ (x̂)

2
≤ qµ (x̂− ε̄) .

Since qµ (x̂− ε̄) ≥ qµ(x̂)
2 and qµ(x̂)

2 > ε̄, then qµ (x̂− ε̄) > ε̄. Since qµ (x̂− ε̄) >
ε̄ > 0 we can choose a compact real interval A ⊂ (0, qµ (x̂− ε̄)), with nonempty
interior Å, such that ε̄ ∈ Å. Since p (x̂+ z − ε̄) z is strictly concave in z over
(0, qµ (x̂− ε̄)) then p (x̂+ z − ε̄) z is strictly concave in z over A. We know that
since A is a compact subset of the open set (0, qµ (x̂− ε̄)), then p (x̂+ z − ε) z
is Lipschitz continuous over A and its left-hand and right-hand derivative exist
at every point in A, therefore p′+ and p′− are respectively right-continuous
and left-continuous at x̂ and p′+ (x̂) ≤ p′− (x̂). Thus we can conclude that at
every x ∈ (0, q0) p

′
+ (x) and p′− (x) are respectively right-continuous and left-

continuous and p′+ (x) ≤ p′− (x).
Now we show that p′, the derivative of p, is continuous over (0, q0). We prove

that there exists no x ∈ (0, q0) at which p′+ (x) < p′− (x). Let us admit that
p′+ (x̂) < p′− (x̂) at x̂ ∈ (0, q0). We know that there exists a compact interval
Ix̂ ⊂ R++ such that x̂ ∈ I̊x̂ �= ∅, p is Lipschitz continuous over Ix̂, p′+ and p′−
are defined over Ix̂. Let τ be the Lipschitz constant for p over Ix̂. Clearly τ is
positive. Let ν ≥ 2 be an integer such that 4x̂/ν < min {x̂−min Ix̂,max Ix̂ − x̂}
and −4τ x̂/ν + p (x̂) > 0. Let α > 0 be a real such that

p′− (x̂) x̂/ν + p (x̂)− α > 0 > p′+ (x̂) x̂/ν + p (x̂)− α. (1)

There must exist a positive value ε < x̂/ν such that

p′− (x̂) (x̂/ν + ε) + p (x̂)− α > 0 > p′+ (x̂) (x̂/ν + ε) + p (x̂)− α, (2)
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and

p′− (x̂) (x̂/ν − ε) + p (x̂)− α > 0 > p′+ (x̂) (x̂/ν − ε) + p (x̂)− α. (3)

Since −4τ x̂/ν + p (x̂) > 0 then −τ (x̂/ν + r) + p (x̂) > 0, ∀r ∈ [−3x̂/ν, 3x̂/ν].
This entails that:

−τr + p

(
x̂
ν − 1

ν
+ r

)
> 0 ∀r ∈ [0, x̂/ν] ,

−τr + p

(
x̂
ν − 1

ν
+ ε+ r

)
> 0 ∀r ∈ [0, x̂/ν − ε] ,

−τr + p

(
x̂
ν − 1

ν
− ε+ r

)
> 0 ∀r ∈ [0, x̂/ν + ε] .

Since p′+ (x) ≥ −τ , ∀x ∈
[
x̂− 2 x̂ν , x̂+ 2 x̂ν

]
:

p′+

(
x̂
ν − 1

ν
+ r

)
r + p

(
x̂
ν − 1

ν
+ r

)
> 0∀r ∈ [0, x̂/ν] , (4)

p′+

(
x̂
ν − 1

ν
+ ε+ r

)
r + p

(
x̂
ν − 1

ν
+ ε+ r

)
> 0∀r ∈ [0, x̂/ν − ε] , (5)

p′+

(
x̂
ν − 1

ν
− ε+ r

)
r + p

(
x̂
ν − 1

ν
− ε+ r

)
> 0∀r ∈ [0, x̂/ν + ε] . (6)

By (4) we have that p
(
x̂ν−1ν + q

)
q is increasing over [0, x̂/ν], hence qµ

(
x̂ν−1ν

)
≥

x̂/ν and p
(
x̂ν−1ν + q

)
q is strictly concave in q over

(
0, qµ

(
x̂ν−1ν

))
. By20 (1)

we have that

x̂/ν ∈ argmax
q∈[0,x̂/ν]

p

(
x̂
ν − 1

ν
+ q

)
q − αq. (7)

By (5) we have that p
(
x̂ν−1ν + ε+ q

)
q is increasing over [0, x̂/ν − ε], therefore

qµ
(
x̂ν−1ν + ε

)
≥ x̂/ν − ε and p

(
x̂ν−1ν + ε+ q

)
q is strictly concave in q over(

0, qµ
(
x̂ν−1ν + ε

))
. By (2) we have that

x̂/ν − ε ∈ argmax
q∈[0,x̂/ν+ε]

p

(
x̂
ν − 1

ν
+ ε+ q

)
q − αq. (8)

20 For the proof of the validity of (7), (8), and (9), consider the following statement:
Let f : R+ → R+ be a continuous function such that argmax

x∈R+

f (x) �= ∅ and η :=

min argmax
x∈R+

f (x) �= 0. Let β ∈ R++. If f (x) is concave and increasing in x over (0, η), then

at every x̂ ∈ (0, η) such that f ′+ (x̂)−β ≤ 0 ≤ f ′
−
(x̂)−β we have that x̂ ∈ argmax

x∈R+

f (x)−βx,

therefore x̂ ∈ argmax
x∈[0,t]

f (x)− βx for every t ≥ x̂.

Its proof is very simple: consider the properties of concave functions and that ∀x > η we
have f (x)− βx < f (η)− βη.
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By (6) we have that p
(
x̂ν−1ν − ε+ q

)
q is increasing over [0, x̂/ν + ε], therefore

qµ
(
x̂ν−1ν − ε

)
≥ x̂/ν + ε and p

(
x̂ν−1ν − ε+ q

)
q is strictly concave in q over(

0, qµ
(
x̂ν−1ν − ε

))
. By (3) we have that

x̂/ν + ε ∈ argmax
q∈[0,x̂/ν+ε]

p

(
x̂
ν − 1

ν
− ε+ q

)
q − αq. (9)

Now let us consider o := (p, ν, (K1, ...,Kv) , (c1, .., cν)) where Ki = [0, x̂/ν] for
i = 1, ..., ν − 2 and Ki = [0, x̂/ν + ε] for i = ν − 1, ν and ci : Ki → R+,ci :
x 
→ αx, ∀i = 1, .., ν. We show that e1 := ( x̂/ν, ..., x̂/ν

︸ ︷︷ ︸
ν−2

, x̂/ν − ε, x̂/ν + ε ) and

e2 := ( x̂/ν, ..., x̂/ν
︸ ︷︷ ︸

ν−2

, x̂/ν+ ε, x̂/ν− ε ) are two different Cournot equilibria for o.

Let us consider e1. For each firm i = 1, .., ν − 2 the aggregate production
of the other firms is x̂ν−1ν , by (7) we know that x̂/ν maximizes firm i’s profit
function when the aggregate production of the other firms is x̂ν−1ν . For i = ν−1
the aggregate production of the other firms is x̂ν−1ν − ε, by (8) we know that
x̂/ν+ε maximizes firm i’s profit function when the aggregate production of the
other firms is x̂ν−1ν − ε. For i = ν the aggregate production of the other firms
is x̂ν−1ν + ε, by (9) we know that x̂/ν − ε maximizes firm i’s profit function
when the aggregate production of the other firms is x̂ν−1ν + ε; therefore e1 is a
Cournot equilibrium. By symmetric reasoning it can been shown that e2 is an
equilibrium. Since ε �= 0 then e1 �= e2.

Therefore the differentiability of p over (0, q0) is a necessary condition. Let
p′ be the derivative of p. Since p′ (x) = p′+ (x) = p′− (x) for every x ∈ (0, q0),
p′+ is right-continuous over (0, q0) and p′− is left-continuous over (0, q0), then p′

must be continuous over (0, q0).
Hence whenever p is not continuously differentiable over (0, q0), we can con-

struct an oligopoly in Oplin(2), with two different equilibria.

Proposition 11 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) > 0.

Every oligopoly in Oplin(2) has a unique Cournot equilibrium only if p (q + z) q is

quasiconcave in q over R+, ∀z ∈ R+.

Proof. Let q0 := min {x ∈ R++ : p (x) = 0}. Let qµ : [0, q0) → R, qµ : z 
→
minargmax

x∈[0,q0]

p (z + x)x. By the previous propositions p must be nonincreasing

over R+, continuously differentiable and decreasing over (0, q0), and p (q + z) q
must be strictly concave in q over (0, qµ (z)), ∀z ∈ [0, q0). If z ≥ q0, since
p (x+ z) = 0 ∀x ∈ R+, p (q + z) q is quasiconcave in q over R+. If z ∈ [0, q0),
then p (q + z) q is not quasiconcave in q over R+ only if there exists a value
q̂ ∈ (qµ (z) , q0 − z) such that p′ (q̂ + z) q̂ + p (q̂ + z) > 021 .

21 If A is a compact real interval with nonempty interior and a continuous function
f : A → R is quasiconcave over A then f is nonincreasing over any interval B ⊆
[ min argmax

q∈A
f (q) ,maxA ].
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Let us admit that there exist two values z ∈ [0, q0) and q̂ ∈ (qµ (z) , q0 − z)
such that p′ (q̂ + z) q̂ + p (q̂ + z) > 0. Let α ∈ (0, p′ (q̂ + z) q̂ + p (q̂ + z)). Let
m1 : [0, q̂] → R, m2 : [0, q̂] → R, and m3 : [0, q̂] → R, such that m1 : k 
→
max

q∈[0,q̂−k]
p (q + k + z) q− αq, m2 : k 
→ max

q∈[q̂−k,q0−k]
p (q + k + z) q − αq, and m3 :

k 
→ max
q∈[0,q0−k]

p (q + k + z) q − αq. Since

max
q∈[0,q̂]

p (q + z) q − αq = p (qµ (z) + z) qµ (z)− αqµ (z) ,

and since22

p (qµ (z) + z) qµ (z)− αqµ (z) > p (q + z) q − αq ∀q ∈ [q̂, q0]

then
max
q∈[0,q̂]

p (q + z) q − αq > max
q∈[q̂,q0]

p (q + z) q − αq.

Hence m1 (0) > m2 (0), since

m1 (q̂) = p (0 + q̂ + z) 0− α0 = 0

and23

m2 (q̂) > 0.

Hence m2 (q̂) > m1 (q̂). By Berge’s maximum theorem m1,m2 and m3 are
continuous, since m1 (0) > m2 (0) and m1 (q̂) < m2 (q̂), then there exists a
value, say k̄ ∈ (0, q̂), such that m1

(
k̄
)
= m2

(
k̄
)
= m3

(
k̄
)
. Since p′ (q̂ + z) ≤ 0,

then

p′ (q̂ + z)
(
q̂ − k̄

)
+ p (q̂ + z)− α ≥ p′ (q̂ + z) q̂ + p (q̂ + z)− α > 0,

this entails that q̂ − k̄ does not maximize p
(
q + k̄ + z

)
q − αq over

[
0, q0 − k̄

]
.

Let y := k̄ + z > 0. Let b := q0 − k̄ > 0. We can conclude that there exist two
values x1 and x2 such that x2 > x1 and

p (x1 + y)x1 − αx1 ≥ p (q + y) q − αq ∀q ∈ [0, b] , (1)

p (x2 + y)x2 − αx2 ≥ p (q + y) q − αq ∀q ∈ [0, b] . (2)

Since y > 0 and x2 + y < q0 let I ⊃ [0, x2 + y] be a compact interval such
that y > min I > 0 and q0 > max I > x2 + y. Let τ be the Lipschitz con-
stant of p over I. Let β ∈ (0, p (x2 + y)). Let ν ≥ 1 be an integer such that
y
ν < y − min I and −τx + p (x2 + y) − β > 0 ∀x ∈

[
0, yν

]
. Since −τq ≤

p′
(
x1 + y ν−1ν + q

)
q ∀q ∈

[
0, yν

]
, −τq ≤ p′

(
x2 + y ν−1ν + q

)
q ∀q ∈

[
0, yν

]
and

p (x2 + y) ≤ p
(
x2 + y ν−1ν + q

)
≤ p

(
x1 + y ν−1ν + q

)
∀q ∈

[
0, yν

]
, then

p′
(
x1 + y

ν − 1

ν
+ q

)
q + p

(
x1 + y

ν − 1

ν
+ q

)
− β > 0 ∀q ∈

[
0,
y

ν

]
,

22 Recall that q̂ > qµ (z).
23 Notice that p (0 + q̂ + z) 0− α0 = 0 and p′ (0 + q̂ + z) 0 + p (0 + q̂ + z)− α > 0.
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p′
(
x2 + y

ν − 1

ν
+ q

)
q + p

(
x2 + y

ν − 1

ν
+ q

)
− β > 0 ∀q ∈

[
0,
y

ν

]
.

Therefore

p (x1 + y)
y

ν
− β

y

ν
≥ p

(
x1 + y

ν − 1

ν
+ q

)
q − βq ∀q ∈

[
0,
y

ν

]
, (3)

p (x2 + y)
y

ν
− β

y

ν
≥ p

(
x2 + y

ν − 1

ν
+ q

)
q − βq ∀q ∈

[
0,
y

ν

]
. (4)

Now let us consider the oligopoly o := (p, ν + 1, (K1, ...,Kv+1) , (c1, .., cν+1))
where Ki =

[
0, yν

]
for i = 1, ..., ν and Kν+1 = [0, b], and ci : Ki → R+,

ci : x 
→ βx, ∀i = 1, .., ν and cν+1 : Kν+1 → R+, cν+1 : x 
→ αx . We show
that e1 := (y/ν, ..., y/ν, x1) and e2 := (y/ν, ..., y/ν, x2) are different Cournot
equilibria for o ∈ Oplin(2).

Let us consider e1. For each firm i = 1, .., ν the aggregate production of the
other firms is y ν−1ν +x1, by (3) we know that y/ν maximizes the profit function
of firm i when the aggregate production of the other firms is y ν−1ν + x1. For
firm ν+1 the aggregate production of the other firms is y, by (1) we know that
x1 maximizes the profit function of firm ν + 1 when the aggregate production
of the other firms is y. Therefore e1 is a Cournot equilibrium. Considering (4)
and (2) we can show that e2 is an equilibrium.

Hence whenever p (q + z) q is not quasiconcave in q over R+, ∀z ∈ R+ we
can construct an oligopoly in Oplin(2) with two different equilibria.

Proposition 12 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) > 0.

Let q0 := min {x ∈ R++ : p (x) = 0}, and let us assume that p is continuously
differentiable over (0, q0). Every oligopoly in O

p
lin(2) has a unique Cournot equi-

librium only if for every integer m ≥ 1, ∀x ∈ (0, q0),∀y ∈ [0, x],∀z ∈ (0, q0 − x),
p′ (x) y+mp (x) > 0 entails that p′ (x) y+mp (x) > p′ (x+ z) (y + z)+mp (x+ z).

Proof. Let qµ : [0, q0) → R, qµ : z 
→ minargmax
x∈[0,q0]

p (z + x)x. By the

previous propositions p must be nonincreasing over R+, decreasing over (0, q0),
and p (q + z) q must be strictly concave in q over (0, qµ (z)), ∀z ∈ [0, q0) and
quasiconcave in q over R+, ∀z ∈ R+.

Let us suppose by absurd that there exist four values m ≥ 1, x ∈ (0, q0),
y ∈ [0, x], h ∈ (0, q0 − x) such that p′ (x+ h) (y + h) +mp (x+ h) ≥ p′ (x) y +
mp (x) > 0. It is impossible that y = 0 since we would have p′ (x+ h)h +
mp (x+ h) ≥ mp (x). It is impossible that m = 1 since we would have 0 <
p′ (x) y+ p (x) ≤ p′ (x+ h) (y + h)+ p (x+ h): since p (q + z) q must be strictly
concave in q over (0, qµ (z)), ∀z ∈ [0, q0) and quasiconcave in q over R+, ∀z ∈ R+
then p′ (x) y + p (x) > 0 entails that p′ (x+ h)h + p (x+ h) < p′ (x) y + p (x).
Therefore let us assume that y > 0 and m ≥ 2. By absurd: we would have that

p′ (x+ h)
(y + h)

m
+ p (x+ h) ≥ p′ (x)

y

m
+ p (x) > 0.
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Let α :=
p′(x) y

m
+p(x)

2 > 0. We must have that

p′ (x)
y

m
+ p (x)− α > 0 (1)

and

p′ (x+ h)
(y + h)

m
+ p (x+ h)− α > 0. (2)

Since p (q + z) q must be quasiconcave in q over R+, ∀z ∈ R+, p (q + z) q
must be strictly concave in q over (0, qµ (z)), ∀z ∈ [0, q0) and α > 0, then
p (q + z) q−αq must be strictly quasiconcave in q over R+, ∀z ∈ R+; in particu-

lar p
(
q +

(
x− y

m

))
q−αq must be strictly quasiconcave in q over

[
0, y+hm

]
and

p
(
q +

(
x+ h− y+h

m

))
q−αq must be strictly quasiconcave in q over

[
0, y+hm

]
.

Therefore (1) is sufficient to affirm that, ∀q ∈
[
0, y+hm

]
,

p (x)
y

m
− α

y

m
≥ p

(
q +

(
x−

y

m

))
q − αq; (3)

and (2) is sufficient to affirm that, ∀q ∈
[
0, y+hm

]
,

p (x+ h)
y + h

m
− α

y + h

m
≥ p

(
q +

(
x+ h−

y + h

m

))
q − αq. (4)

If y = x let us consider ō := (p,m, (K1, ...,Km) , (c1, .., cm)) where Ki =[
0, y+hm

]
for i = 1, ..,m, and ci : Ki → R+, ci : x 
→ αx, ∀i = 1, ..,m. Lets us

show that e1 :=
(
y
m , ..,

y
m

)
and e2 :=

(
y+h
m , .., y+hm

)
are two different Cournot

equilibria for ō ∈ Oplin(2). Since h > 0 then e2 �= e1. Let us consider e1: for
each firm i = 1, ..,m the aggregate production of the other firms is (m− 1) y

m =
x− y

m , by (3) we know that y
m maximizes the profit function of firm i when the

aggregate production of the other firms is (m− 1) y
m ; therefore e1 is a Cournot

equilibrium. Considering (4) we can similarly show that e2 is an equilibrium.
If y < x let ν ≥ 1 be an integer such that

p′ (x)
x− y

ν
+ p (x)− α > 0 (5)

and
p′ (x+ h)

x− y

ν
+ p (x+ h)− α > 0. (6)

Since p (q + z) q must be quasiconcave in q over R+, ∀z ∈ R+, p (q + z) q
must be strictly concave in q over (0, qµ (z)), ∀z ∈ [0, q0) and α > 0 then
p (q + z) q − αq must be strictly quasiconcave in q over R+, ∀z ∈ R+; in par-
ticular p

(
q + y + (ν − 1) x−yν

)
q − αq must be strictly quasiconcave in q over[

0, x−yν
]

and p
(
q + y + h+ (ν − 1) x−yν

)
q−αq must be strictly quasiconcave in

q over
[
0, x−yν

]
.
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Therefore (5) is sufficient to affirm that, ∀q ∈
[
0, x−yν

]
,

p (x)
x− y

ν
− α

x− y

ν
≥ p

(
q + y + (ν − 1)

x− y

ν

)
q − αq; (7)

and (6) is sufficient to affirm that, ∀q ∈
[
0, x−yν

]
,

p (x+ h)
x− y

ν
− α

x− y

ν
≥ p

(
q + y + h+ (ν − 1)

x− y

ν

)
q − αq. (8)

Now let us consider the oligopoly o := (p, ν +m, (K1, ...,Kv+m) , (c1, .., cν+m))

where Ki =
[
0, x−yν

]
for i = 1, ..., ν and Ki =

[
0, y+hm

]
for i = ν + 1, .., ν +m,

and ci : Ki → R+, ci : x 
→ αx, ∀i = 1, .., ν + m. We show that e1 :=

(
x− y

ν
, ..,

x− y

ν︸ ︷︷ ︸
ν

,
y

m
, ..,

y

m︸ ︷︷ ︸
m

) and e2 := (
x− y

ν
, ..,

x− y

ν︸ ︷︷ ︸
ν

,
y + h

m
, ..,

y + h

m︸ ︷︷ ︸
m

) are

two different Cournot equilibria for o ∈ Oplin(2).
Since h > 0, then e2 �= e1. Let us consider e1. For each firm i = 1, .., ν the

aggregate production of the other firms is y+(ν − 1) x−yν , by (7) we know that
x−y
ν maximizes the profit function of firm i when the aggregate production of

the other firms is y+(ν − 1) x−yν . For each firm i = ν+1, .., ν+m the aggregate
production of the other firms is x− y

m , by (3) we know that y
m maximizes the

profit function of firm i when the aggregate production of the other firms is
x − y

m . Hence e1 is a Cournot equilibrium. By (8) and (4) we can similarly
show that e2 is an equilibrium.

Therefore if p is differentiable over (0, q0) and for some integer m ≥ 1,
for some x ∈ (0, q0), for some y ∈ [0, x], for some h ∈ (0, q0 − x), we have
p′ (x) y+mp (x) > 0 and p′ (x) y+mp (x) > p′ (x+ h) (y + h)+mp (q + h) then
we can construct an oligopoly in Oplin(2) with two different equilibria.

Proposition 13 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) >

0. Let q0 := min {x ∈ R++ : p (x) = 0} and qµ : [0, q0) → R, qµ : z 
→
minargmax

x∈[0,q0]

p (z + x)x. Every oligopoly in Oplin(2) has a unique Cournot equi-

librium only if:

1. p is continuously differentiable over (0, q0), decreasing over (0, q0) and
nonincreasing over R+,

2. p (q + z) q is strictly concave in q over (0, qµ (z)), ∀z ∈ [0, q0),

3. p (q + z) q is quasiconcave in q over R+, ∀z ∈ R+,

4. for every integer m ≥ 1, ∀x ∈ (0, q0),∀y ∈ [0, x],∀z ∈ (0, q0 − x), p′ (x) y +
mp (x) > 0 entails that p′ (x) y+mp (x) > p′ (x+ z) (y + z) +mp (x+ z).

Proof. An immediate consequence of the previous propositions.
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Appendix B
Proposition 14 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) >

0. Let q0 := min {x ∈ R++ : p (x) = 0} and qµ : [0, q0) → R , qµ : z 
→
minargmax

x∈[0,q0]
p (z + x)x. p is decreasing over [0, q0], nonincreasing over R+ and

in particular p′ (x) < 0 ∀x ∈ (0, q0) and p (x) = 0 ∀x ≥ q0, if:

1. p is continuously differentiable over (0, q0),

2. p (q + z) q is strictly concave in q over (0, qµ (z)), ∀z ∈ [0, q0),

3. p (q + z) q is quasiconcave in q over R+, ∀z ∈ R+.

Proof. Since p (q) q is a quasiconcave function then it must be nonincreasing
over [qµ (0) ,+∞), therefore p (x) = 0 ∀x ≥ q0 and p′ (x)x + p (x) ≤ 0 ∀x ∈

[qµ (0) , q0), hence p′ (x) ≤ −p(x)
x < 0 ∀x ∈ [qµ (0) , q0). Since p (q) q is strictly

concave in q over (0, qµ (0)), then p (q) q is strictly concave in q over [0, qµ (0)),
this entails that p′ (x)x + p (x) < p(x)x−p(0)0

x−0 = p (x) ∀x ∈ (0, qµ (0)), hence
p′ (x) < 0 ∀x ∈ (0, qµ (0)). This entails that p is decreasing over [0, q0] and
nonincreasing over R+, and that p′ (x) < 0 ∀x ∈ (0, q0).

4 - Sufficient Conditions

In this section we shall present necessary and sufficient conditions for the ex-
istence of a unique Cournot equilibrium. More specifically we shall prove that
the conditions of Proposition 5 suffice for the existence of a unique Cournot
equilibrium for every oligopoly in Opcvx. As we have already noted in the previ-
ous section the oligopolistic context described in the first pages of this work is
particularly suitable for modelling problems of merger. Up to now we have not
provided any definition of merger, therefore we must first clarify what we mean
by that.

Let F be a set of n firms producing the same commodity and ci : Di (�= ∅) ⊆
R+→ R be the cost function of a generic firm i ∈ F . Let us assume that,
∀i ∈ F , Di is closed and ci is lower semicontinuous. Let I ⊆ F be any set with
m > 0 firms. From now on we shall assume that the merger of all the firms in I
generates a new firm with productive capacity D := {

∑
i∈I xi : xi ∈ Di } and

cost function

c : D→ R, c : z 
→ min
(x1,..,xm)∈

∏
i∈I Di:x1+..+xm=z

c1 (x1) + ..+ cm (xm) .
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This assumption is quite neutral since, according to it, a merger does not alter
positively or negatively the cost functions of the firms involved in the merger
operation, and the post-merger firm can just allocate its production across the
plants of the merged firms24 . Consistently with the rest of our work we shall
assume that in case of merger the price function does not change.

It is plain that in a problem of entry, or in a problem of technological choice,
the set of the possible oligopolies is a subset of Opcvx if each firm’s set of techno-
logical choices consists of a class of production functions associated with convex,
continuous and increasing cost functions which are null at zero. It is not im-
mediate that all the possible mergers within each oligopoly in Opcvx result in
oligopolies still belonging to Opcvx. We shall prove that this is actually the case;
the reader may notice that, as a logical consequence, every proposition which is
true for every oligopoly in Opcvx is necessarily true for the oligopolies generated
by all the possible mergers within any oligopoly in Opcvx.

Before providing the formal proof we show that this closure property25 may
not hold for other classes of oligopolies. For instance a merger between the firms
in a duopoly in Oplin may create a monopoly which does not belong to Oplin. Let
us consider two firms, say A and B. The cost function of A is cA : [0, 1]→ R, cA :
x 
→ x, the cost function of B is cB : [0, 1]→ R, cB : x 
→ 2x. A and B merge,
thus forming a new firm, say AB. As above, let us assume that the cost function
of AB is cAB : [0, 2]→ R, cAB : z 
→ min

(xA,xB)∈[0,1]×[0,1]:xA+xB=z
cA (xA)+cB (xB).

Hence cAB : x 
→ max {x, 2x− 1}. Notice that cAB is convex, but not linear,
over its domain, and that, while cA and cB have differentiable extensions, cAB
has not because it is not differentiable at 1 ∈ (0, 2). Therefore a proposition
which is true for every oligopoly in Oplin may be false for an oligopoly generated
by some merger within an oligopoly in Oplin.

The following proposition is necessary to prove that every possible merger
within each oligopoly in Opcvx generates an oligopoly in Opcvx.

Definition 15 Let Ω be the set of real-valued functions whose domain is a closed

real interval with minimum 0 and nonempty interior. Let Ψ ⊂ Ω be the set of

functions in Ω which are continuous, increasing, convex and null at 0. Let Λ be

the set of all nonempty subsets of Ψ with finite cardinality. Let m : Λ→ Ω be a

function such that for every λ = {c1, .., cn} ∈ Λ :

m (λ) : D→ R+, m (λ) : z 
→ min
(x1,..,xn)∈

∏
n
i=1Di:x1+..+xn=z

c1 (x1)+ ..+cn (xn) ,

where D1,..,Dn are the domains of c1,..,cn and

D := {y1 + ..+ yn : y1 ∈ D1, .., yn ∈ Dn} .

Proposition 16 Λ is closed under m.

24 Farrell and Shapiro (1990) name this type of merger ”merger with no synergies”.
25 The reason for this name will soon become apparent.
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Proof. We want to show that m (λ) ∈ Λ, ∀λ ∈ Λ. Let λ := {c1, .., cn}
be any element of Λ, and let D1,..,Dn be the domains of c1,..,cn and D :=
{y1 + ..+ yn : y1 ∈ D1, .., yn ∈ Dn}. For notational convenience we denote m (λ)
by mλ. It is immediate that D is a closed real interval with minimum 0 and non-
empty interior. It is immediate that mλ (0) = 0 and that mλ (x) �≤ 0 ∀x > 026 .
Continuity of mλ over D simply derives from Berge’s maximum theorem27 . Let
(ž, ẑ) be any pair in D×D and let γ be any real in (0, 1), to conclude we only
need to prove that mλ is a convex function, namely:

mλ (γž + (1− γ) ẑ) ≤ γmλ (ž) + (1− γ)mλ (ẑ) . (1)

Let a = (a1, .., an) ∈
∏n
i=1Di be such that

∑n
i=1 ai = ž and

∑n
i=1 ci (ai) =

mλ (ẑ); let b = (b1, .., bn) ∈
∏n
i=1Di be such that

∑n
i=1 bi = ẑ and

∑n
i=1 ci (bi) =

mλ (ẑ). It is immediate that γa+(1− γ)b ∈
∏n
i=1Di and

∑n
i=1 γai+(1− γ) bi =

γž + (1− γ) ẑ. By convexity of c1,..,cn we have that ci (γai + (1− γ) bi) ≤
γci (ai) + (1− γ) ci (bi), ∀i = 1, .., n, therefore

n∑

i=1

ci (γai + (1− γ) bi) ≤
n∑

i=1

γci (ai) +
n∑

i=1

(1− γ) ci (bi) . (2)

Since

mλ (γž + (1− γ) ẑ) ≤
n∑

i=1

ci (γai + (1− γ) bi) ,

and
n∑

i=1

γci (ai) +
n∑

i=1

(1− γ) ci (bi) = γmλ (ž) + (1− γ)mλ (ẑ) ,

by (2) we have that (1) is true. Therefore mλ is a convex function. We can
conclude that, since the range of m is contained in Λ, Λ is closed under m.

Let us now consider the set Opcvx. Let o be an oligopoly in Opcvx. If o consists
of just one firm then the only possible merger generates anew the firm itself,
which, by assumption, is an oligopoly in Opcvx. If o consists of many firms we
have many possible mergers. Let N = {1, .., n} be the set of firms of o and
P := {P1, .., Pl} be a partition of N28 . Let us assume that the firms of each

26 Notice that these two last conditions entails that if mλ is convex then it is also increasing
over D.

27 Berge’s maximum theorem states:
Let G ⊆ Rm, Y ⊆ Rk and let γ : G → Y be a compact-valued multi-valued function. Let

f : Y → R be continuous function. Let µ : G → Y , µ : x 	→ argmax
y∈γ(x)

f (y) be a multi-valued

function. Let F : G → R, F : x 	→ max
y∈γ(x)

f (y) be a function. If γ is continuous at x then

µ (x) is compact, µ is upper semicontinuous at x and F is continuous at x.
As to our proposition: let G := D and ∆n−1v :=

{
y ∈ Rn+ : y1 + ..+ yn = v

}
,∀v ∈ R+, let

Y =
∏n
i=1Di, γ : z 	→ ∆n−1z ∩ Y , f : x 	→ −c1 (x1)− ...− cn (xn), simply apply the theorem

and notice that the continuity of F entails the continuity of mλ at every point of D.

28 For instance, if N = {1, 2, 3, 4, 5, 6, 7, 8} we may consider the following partition
{{1, 3, 5} , {2} , {8} , {4, 6, 7}}.
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set Pi merge into a new firm φi, ∀i = 1, .., l. From the previous proposition
it follows that the cost function of each new firm φi is a convex continuous
increasing function, null at 0, defined over a closed interval with minimum 0
and nonempty interior. Hence the post-merger oligopoly consisting of firms φ1,
φ2,...,φm belongs to Opcvx.

To understand the importance of this conclusion consider the case of a mar-
ket with no incumbent firms and an indefinite number of potential entrants
which can enter the market by choosing a technology from among a set of pos-
sible technologies associated with post-entry cost functions in Ψ. In this case,
whatever the technology adopted, every oligopoly generated by the entry deci-
sions of the potential entrants is an element of Opcvx, but most importantly, every
variation in the number of active firms, whether it be determined by the exit
of some firms, by a later entry of some other firms or by mergers, generates an
oligopoly still belonging to Opcvx. Therefore, under the previous assumption on
the technology of potential entrants, a proposition establishing sufficient condi-
tions on p for the existence of a unique Cournot equilibrium for every oligopoly
in Opcvx holds for all the possible oligopolies that can be generated by choices of
entry, exit and merger.

As shown above, when dealing with upper bounded productive capacities
we may obtain post-merger cost functions which are not differentiable at some
point of the interior of the domain. For this reason we are not going to restrict to
differentiable cost functions our analysis on sufficient conditions, even though we
must assume continuous differentiability of the price function over the interior
of its support: it should be clear from the previous section that this condition
is necessary.

The reader might be tempted to think that if we had not considered upper
bounded productive capacities we might have shown that sets of oligopolies with
convex cost functions defined over R+ and a certain order of differentiability
are closed under the operation of merger defined above. Once again we find
something that, perhaps, is unexpected. Consider this case of two firms, say
A and B, respectively with cost functions cA : R+ → R, cA : x 
→ x and
cB : R+ → R, cB : x 
→ x2. These cost functions can be easily extended to
R as infinitely differentiable functions, yet, when A and B merge, the post-

merger cost function c : R+ → R+, c : x 
→
{

x2

x− 1/4
if x ∈ [0, 1/2]
if x ≥ 1/2

can be

extended to R as a continuously differentiable function but cannot be extended
as a twice differentiable function29 . It is important to remark this point, since,
in general, a theorem on the existence of a unique Cournot equilibrium holding
for a certain set of oligopolies need not hold for an oligopoly generated by a
merger within an oligopoly of that set; this does not happen with Opcvx.

We recall that the cost functions of the oligopolies in Opcvx are defined over
closed real intervals with minimum 0 and nonempty interiors, and are contin-
uous, convex, increasing and null at 0. This entails that for each possible cost
function the right-hand and the left-hand derivative are defined over the interior

29 Since it is not twice differentiable at 1/2.
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of the domain, but not in general over the whole domain. In particular when
the domain is upper bounded a cost function may not possess the left-hand
derivative at the maximum of its domain. Therefore we can also conclude that
in Opcvx local Lipschitz continuity may fail at the maximum of the domains of
the cost functions; though it certainly holds everywhere else.

We shall now extend our first result of the previous section to the whole set
Opcvx.

Proposition 17 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) > 0.

Let q0 := min {x ∈ R++ : p (x) = 0} and qµ : [0, q0) → R be a function such

that qµ : z 
→ minargmax
x∈[0,q0]

p (z + x)x. Let (p, n, (K1, ..,Kn) , (c1, .., cn)) ∈ Opcvx.

There exists a unique Cournot equilibrium for (p, n, (K1, ..,Kn) , (c1, .., cn)) if:

1. p (q + z) q is strictly concave in q over (0, qµ (z)), ∀z ∈ [0, q0),

2. p (q + z) q and quasiconcave in q over R+,∀z ∈ R+,

3. p is continuously differentiable over (0, q0),

4. for every integer m ≥ 1, ∀x ∈ (0, q0),∀y ∈ [0, x],∀z ∈ (0, q0 − x), p′ (x) y+
mp (x) > 0 entails that p′ (x) y +mp (x) > p′ (x+ z) (y + z) +mp (q + z).

The formal proof is in Appendix C30 and enables the computation of the
unique Cournot equilibrium by simple approximation methods. The proof em-
ploys only elementary concepts of real analysis and does not involve any fixed
point theorem for functions of more than one variable.

The reader may easily notice that, since Oplin(2) ⊂ Opcvx, if p is continuous
over R++, null at some point of R++, p (0) = lim sup

x→0+
p (x) and lim inf

x→0+
p (x) > 0

then, by Proposition 5, conditions 1 through 4 are also necessary. Therefore
conditions 1 through 4 are necessary and sufficient.

It may be hard to verify whether a function satisfies conditions 1 through
4. The following proposition shows that if p (q) q is differentiable and strictly
concave over (0, q0) then conditions 1 through 4 are satisfied. Strict concavity
is not a necessary condition, yet one can easily verify whether this condition is
satisfied or not.

Proposition 18 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) > 0.

Let q0 := min {x ∈ R++ : p (x) = 0} and qµ : [0, q0)→ R be a function such that

qµ : z 
→ minargmax
x∈[0,q0]

p (z + x)x. If p is continuously differentiable over (0, q0),

p (q) q is strictly concave in q over (0, q0) and p (q) = 0 ∀q ≥ q0 then conditions
1 through 4 are satisfied.

30 The reader may easily notice that, since p is null for every value greater than q0, the
previous proposition cannot be extended to all the oligopolies with convex, continuous, non-
decreasing cost functions null at 0.
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The proof is in Appendix D. The reader should recall that, when p is con-
tinuous over R++, null at some point of R++, and such that p (0) = lim sup

x→0+
p (x)

and lim inf
x→0+

p (x) > 0, conditions 1 to 4 entail that the derivative of p is negative

over (0, q0) and p is continuous over R+: this implication clearly holds for any
set of functions which satisfies conditions 1 through 4.

Appendix C
Proposition 19 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) > 0.

Let q0 := min {x ∈ R++ : p (x) = 0} and qµ : [0, q0) → R be a function such

that qµ : z 
→ minargmax
x∈[0,q0]

p (z + x)x. Let (p, n, (K1, ..,Kn) , (c1, .., cn)) ∈ Opcvx.

There exists a unique Cournot equilibrium for (p, n, (K1, ..,Kn) , (c1, .., cn)) if:

1. p (q + z) q is strictly concave in q over (0, qµ (z)), ∀z ∈ [0, q0),

2. p (q + z) q and quasiconcave in q over R+,∀z ∈ R+,

3. p is continuously differentiable over (0, q0),

4. for every integer m ≥ 1, ∀x ∈ (0, q0),∀y ∈ [0, x],∀z ∈ (0, q0 − x), p′ (x) y+
mp (x) > 0 entails that p′ (x) y +mp (x) > p′ (x+ z) (y + z) +mp (q + z).

Proof. The reader may notice that p (qi + z) qi− ci (qi) is strictly quasicon-
cave in qi over Ki,∀z ∈ R+:

i) if z ∈ [0, q0) it suffices to notice that the strict concavity of p (qi + z) qi in
qi over [0, qµ (z)] entails the strict concavity of p (qi + z) qi − ci (qi) in qi
over [0, qµ (z)]∩Ki and that the nonincreasing monotonicity of p (qi + z) qi
in qi over [qµ (z) ,+∞) entails the decreasing monotonicity of p (qi + z) qi−
ci (qi) in qi over [qµ (z) ,+∞) ∩Ki,

ii) if z ≥ q0 it suffices to notice that p (qi + z) qi − ci (qi) is decreasing in qi
over Ki.

Let, ∀i = 1, .., n, µi ∈ argmax
q∈Ki

p (q) q − ci (q)
31 and µ := max {µ1, .., µn}. It

can be easily noticed that µ < q0. It is immediate that if n = 1 then µ1 is the
unique Cournot equilibrium. Hence let us consider only the case n > 1.

It can be easily noticed that since p (qi + z) qi − ci (qi) = 0 when qi = 0,
whatever z be, then the Cournot equilibrium profits, if any, must be nonnegative.
For this reason any vector (q̂1, .., q̂n) ∈

∏n
i=1Ki such that

∑n
i=1 q̂i ≥ q0 cannot

be a Cournot equilibrium: let q̂ :=
∑n
i=1 q̂i ≥ q0 > 0, since for at least one firm,

say j, q̂j > 0, then we must have that p (q̂) q̂j − cj (q̂j) = −cj (q̂j) < 0.
31 Notice that there exists a unique maximizer.

31



The reader may notice that if µ = 0 then 0 ∈ Rn is a Cournot equilibrium for
(p, n, (K1, ..,Kn) , (c1, .., cn)): since 0 ∈ argmax

q∈Ki

p (qi + 0) qi − ci (qi) ∀i = 1, .., n

then 0 maximizes the profit function of firm i when the overall production of
other firms is 0, therefore 0 is a Cournot equilibrium.

Moreover if µ = 0 0 ∈ R
n is the unique Cournot equilibrium. For the

proof thereof simply notice that if µ = 0 no firm can produce a positive quan-
tity at any Cournot equilibrium: let us suppose that (q̂1, ..., q̂n) is a Cournot
equilibrium and q̂j > 0, since p (qj) qj − cj (qj) is strictly quasiconcave in
qj and 0 ∈ argmax

qj∈Kj

p (qj) qj − cj (qj) we have that 0 > p (q̂j) q̂j − cj (q̂j) ≥

p (q̂1 + ...+ q̂n) q̂j − cj (q̂j) ∀q̂j > 0.
Let µ > 0 and notice that any vector (q̂1, .., q̂n) ∈

∏n
i=1Ki such that q̂ :=∑n

i=1 q̂i < µ cannot be a Cournot equilibrium: let us admit that (q̂1, .., q̂n)
is a Cournot equilibrium, let j be any firm such that µj = µ > q̂, and let
q̂−j :=

∑
i �=j q̂i, by definition p (µ)µ−cj (µ) > p (q̂) q̂−cj (q̂), and therefore, since

−p (q̂) q̂−j ≤ −p (µ) q̂−j , p (µ) (µ− q̂−j)− cj (µ) > p (q̂) q̂j − cj (q̂), by convexity
of cj we have cj (µ)− cj (µ− q̂−j) ≥ cj (q̂)− cj (q̂j), therefore p (µ) (µ− q̂−j)−
cj (µ− q̂−j) > p (q̂) q̂j−cj (q̂j), but this entails that (q̂1, .., q̂n) cannot be Cournot
equilibrium.

Let us show that if µ > 0, (q̂1, .., q̂n) is a Cournot equilibrium, maxKj

exists and lim
x↑maxKj

c′j− = +∞32 then q̂j < maxKj : let q̂−j :=
∑
i�=j q̂i, we have

showed above that p (qj + q̂−j) qj−cj (qj) is strictly quasiconcave in qj over Kj ,
therefore, if maxKj maximizes p (qj + q̂−j) qj − cj (qj) in qj over Kj then, we
have that, ∀qj ∈ [0,maxKj),

p (maxKj + q̂−j)maxKj − cj (maxKj) > p (qj + q̂−j) qj − cj (qj) ,

this entails that c′j− (maxKj) exists; therefore if lim
x↑maxKj

c′j− = +∞ we must

have that q̂j < maxKj .
Let us show that when µ > 0 two Cournot equilibria cannot exist. Let

us admit that (q̂1, .., q̂n) and (q̌1, .., q̌n) are two different equilibria and that
0 < q̂1 + .. + q̂n = q̌1 + .. + q̌n = q̄ < q0, then there must exist a firm, say j,
such that q̌j > q̂j ≥ 0. By the definition of a Cournot equilibrium and from the
strict quasiconcavity of the profit function we must have that

p′ (q̄) q̂j + p (q̄)− c′i+ (q̂j) ≤ 0 (1)

and that
p′ (q̄) q̌j + p (q̄)− c′i− (q̂j) ≥ 0, (2)

since p′ (q̄) q̂j+p (q̄)−c′i+ (q̂j) ≤ 0, p′ (q̄) (q̌j − q̂j) < 0 and c′i+ (q̂j)−c
′
i− (q̌j) ≤ 0

then
p′ (q̄) q̌j + p (q̄)− c′i− (q̌j) < 0, (3)

32 The reader should remember that f ′
−
(x) denotes the left-hand derivative at x ∈ A ⊆ R

(and f ′+ (x) denotes the right-hand derivative at x) of f : A→ R.
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a contradiction with (2). Let us now admit that (q̂1, .., q̂n) and (q̌1, .., q̌n) are
two different equilibria and that 0 < q̌1 + .. + q̌n = q̌ < q̂1 + .. + q̂n = q̂ < q0.
Let Υ := {i ∈ {1, .., n} : q̌i < q̂i}, let q̂Υ :=

∑
i∈Υ q̂i, and q̌Υ :=

∑
i∈Υ q̌i, clearly

q̂Υ − q̌Υ ≥ q̂ − q̌. Let m := |Υ| (≥ 1). Since p′ (q̌) q̌i + p (q̌) − c′i+ (q̌i) ≤ 0 for
every i ∈ Υ then

p′ (q̌) q̌Υ +mp (q̌)−
∑

i∈Υ

c′i+ (q̌i) ≤ 0 (4)

and since p′ (q̂) q̂i + p (q̂)− c′i− (q̂i) ≥ 0 for every i ∈ Υ then

p′ (q̂) q̂Υ +mp (q̂)−
∑

i∈Υ

c′i− (q̂i) ≥ 0. (5)

Since p′ (q̌) q̌i + p (q̌) > 0 for every i ∈ Υ, then p′ (q̌) q̌Υ + mp (q̌) > 0. By
assumption we must have:

p′ (q̌) q̌Υ +mp (q̌) > p′ (q̂) (q̂ − q̌ + q̌Υ) +mp (q̂) ≥ p′ (q̂) (q̂Υ) +mp (q̂) . (6)

Since
∑
i∈Υ c

′
i+ (q̌i) ≤

∑
i∈Υ c

′
i− (q̂i) we can conclude that

p′ (q̌) q̌Υ +mp (q̌)−
∑

i∈Υ

c′i+ (q̌i) > p′ (q̂) (q̂Υ) +mp (q̂)−
∑

i∈Υ

c′i− (q̂i) , (7)

a contradiction with (4) and (5).
For every i = 1, .., n let c̄′i− : K̊i∪{0} → R be a function such that c̄′i− (x) :=

c′i− (x) ∀x ∈ K̊i and c̄′i− (0) := 0, and

K̄i :=
[
0,max { x ∈ Ki ∩ [0, q0] : c̄

′
i− (x) ≤ p (0) }

]
.

Notice that p′ (x) 0 + p (x)− c̄′i− (0) > 0 ∀x ∈ [µ, q0) and that p′ (x) qi + p (x)−
c̄′i− (qi) is decreasing and left-continuous in qi over Ki ∀x ∈ [µ, q0). Let, ∀i =
1, .., n,

bi : [µ, q0)→ K̄i, bi : x 
→ max
{
qi ∈ K̄i : p

′ (x) qi + p (x)− c̄′i− (qi) ≥ 0
}

,

and b : [µ, q0)→ R, b : x 
→
∑n
i=1 bi (x) .

Let us show that there exists at least one value say ē such that b (ē) = ē.
First let us show that bi is right-continuous over [µ, q0); let δ̄ > 0:

i) if bi (x) = max K̄i then there exists a value ε1 > 0 such that bi (x+ ε) ≤
bi (x) + δ̄ ∀ε ∈ (0, ε1),

ii) if bi (x) < max K̄i let δ1 ∈
(
0,max K̄i − bi (x)

)
be a value such that δ1 ≤ δ̄,

by continuity of p′ and since p′ (x) < 0 there exists a value ε1 such that for
every ε ∈ (0, ε1) p

′ (x+ ε) (bi (x) + δ1) + p (x+ ε) − c̄′i− (bi (x) + δ1) < 0
and therefore bi (x+ ε) ≤ bi (x) + δ1 ≤ bi (x) + δ̄ ∀ε ∈ (0, ε1),

iii) if bi (x) = 0 then there exists a value ε2 > 0 such that bi (x+ ε) ≥ bi (x)−δ̄
∀ε ∈ (0, ε2),
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iv) if bi (x) > 0 let δ2 ∈ (0, bi (x)) be a value such that δ2 ≤ δ̄, by continuity
of p′ and since p′ (x) < 0 there exists a value ε2 such that for every
ε ∈ (0, ε2) p′ (x+ ε) (bi (x)− δ2) + p (x+ ε) − c̄′i− (bi (x)− δ2) > 0 and
therefore bi (x+ ε) ≥ bi (x)− δ2 ≥ bi (x)− δ̄ ∀ε ∈ (0, ε2),

now let ε̄ := min {ε1, ε2} > 0, we can conclude that ∀δ̄ > 0 there exists a
value ε̄ > 0 such that bi (x)+ δ̄ ≥ bi (x+ ε) ≥ bi (x)− δ̄ ∀ε ∈ (0, ε̄), which entails
that bi is right-continuous over [µ, q0).

Similarly we can show that bi is left-continuous over (µ, q0). Hence bi is
continuous over [µ, q0). Since there exists at least one firm, say j such that
µj = µ, then µ = bj (µ). Hence b (µ) ≥ µ. Since p (q0) = 0 then lim

x→q0
bi (x) =

lim
x→q0

b (x) = 0 < q0, ∀i = 1, .., n. Therefore there exists at least one value say ē

such that b (ē) = ē ∈ [µ, q0).
Let us show that at any point e ∈ [µ, q0) such that b (e) = e, (b1 (e) , ..., bn (e))

is a Cournot equilibrium. Let, ∀i = 1, .., n, e−i :=
∑
j �=i bj (e). Since by as-

sumption we have that p (qi + e−i) qi is quasiconcave in qi over R+, ci (qi) is
increasing convex and continuous over Ki, and p (qi + e−i) qi is strictly concave
over (0, qµ (e−i)), then, ∀i = 1, .., n:

i) if bi (e) = 0 then p (e)− c̄′i− (0) ≥ 0 and p (e)− c′i+ (0) ≤ 0, hence

bi (e) ∈ argmax
qi∈Ki

p (qi + e−i) qi − ci (qi) ,

ii) if bi (e) ∈
(
0,max K̄j

)
then p′ (e) bi (e)+ p (e)− c̄′i− (bi (e)) = p′ (e) bi (e)+

p (e)− c′i− (bi (e)) ≥ 0 and p′ (e) bi (e) + p (e)− c′i+ (bi (e)) ≤ 0, hence

bi (e) ∈ argmax
qi∈Ki

p (qi + e−i) qi − ci (qi) ,

iii) if bi (e) = max K̄i > 0 then p′
(
e+ qi −max K̄i

)
qi+ p

(
e+ q −max K̄i

)
−

c′i+ (qi) > 0 ∀qi ∈
[
0,max K̄i

)
,

iii)a) if max K̄i = maxKi then

bi (e) ∈ argmax
qi∈Ki

p (qi + e−i) qi − ci (qi) ,

iii)b) if max K̄i < maxKi then p′ (e) bi (e) + p (e)− c′i+ (bi (e)) ≤ 0, hence

bi (e) ∈ argmax
qi∈Ki

p (qi + e−i) qi − ci (qi) .

We can conclude that, since bi (e) ∈ argmax
qi∈Ki

p (qi + e−i) qi − ci (qi), ∀i =

1, .., n , then (b1 (e) , ..., bn (e)) is a Cournot equilibrium. Since two Cournot
equilibria cannot exist (b1 (e) , ..., bn (e)) is the unique Cournot equilibrium.
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Appendix D
Proposition 20 Let p : R+ → R+ be a price function, continuous over R++,

null at some point of R++, such that p (0) = lim sup
x→0+

p (x) and lim inf
x→0+

p (x) >

0. Let q0 := min {x ∈ R++ : p (x) = 0} and qµ : [0, q0) → R, qµ : z 
→
minargmax

x∈[0,q0]
p (z + x)x. If p is continuously differentiable over (0, q0), p (q) q

is strictly concave in q over (0, q0) and p (x) = 0 ∀x ≥ q0 then conditions 1 to 4
hold.

Proof. Let us prove the validity of each condition:

1. Differentiability of p over (0, q0) is assumed.

2. Let us show that p (q + z) q is strictly concave in q over (0, qµ (z)), ∀z ∈
[0, q0). When z = 0 the proof is immediate. Let z ∈ (0, q0), by the
strict concavity of p (q) q in q over (0, q0), p′ (q + z) (q + z) + p (q + z) is
decreasing in q over [0, q0 − z). We have shown in a previous proposition
that p′ (q + z) < 0 ∀x ∈ [0, q0 − z) and that p is decreasing over [0, q0].
Since

p′ (x2 + z) (x2 + z) + p (x2 + z) < p′ (x1 + z) (x1 + z) + p (x1 + z) , (1)

and p (x2 + z) < p (x1 + z) , (2)

whenever 0 ≤ x1 < x2 < q0 − z, then we must have that:

-if p′ (x2 + z) ≤ p′ (x1 + z) then p′ (x2 + z)x2 < p′ (x1 + z)x1, by (2) we
must have that

p′ (x2 + z)x2 + p (x2 + z) < p′ (x1 + z)x1 + p (x1 + z) ;

-if p′ (x2 + z) > p′ (x1 + z) then −p′ (x2 + z) z < −p′ (x1 + z) z, by (1) we
must have that

p′ (x2 + z)x2 + p (x2 + z) < p′ (x1 + z)x1 + p (x1 + z) .

Therefore whenever 0 ≤ x1 < x2 < q0 − z we must have that

p′ (x2 + z)x2 + p (x2 + z) < p′ (x1 + z)x1 + p (x1 + z) .

This entails that p (q + z) q is strictly concave in q over (0, q0 − z), ∀z ∈
[0, q0). Since q0 − z > qµ (z) then p (q + z) q is strictly concave in q over
(0, qµ (z)), ∀z ∈ [0, q0).

3. In 2. we have shown that p (q + z) q is strictly concave (and nonnegative)
over (0, q0 − z) ∀z ∈ [0, q0), since p (x+ z) = 0 ∀x ≥ q0 − z we have that
p (q + z) q is quasiconcave in q over R+, ∀z ∈ R+.
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4. In 2. we have shown that p (q + z) q is strictly concave over (0, q0 − z)
∀z ∈ [0, q0), hence p′ (x) y + p (x) > p′ (x+ z) (y + z) + p (x+ z), ∀x ∈
(0, q0),∀y ∈ [0, x],∀z ∈ (0, q0 − x); since p is nonincreasing over R+, we
have that p′ (x) y +mp (x) > p′ (x+ z) (y + z) +mp (x+ z) for every in-
teger m ≥ 1, ∀x ∈ (0, q0),∀y ∈ [0, x],∀z ∈ (0, q0 − x).

This concludes the proof.

5 - Relevant Literature and Conclusions

There is a twofold difficulty in seeking necessary and sufficient conditions
for the existence of a unique Cournot equilibrium. First, we must construct
an economically significant problem. Then we must solve that problem. For a
theoretical analysis a high degree of abstraction is desirable — the greater the
abstraction the more general is the analysis — but that excessively general as-
sumptions may yield cases which seem economically unreasonable, or at least
unnatural. An example may clarify. Let us consider a duopoly, with price func-
tion33 p : R+ → R+, p : x 
→ 10, consisting of two identical single-product firms

with cost function c : R+ → R+, c : x 
→
{

15x
0

if x �= 1
if x = 1

. For this duopoly

there exists a unique Cournot equilibrium34 . But how sound and significant is
this duopoly case? The example is clearly extreme and economically question-
able, yet, without a proper formulation of the underlying economic problem,
a proposition establishing necessary and sufficient conditions for the existence
of a unique Cournot equilibrium might be compelled to contemplate cases as
implausible as the previous one.

In the preceding sections we have specified the general conditions under
which firms operate, and by relying on the separation between the cost function
and the price function we have constructed the problem of the existence of a
unique Cournot equilibrium. In such a construction we have imposed a desirable
minimal degree of generality for the problem of the existence of a unique Cournot
equilibrium, and, with the solution thereof, four necessary conditions has been
established. Then it has been shown that these very conditions suffice for the
existence of a unique Cournot equilibrium in a more general, and very significant,
set of cases. Thus we have formulated, and demonstrated, two propositions
on necessary and sufficient conditions for the existence of a unique Cournot
equilibrium. It should be clear that our context and our construction, albeit
justified, are not the only legitimate ones.

33 The reader who has skipped Section 1 may simply replace the phrase ”price function”
with ”inverse demand function”.

34 The Cournot equilibrium is (1, 1).
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This section deals with the literature concerning necessary and sufficient
conditions for the existence of a unique Cournot equilibrium; a comparison with
our analysis will be drawn by focussing on the differences in assumptions and in
problem construction. Fortunately the literature on this matter is scanty and,
to the writer’s knowledge, consists of only two articles appeared in the Review
of Economic Studies in 1987 and in 1991.

The first work, written by Charles D. Kolstad and Lars Mathiesen, estab-
lishes that when the profit functions of the firms of an oligopoly are twice contin-
uously differentiable and pseudoconcave35 with respect to own output, a bound-
ary condition36 and a regularity condition37 are satisfied, then the positivity,
for all Cournot equilibria, of the determinant of the opposite of the Jacobian of
the vector function whose components are the marginal38 profit functions of the
firms with positive (equilibrium) output, is a necessary and sufficient conditions
for the existence of a unique Cournot equilibrium.

It is worth noticing that in Kolstad and Mathiesen the productive capacity
of each firm is the nonnegative real half-line and that the inverse demand func-
tion and the cost functions are twice continuously differentiable, and therefore
we know nothing about firms with bounded productive capacity — a case we
have regarded as extremely realistic — and we do not get any sound justification
for twice continuous differentiability — which is assumed only for mathematical
convenience — whereas, in our construction, we have proven the necessity of the
continuous differentiability of the price function over the interior of its support.
Again, and similarly, while they assume pseudoconcavity, with respect to own
output, of the profit function of each firm, we have shown that a similar property
is necessary. This point is particularly important since they provide no justi-
fication for this assumption, which, in itself, is not natural from an economic
standpoint.

The second work, written by Gaudet and Salant, substantially follows the
approach and the result of Kolstad and Mathiesen. Its major improvement is the
extension of Kolstad and Mathiesen’s result to degenerate equilibria, which are
ruled out by Kolstad and Mathiesen’s regularity condition. Gaudet and Salant
argue that such a condition, apparently anodyne, may preclude the application
of Kolstad and Mathiesen’s result to the study of oligopolistic behavior, even in

35 Let A ⊆ Rn be an open set and f : A→ R be differentiable. f is (strictly) pseudoconcave
over A if, ∀ (x,y) ∈ A2 with x �= y, 〈y − x,∇f (x)〉 ≤ 0 implies f (y) (<) ≤ f (x). Notice that
every pseudoconcave function is quasiconcave and that every strictly pseudoconcave function
is strictly quasiconcave.

36 Notice that pseudoconcavity alone is not sufficient to prove the existence of a Cournot
equilibrium. The boundary condition ensures that an equilibrium exists and the set of equi-
libria lies on a compact and convex set.

37 They define a regular Cournot market an oligopoly which satisfies two regularity condi-

tions. According to the first regularity condition all Cournot equilibria are non degenerate,
that is, if some firm i produces 0 at an equilibrium then the marginal cost of i at 0 is strictly
greater than the price at that equilibrium. This very condition constitutes an assumption for
their result.

According to the second regularity condition for each Cournot equilibrium the Jacobian of
the marginal profits for the firms with positive output is nonsingular.

38 Marginal with respect to own output.
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very simple cases. However, notwithstanding this and other minor differences,
the objections which can be raised against the structure of the problem devised
by Kolstad and Mathiesen can be extended to that devised by Gaudet and
Salant, since these latter’s construction does not considerably differ from the
former’s one.

The weak spot of these constructions lies in having established the necessary
and sufficient conditions for uniqueness of equilibrium on the very equilibrium
points: as a result we do not know which properties must hold off the point
of equilibrium. Moreover these conditions are established on the equilibrium
properties of the profit functions, and these properties, undoubtedly, can be de-
duced only in connection with the set of Cournot equilibria of a specific oligopoly.
Hence we have no clue about the role played by the oligopoly structure in de-
termining the existence of a unique Cournot equilibrium, and therefore we are
told nothing as to the extent to which the uniqueness of a Cournot equilibrium
for a certain oligopoly occurs only ”by accident”.

In order to avoid accidental results we have considered classes of oligopolies
instead of single oligopolies. Our result on the necessary conditions is formally
stated by Proposition 5. This proposition, assuming essentially only continuity
of the price functions, establishes necessary conditions on a price function for
the existence of a unique Cournot equilibrium for every oligopoly with linear
and increasing cost functions which can be constructed with that price function.
Thus formulated the problem rests on the conceptual separation between the
price function and the cost function, according to which, in principle, with the
same price function can be associated many different oligopolies, all potentially
possible. In that formulation we have considered set of oligopolies with linear
cost functions because these are the most basic cost functions.

Our result on the sufficient conditions is formally stated by Proposition 17.
It establishes that, when a price function39 satisfies the necessary conditions
of Proposition 5, every oligopoly with convex, increasing and continuous cost
functions which can be constructed with that price function possesses a unique
Cournot equilibrium. We have considered set of oligopolies with convex, increas-
ing and continuous cost functions because, according to the context set forth in
the first section, these are the most significant cost functions and because, as we
have shown in the previous section, this set satisfies a useful closure property.
Since the set of oligopolies considered in Proposition 17 is a superset of that
considered in Proposition 5, it should be clear that both propositions provide
necessary and sufficient conditions.

It may well happen that an oligopoly satisfies the conditions of Kolstad
and Mathiesen, or those of Gaudet and Salant, and that one has no clue as to
what variations in the number of firms or in their cost functions preserves the
uniqueness of the Cournot equilibrium. In a problem of entry one may need to
rely on conditions guaranteeing the uniqueness of the Cournot equilibrium of
every possible oligopoly that can be generated by firms’ entry decisions. The

39 Also in this case the continuity assumptions on the price functions are the same as in
Proposition 5.
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results of Kolstad and Mathiesen and those of Gaudet and Salant, as such, do
not guarantee anything with respect to sets of oligopolies resulting from entry
decisions, simply for they consider only single oligopolies in and of themselves.
On the contrary our result can be helpful in this respect: if the price function
satisfies the conditions of Proposition 17 and if the post-entry cost functions of
the potential entrants are convex increasing and continuous, then every possible
oligopoly that can be generated by entry and exit decisions has a unique Cournot
equilibrium.

Likewise, in many problems of horizontal mergers, one may need to rely on a
proposition ensuring the uniqueness of the Cournot equilibrium of every possible
oligopoly resulting from firms’ merger decisions. Of course there does not exist a
unique way of conceiving the effects of a merger: in the previous section we have
introduced an assumption on the structure of the post-merger cost functions
which is very natural from an economic viewpoint and we have shown that,
under that assumption, the set of oligopolies considered in the formulation of
Proposition 17 is closed under the operation of merger. Therefore Proposition 17
still holds for all the post-merger oligopolies which can be generated within the
oligopolies considered in that proposition. On the contrary it well may happen
that an oligopoly possesses a unique Cournot equilibrium, that it satisfies the
conditions of Kolstad and Mathiesen, or those of Gaudet and Salant, and that a
post-merger oligopoly does not possess a unique Cournot equilibrium, or that it
possesses a unique equilibrium but it is not possible to use their theorem in the
proof thereof. Once again this happens for they consider only single oligopolies
in and of themselves.

In conclusion, we have deliberately constructed two results that, in an ap-
propriate and significant context, provide necessary and sufficient conditions
for the existence of a unique Cournot equilibrium. By construction our results
may be easily and usefully employed in the analysis of problems concerning
the investment decisions, the ownership structures and, broadly speaking, the
production-related choices of oligopolistic firms. We have explained how and
why the existing literature on necessary and sufficient conditions for the exis-
tence of a unique Cournot equilibrium may not be of use to these analyses. In
this regard the results of the literature on merely sufficient conditions for the
existence of a unique Cournot equilibrium turn out to be more useful. The
reason for that lies in the separation, usual in this latter kind of literature,
between conditions on price function and conditions on cost functions which
allows to formulate the problem of uniqueness on classes of oligopolies rather
than on single oligopolies. It is exactly on such a separation that our results
have been developed. The wide literature on merely sufficient conditions is not
reviewed here since the subject of this work is, strictly speaking, different and
in the main more complex. Indeed, the sufficiency results of that literature are
not in the least more general than ours either for being less general, as they
very often are, or for being focussed on special oligopoly structures, such as
duopolies and symmetric oligopolies. It goes without saying that the sufficient
conditions which have not been proved to be necessary may always be expected
to be generalizable.
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